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mands and receives the uni- 
verſal acknowledgments of all 
who profeſs” or value its ſeveral - 
branches. 


THE juſtly admire that 
amidſt a cloſe attendance. on 
the cares of your Profeſſion, 
in which You now fill the 
molt honourable Seat, You are 
indefatigably promoting the 
improvement of natural know- 
ledge, by carrying on ſome lau- 
dable deſigns of your own, by 


_ aſſiſting and encouraging others, 


and by adding new ſtores to 
that immenſe treaſure, already 
brought into your extenſive col- 
lection, of whatever is rare and 
valuable in nature or art. 
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Learned over all the World; 
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ous Predeceſſor? which, on ac- 
count of its incomparable Au- 
thor, and from the dignity of 
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ſerves your acceptance, even 
tho” it paſs'd thro' my hands: 
a leſs valuable Piece I ſhould. 
not have preſumed to preſent 
You with. I am, with the 
greateſt reſpect, 


STR, 
Your moſt obedient, and 


moſt humble Servant, 


Andr. Motte. 
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Author's Preface, 


INCE the ancients (as we are 
told by Pappus) made great ac- 
count of the ſcience of Mechanics 
i the inveſtigatios of natural 
things; and the moderns, laying aſide — 

ſflantial forms and occult qualities, 
endeavoured to ſubjeft the phenomena 
of nature to the laws of mathematics; 
I have in this treatiſe cultivated Ma- 
thematics, ſo far as it regards Philoſo- 
phy. The ancients conſidered Mechanics 
in a twofold re "gt as rational, which 
proceeds accurately by demonſtration, and 
praftical, To r Mechanics all the 
manual arts belong, from which Mechanics 
took its name. But as artificers do not 
work with perfect accuracy, it comes to 
paſs that Mechanics is fo diſtinguiſhed 
from Geometry, that what is perfectly 
A accurate 
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accurate is called Geometrical, what is 
Jeſs ſa is called Mechanical. But the 
errors are not in the art, but in the 
artificers. He that works with leſs” ac- 
curacy, is an imperfect Mechanic, and if 
any could work with perfect accuracy, 
he would be the moſt perfect Mechanic 
of all. For the deſcription of rioht lines 
and circles, upon which Geometry is founded, 
belongs to Mechanics. Geometry does not 
teach us to draw theſe lines, but re- 
quires them to be drawn. For it re- 
quires that the learner ſhwld firſt be 
taught to deſcribe theſe accurately, before 
he enters upon Geometry; then it ſhews 
how by theſe cperatious problems may 
be ſolved, To deſcribe right lines and 
circles are problems, but not geometrical 
problems. The ſolution of theſe problems 
ic required from Mechanics; and by Geo- 
metry the uſe of them, when ſo ſolved, 
is ſhewn. Aud it is the glory of Geo- 
metry that from thoſe fete principles, 
fetched from without, it is able to Pro- 
duce ſo many things. Therefore Geome- 
try is founded in mechanical frafice, 
and is nothing lut that part of uni- 
verſal Mechanics which accurately Pro 
poſes and demonſirates the art of meaſu- 
ring, But ſince the manual aris are 


chiefly 
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chiefly converſant in the moving of lo- 
dies, it comes to paſs that Geometry ts 
commonly referred to their magnitudes, 
and Mechanics to their motion. In this 
ſenſe Rational Mechanics will be the ſcience 
of motions reſulting from any forces hat- 
ſoever and of the forces required to pro- 
duce any motions, accurately propoſed and 
demonſtrated. This part of Mechanics 
was cultivated by the ancients in the 
Five Powers which relate to manual arts, 
who conſidered gravity (it not being 4 
manual power) no otherwiſe than as it 
moved tweights by thoſe powers. Our 
deſign not reſpecting arts but philoſophy, 
a our ſubject, not manual but natural 
porwers,wwe conſider chiefly thoſe things which 
relate to gravity, levity, elaſtic — the 
reſiſtance of fluids, and the like forces 
whether attractive or impulſive. And there- 
fore we offer this work as mathematical 
principles of philoſophy. For all the diffi- 
culty of philoſophy ſeems to conſiſt in this, 
from the phanomena of motions to inue- 
ſtigate the forces of Nature, and then © 
from theſe forces to demonſtrate the other 
phenomena. And to this end, the general 
propoſitions in the firſt and ſecond book 
e directed. In the third book we give 
an example of this in the explication of 

A 2 the 
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the Syſtem of the World. For by the 
propoſitions mathematically demonſtrated 
mn the firſt books, we there derive. from 
the celeſtial phenomena, the forces e, Gra- 
vity with which bodies tend to the Sun 
and the ſeveral Planets. Then from theſe 
forces by other - propoſitions, which are 
alſo mathematical, wwe deduce the motions 
of the Planets, the Comets, the Moon, 
and the Sea. I wiſh we could derive the 
reſt of the phenomena of Nature by the 
fame kind of reaſoning from mechanical 
principles. For I am induced by many 
reaſons to ſuſpect that they may all de- 
pend upon certain forces by which the 
particles of bodies, by ſome cauſes hither- 
to unknown, are either mutually Impelled 
towards each other and cohere in regu- 
lar figures, or are repelled and recede from 
each other; which forces being unknown, 
* ro have hitherto attempted the 
ſearch of Nature in vain. But I hope 


the principles here laid down will afford 


ſome light either to that, or ſome traer 
— of Philoſophy. #4 N 

In the publication of this Work, the 
moſt acute and e ally learned Mr. 
Edmund Halley zot only aſſiſted me with 


his pains in correct ing the preſs and ta- 
king care of the ſchemes, but it was to 
his. 
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his ſolicitations that its becoming publick 
is owing. For when he had obtained 
of me my demonſirations of the figure of 
the celeſtial orbits, he continually preſſed 
me to communicate the ſame to the Royal 
Society; who afterwards by their kind 
ern er and entreaties, engaged me 
to think of publiſhing them. But after I 
had begun to conſider the inequalities of 
the lunar motians, and had entered up- 
on ſome other things relating to the laws 
and meaſures of gravity, and other forces ; 
and the figures that would be deſcribed 
by boctes attracted according to given 
laws ; and the motion of ſeveral bodies 
moving among themſelves; the motion of 
bodies in reſiding mediums; the forces, 
denſities, and motions of mediums; the 
orbits of the Comets, and ſuch like; 1 
put off that publication till I had made 
a ſearch into 4 matters, and could 
ut out the whole together. What re- 

ates to the Lunar motions OGeing im- 

terfect) J have put all together in the 
corollaries of frop. 66. to avoid being 
obliged to propoſe and diſtinitly demon- 
ſirate the 2 things there contained 
in a method more prolix than the ſub- 
jet deſerved, and interrupt the ſeries 
of the ſeveral propoſitions. Some things 
A 3 found 
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found out after the reſt, I choſe to in- 
ſert in places Jeſs ſuitable, rather than 
change the number of the propoſitions 
and the citations. 1 heartily beg that 
what I have here done may be read 
with candour, and that the defects I 
have been guilty of upon this dijficult 
ſubject may be, not ſo much reprehended, 
as kindly ſupplied, and inveſtigated by 
new endeavours of my readers. 


Cambridge, Trin. Coll, 
May 8. 1686, 


If. Newton. 


In the ſecond Edition the ſecond Se- 
ion of the firſt Book was enlarged. In 
the ſeventh Section of the ſecond Book 
the theory of the reſiſtances of fluids was 
more accurately inveſtigated, and con- 
firmed by new experiments. In the third 
Book the Moon's Theory and the Præ- 
ceſſion of the Aquinoxes were more ful: 
ly deduced from their principles; and the 
theory of the Comets was confirmed by 
more examples of the calculation of their 
orbits, done alſo with greater accuracy. 


In 


In this third Edition, the reſiſtance of 
mediums ts 123 more largely 
handled than before; and new experi- 
ments of the reſiſtance of heavy bodies 
falling in air are added. In the third 
Book, the argument to prove that the 
Moon is retained in its orbit by the 
force 'of gravity is enlarged on. And 
there are added new obſervations of Mr. 
Pound's of the proportion of the diameters 
of Jupiter to each other: There are be- 
ſides added Mr. Kirk's obſervations of 
the Comet in 1680. the orbit of that 
Comet computed in an ellipfis by Dr. Hal- 
ley; and the orbit of the Comet in 1723. 
computed by Mr, Bradley. 
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O F 


Mr. Roger Cotes, 


To the Second Edition of this Work, 
ſo far as it relates to the Inventions 


and Diſcoveries herein contained. 


HOSE who have treated of natu- 
ral philoſophy, may be nearly reduced 
Jl] to three claſſe Of theſe ſome have 
attributed to the ſeveral ſpecies of 
things, ſpecific and occult qualities; 

on which, in a manner unknown, th 
make the operations of the ſeveral bodies to depend, 
The ſim of the doctrine of the Schools derived 
From Ariſtotle and rhe Peypaterics is herein contain- 
ed. 'They affirm that the ſeveral effects Co 
. Alle 
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ariſe from the particular natures of thoſe bodies. 
But whence it is that bodies derive thoſe natures 
they don't tell us; and therefore they tell us no- 
thing. And being entirely employed in giving 
names to things, and not in ſearching into things 
themſelves, we may ſay that they have invented a 
philoſophical way of ſpeaking, but not that they have 
made known to us true philoſophy. 

Others therefore by lay ing aſide that uſeleſs heap 
of words, thought to employ their pains to bet- 
ter purpoſe. Theſe ſuppoſed all matter 
and that the variety of forms which is ſeen in bo- 
dies ariſes from ſome very plain and ſimple affecti- 
ons of the component particles. And by going on 
from ſimple things to thoſe which are more com- 

unded they certainly proceed right; if they attri- 
I no other properties to thoſe primary affections 
of the particles than Nature has done. But when 
they * a liberty of imagining at pleaſure un- 
known figures hs magnitudes, and uncertain ſitu- 
ations and motions of the parts; and moreover of 
ſuppoſing occult fluids, freely pervading the pores 
© bodies, endued with an all-perfotming ſubtilty. 
and agitated with occult motions; they now run 
out into dreams and chimera's, and neglect the true 
conſtitution of things; which certainly is not to be 
expected from fallacious conjectures, when we can 
ſcarce reach it by the moſt certain obſervations. 
Thoſe who fetch from hypotheſes the foundation on 
which they build their — may form in- 


— way ingenious romance, but a romance it will 
in be. 

There is left then the third claſs, which profeſs 
experimental philoſophy. Theſe indeed derive the 
Cauſes of all things from the moſt ſimple principle 

poſſible; 
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ſo far as it relates to the Inventions 
and Diſcoveries herein contained. 


HOSE who have treated of natu- 
ral philoſophy, may be nearly reduced 
to three claſſes. Of theſe ſome have 
attributed to the ſeveral ſpecies of 
| things, ſpecific and occult qualities; 
7 on which, in a manner unknown, th 
make the operations of the ſeveral bodies to depend. 
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From Ariſtotle and the Peypaterics is herein contain- 
ed. They aftum that the ſeveral effects * 
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triſe ſrom the particular natures of thoſe bodies. 
But whence it is that bodies derive thoſe natures 
they don't tell us; and therefore they tell us no- 
thing. And being entirely employed in giving 
names to things, and not in ſearching into things 
themſelves, we may ſay that they have invented a 
philoſophical way of ſpeaking, but not that they have 
made known to us true philoſophy. 

Others therefore by lay ing aſide that uſcleſs heap 
of words, thought to employ their pains to bet- 
ter purpoſe. Theſe ſuppoſed all matter homogeneous, 
and that the variety of forms which is ſeen in bo- 
dies ariſes from ſome very plain and ſimple affecti- 
ons of the component particles. And by going on 
from ſimple things to thoſe which are more com- 

unded they certainly proceed right; if they attri- 
bute no other properties to thoſe primary affections 
of the particles than Nature has done. But when 
they take a liberty of imagining at pleaſure un- 
known figures pas magnitudes, and uncertain ſitu- 
ations and motions of the parts; and moreover of 
ſuppoſing occult fluids, freely pervading the pores 
of bodies, endued with an all-perfotming ſubrilty, 
and agitated with occult motions; they now run 
out into dreams and chimera's, and neglect the true 
conſtitution of things; which certainly is not to be 
expected from fallacious conjeRures, when we can 
ſcarce reach it by the moſt certain obſervations; 
Thoſe who ferch from hypotheſes the foundation on 
which they build their — may form in- 
— = ingenious romance, but a romance it will 

ill .* 

There is left then the third claſs, which profeſs 
experimental philoſophy. Theſe indeed derive the 
Cauſes of all things from the maſt ſimple principles 

poſlible ; 
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ble; but then they aſſume nothing as a prin- 
— that is not proved by phænomena. They 
frams no hypotheſes, nor receive them into philo- 
8 otherwiſe than as queſtions whoſe truth may 
be diſputed. They proceed therefore in a two- 
fold method, ſyothetical and analytical. From ſome 
ſelect phenomena they deduce by analyſis the forces 
of nature, and the more ſimple laws of forces; and 
from thence by ſyntheſis ſhew the conſtitution of 
the reſt. This is that incomparably beſt way of 
philoſophizing, which our renowned author moſt 
juſtly embraced before the reſt ; and thought alone 
worthy to be cultivated and adorned by his ex- 
cellent labours. Of this he has given us a moſt 
illuſtrious example, by the explication of the Sy- 
ſtem of the World, moſt happily deduced from 
the Theory of Gravity. That the virtue of gra- 
vity was found in all bodies, others ſuſpeRed, or 
imagined before him; but he was the only and 
the firſt philoſopher that could demonſtrate it from 
appearances, and make it a ſolid foundation to the 
moſt noble ſpeculations. 

I know indeed that ſome perſons and thoſe of 
great name, too much prepoſſeſſed with certain pre- 
judices, are unwilling to aſſent to this new prin» 
Ciple, and are ready to prefer uncertain notions 
to certain. It is not my intention to detract from 
the reputation of theſe eminent men; I ſhall only 
lay before the reader ſuch conſiderations as will en- 
able him to paſs an equitable ſentence, in this 
diſpute. 

Therefore that we may begin our 
from what is moſt ſimple and neareſt to us; let 
us conſider a little what is the nature of gravity 
with us on Earth, that we may * 

lately 
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ſaſely when we come to conſider it in the hea- 
venly bodies, that lie at ſo vaſt a diſtance from 
us. It is now agreed by all philoſophers that all 
circumterreſtrial bodies gravitate towards the Earth, 
Thar no bodies really light are to be found, is 
now confirmed by manifold experience. That which 
is relative levity, is not true levity, but apparent 
only; and ariſes from the preponderating gravity of 
the contiguous bodies. 

Moreover, as all bodies gravitate towards the 
Farth, ſo does the Earth again towards bodies. 
That the actioh of gravity is mutual, and equal on 
both ſides, is thus proved. Let the maſs of the 
Earth be diſtinguiſhed into any two parts whatever, 
either equal, or any how unequal ; now if the weights 
of the parts towards each other were not mutually 
equal, the leſſer weight would give way to the 
greater, and the two parts joined together would 

ve on ad infinitum in a right line towards that 

rt to which the greater weight tends; altogether 
againſt experience. Therefore we mult ſay that the 
weights of the parts are conſtituted in equilibrio; 
that is, that the action of gravicy is mutual and 
equal on both ſides. 

The weights of bodies, at equal diſtances from 
the centre of the Earth, are as the quantities of 
matter in the bodies. This is collected from the 
equal acceleration of all bodies that fall from a 
ſtate-of reſt by the force of their weights; for the 
forces by which unequal bodies are equally accele- 
rated muſt be proportional to the quantities of the 
—.— to be moved. Now . 7 N 

It ually accelerated appears from hence, t 
er oy ſtance of the air is taken away, as it 
VV 
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deſcribe equal ſpaces in times; and this is 
yet more accurately proved by the experiments of 
pendulums. 776.4 

The attractive forces of bodies at equal diſtances, 
are as the quantities of matter in the bodies. For 
fince bodies gravitate towards the Earth, and the 
Earth again towards bodies with equal moments; 
the weight of the Earth towards every body, or 
the force with which the body attracts the Earth, 
will be equal to the weight of the ſame bady to- 
wards the Earth. But this weight was ſhewn to 
be as the quantity of matter in the body ; and 
therefore the force with which every body at- 
tracts the Earth, or the abſolute force of the bo- 


dy, will be as the ſame quantity of matter. 
Therefore the attractive force of the entire bo- 
dies ariſes from, and is compounded of, the attra- 
Rive forces of the parts; becauſe as was juſt ſhewn, 
if the bulk of the matter be augmented or diminiſhed, 
its virtue is proportionably augmented or diminiſhed. 
We muſt therefore conclude that the action of the 
Earth is compounded of the united actions of its 
parts; and therefore that all terreſtrial bodies muit 
attract each other mutually, with abſolute forces that 
are as the matter attracting. This is the nature of 
viry upon Earth; let us now ſee what it is in 
e Heavens. | 
That every body perſeveres in its ſtate either of 
reſt, or of moving uniformly in a right line, un- 
leſs in ſo far as it is compelled to change that ſtare 
by forces impreſſed, is a law of nature univerſally 
received by all philoſophers. But from thence it 
follows that bodies which move in curve lines, and 
are therefore continually going off from the righe 
lines that are tangents to their orbits, are by ſome 


conti- 
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continued force retained in thoſe curvilinear paths. 
Since then the Planets move in curvilinear orbits 
there muſt be ſome force operating, by whoſe re- 

ted actions they are perpetually made to defle& 

the tangents. 4 

Now it is collected by mathematical reaſoning, 
and evidently demonſtrated, thar all bodies that move 
in any curve line deſcribed in a plane, and which, 
by a radius drawn to any point, whether quieſcent, 
or any how moved, deſcribe areas about that point 
proportional to the times, are urged by forces di- 
rected towards that point. This muſt therefore be 
granted. Since then all aſtronomers agree that the 
primary Planets 1 about the Sun, and the Lu 
con about the primary, areas proportional to 
—_— it follows — 1 by Fhich they are 
perpetually turned aſide from the rectilinear tan- 
gents, and made to revolve in curvilinear orbits, 
are directed towards the bodies that are ſituate in 
the centres of the orbits. This force may there- 
fore not improperly be called centriperal in reſpe& of 
the revolving body, and in reſpect of the central 
body attractive; whatever cauſe it may be imagined 
to ariſe from. 
But beſides, theſe things muſt be alſo granted, 
as being mathematically demonſtrated : If ſeveral bo- 
dies revolve with an equable motion in concentric 
circles, and the ſquares of the periodic times are as 
the cubes of the diſtances from the common cen- 
tre; the centripetal forces will be reciprocally as the 
ſquares of the diſtances. Or, if bodies revolve in 
orbits that are very near to circles, and the apſides 
of the orbirs reſt; the centripetal forces of the re- 


volving bodies will be reciprocally as the ſquares of 
the dhe. That both theſe caes bold m ll th 


| l Planets 
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Planets all aſtronomers conſent. "Therefore the cen- 
triperal forces of all the Planets are reciprocally as 
the ſquares of the diſtances from the centres of 
their orbits. If any ſhould object, that the ap- 
fides of the Plangts, and eſpecially of the Moon, 
are not perfectly at reſt; but are carried with a 
flow kind of motion in conſequentia; one may give 
this anſwer, that though we ſhould grant this very 
flow motion to ariſe from hence, that the propor- 
tion of the centripetal force is a little different from 
the duplicate, yet that we are able: to compute 
mathematically the quantity of that aberration, and 
find it perfectly inſenſible. For the ratio of the 
Lunar centripetal force it ſelf, which muſt be the 
moſt irregular of them all, will be indeed a little 
greater than the duplicate, but will be near ſixty 
times nearer to that than it is to the triplicate, But 
we may give a truer anſwer, by ſaying that this 
progreſſion of the apſides ariſes not from an aber- 
ration from the duplicate proportion, 'but from a 
quite different cauſe, as is moſt admirably ſhewn 
in this Philoſophy. It is certain then that the cen- 
tripetal forces with which the primary Planets tend 
to the Sun, and the ſecondary to their primary, 
are accurately as the ſquares of the diſtances reci- 
procally. 

From what has been hitherto ſaid, it is plain 
that the Planets are retained in their orbits by ſome 
force perpetually acting upon them; it is plain that 
that force is always directed towards the centres 
of their orbits; it is plain that its efficacy is aug- 
mented with the nearneſs to the centre, and dimi- 
niſhed with the ſame; and that it is augmented in 
the ſame proportion with which the ſquare of the 
diſtance is diminiſhed, and diminiſhed in the ſame 
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ion with which the ſquare of the diſtance 
is augmented, Let us now ſee whether, by mins 
a compariſon between the centriperal forces of the 
Planets, and the force of graviry, we may not by 
chance find them to be of the ſame kind. Now 
they will be of the ſame kind if we find on both 
ſides the ſame laws, and the fame affections. Let 
us then firſt conſider the centripetal force of the 
Moon which is neareſt to us. | 
The rectilinear ſpaces, which bodies let fall from 
reſt deſcribe in a given time at the very beginning 
of the motion, when the bodies are urged by any 
forces whatſoever, are proportional to the forces. 
This appears from mathematical reaſoning. There- 
fore the centriperal force of the Moon revolving in 
its orbit is to the force of gravity at the ſurface 
of the Earth, as the ſpace, which in a very ſmall 
particle of time the Moon, deprived of all its cir- 
cular force arid deſcending by its centripetal force 
towards the Earth, would deſcribe, is to the ſpace 
which a heavy body would deſcribe, when falling 
by the force of its gravity near to the Earth, in 
the ſame given particle of time. The firſt of theſe 
ſpaces is equal to the verſed ſine of the arc deſcri- 
bed by the Moon in the ſame time, becauſe that 
verſed fine meaſures the tranſlation of the Moon 
from the tangent, produced by the centripetal force; 
and therefore may be computed, if the periodic 
time of the Moon and its diſtance from the cen- 
tre of the Earth are given. The laſt ſpace is found 
by Aperiments of pendulums, as Mr. Hwygens has 
ſhewn. Therefore by making a calculation we ſhall 
find that the firſt ſpace is to the latter, or the cen- 
tripetal force of the Moon revolving in its orbit 
will be to the force of gravity at the —— 
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of the Earth, as the ſquare of the ſemi- diameter of 
the Earth to the ſquare of the ſemi- diameter of the 
orbit. But by what was ſhewn before the very 
fame ratio holds between the centripetal force of the 
Moon revolving in its orbit, and the centripetal 
force of the Moon near the ſurface of the Earth. 
Therefore the centripetal force near the ſurface of 
the Earth is equal to the force of gravity. There- 
fore theſe are not two different forces, bur one and 
the ſame ; for if they were different, theſe forces 
united would cauſe bodies to deſcend to the Earth 
with twice the velocity they would fall with by 
the force of gravity alone. Therefore it is plain 
that the centripetal force, by which the Moon is. 
perpetually, either impelled or attrafted out of the 
rangent and retained in its orbit, is the very force 
of terreſtrial gravity reaching up to the Moon. 
And it is very reaſonable to believe that virtue 
ſhould extend it ſelf to vaſt diſtances, ſince upon 
the tops of the higheſt mountains we find no ſen- 
fible diminution of ir. Therefore the Moon gra- 
vitates towards the Earth; but on the other hand, 
the Earth by a mutual action equally gravitates to- 
wards the Moon; which is alſo abundantly con- 
firmed in this philoſophy, where the Tides in the 
Sea and the Præceſſion of the Æquinoxes are treated 
of; which ariſe from the action both of the Moon 
and of the Sun upon the Earth. Hence laſtly, we 
diſcover by what law the force of gravity decreaſes 
at great diſtances from the Earth. For fince gra- 
vity is no ways different from the Moon's centri- 
petal force, and this is reciprocally proportional to 
the ſquare of the diſtance ; it follows that it is in 


that very ratio that the force of gravity decreaſes. 
Let 
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Let us now go on to the reſt of the Planets 
Becauſe the revolutions of the primary Planets as 
bout the Sun, and of the ſecondary about Jupiter 
and Saturn, are phenomena of the ſame kind "yy 
the revolution of the Mbon about the Earth; a 
becauſe it has been moreover demonſtrated thar the 
centripetal forces of the primary Planets are directed 
towards the centre of the Sun, apd choſe of the 
ſecondary towards the centres of Jupiter and Saturn, 
in the ſame manner as the centripetal force of the 
Moon is directed towards the centre of the Earth; 
and ſince beſides, all theſe forces are reciprocally as 
the ſquares of the diſtances from the centres, iti 
the ſame manner as the centripetal foree of the 
Moon is as the ſquare of the diſtance from the 
Larth; we muſt of courſe conclude, that the nas 
ture of all is the ſame. Therefore as the Moon 
grevitates towards the Earth, and the Earth again 
towards the Moon; fo alſo all the ſecondary Planets , 
will gravitate towards their 22 and the pri- 
mary Planets again towards their ſecondary ; and ſo 
all the primary cowards the Sun; and the Sun agaiti 
towards the primary. 

Therefore the Sun gravitates towards all the 
ng I 1. _— oy 
. ſecondary Planets, while they accompany 
primary, revolve the mean while with the primary 
about the Sun. Therefore by tlie ſame argument, 
the Plankts of both kinds gravitate towards the Suns 
and the Sun towards them. That the ſecondary 
Planets gravitate towards the Sun is moreover abun- 
dantly clear from the inequalities of the Moon; 4 
moſt accurate theory cf which laid open with a 
moſt admirable ſagacity, we find explained in the 
thicd book of this work. | 
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That the attractive virtue of the Sun is propa- 
pared on all ſides to prodigious diſtances, and is 
diffuſed to every part of the wide ſpace that ſur- 
rounds it, is moſt evidently ſhewn by the motion 
of the Comets; which coming from places im- 
menſely diſtant from the Sun, approach very near 
ro it; and ſometimes ſo near, that in their perihe- 
lia they almoſt touch its body, The theory ef 
theſe bodics was altogether unknown to aſtiono- 
mers, till in our own times our excellent author 
moſt happily diſcovered ir, and demonſtrated rhe 
truth of it by moſt certain obſervations. So that 
It is now apparcnt that the Comets move in conic 
ſections having their ſoci in the Sun's centre, and 
by radi drawn to the Sun defcribe areas proporti- 
onal to the times. But from theſe phenomena it 
is manifeſt, and mathe matically demonſtrated, that 
thoſe forces, by which the Comets are retained in 
their orbits, reſpect the Sun, and are reciprocaliy 
proportional to the ſquares of the diſtances from its 
centte. Therefore the Comets gravitate towards 
the Sun; and therefore the attractive force of the 
Sun not only acts on the bodies of the Planets, 
placed at given diſtances and very nearly in the 
ſame plane, but reaches alſo to the Comets in the 
moſt different parts of the heavens, and at the 
moſt different diſtances. This therefore is the na- 
ture of gravizating bodies, to propagate their force 
ar all diſtances to all other gravitating bodies. But 
fiom thence it follows that all the Planets and Co- 
mets attract each other mutually, and gravitate mu- 
tually towards each other; which is alſo corfirm- 
ed by the perturbation of Jupiter and Saturn, ob- 
ſerved by aſtronomers, which is cauſed by the mu- 
tual actions of theſe two Planets upon each other; 
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is alſo from that very flow motion of the apſides, 
above taken notice of, and which ariſes from a like 
cauſe. 

We have now proceeded ſo far as to ſhew that 
it muſt be acknowledged, that the Sun, and the 

arth, and all the heavenly bodies attending the 
Sun, attract each other mutually. Therefore all the 
leaſt particles of matter in every one muſt have 
their ſeveral attractive forces, whoſe effect is as their 
2 of matter; as was ſhewn above of the 

reſtrial particles. At different diſtances theſe forces 
will be alſo in the duplicate ratio, of the diſtances 
reciprocally ; for it is mathematically demonſtrated, 
that particles attracting according to this law will 
compoſe globes attracting according to the ſame 


w. 
The foregoing concluſions are grounded on this 
axiom which is received by all philoſophers ; name- 
ly that effects of the ſame kind, that is, whoſe 
known properties are the ſame, take their riſe from 
the ſame cauſes and have the ſame unknown pro- 
perties alſo. For who. doubts, if gravity be the 
cauſe of the deſcent of a ſtone in Europe, but that 
it is alſo the cauſe of the ſame deſcent in America? 
If there is a mutual gravitation between a ſtone 
and the Earth in Europe, who will deny the fame 
to be mutual in America? If in Europe, the at- 
tractive force of a ſtone and the Earth is com- 
pounded of the attractive forces of the parts; who 
will deny the like compoſition in America? If in 
Europe, the attraction of the Earth be propagated 
to all kinds of bodies and to all diſtances; why 
may it not as well be propagated in like manner in 
America? All philoſophy is founded on this rule; 

for if that be taken away we cat: affirm nothi 

2 2 
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of univerſal. The conſtitution of particular things 
is known by cblcrvations and experiments; and 
when that is done, it is by this rule that we judge 
univerſally of the natwie uf ſuch things in gene- 


Since then all bodies, whether upon Earth or 
in the Heavens, are heavy, ſo far as we can make 
any experiments or obſervations concerning them; 
we muſt certainly allow that gravity is found in 
all bodies univertally. And in like manner as we 
ought not to ſuppoſe that any bodies can be other» 
wiſe than extended, moveable or impenetrable 3 fo 
we ought not to conccive that any bodies can be 
otherwiſe than heavy. The extenſion, mobility and 
impenetrability of bodies become known to us onl 
by experiments, and in the very fame manner their 
gravity becomes known to us. All bodies we can 
make any obſervations upon, are extended, move- 
able and impenctrable; and thence we conclude all 
bodies, and thoſe we have no obſervations concerning, 
to be extended and moveable and impenetrable. So 
all bodies we can make obſervations on, we find to 
be heavy; and thence we conclude all bodies, and 
thoſe we have no obſervations of, to be heavy allo, 
Tf any one ſhould ſay that the bodies of the fixed 
Stars are not heavy becauſe their gravity is not yet 
obſerved ; they may kay for the ſame reaſon that 
they are neither extended, nor moveable ncr impe- 
netrable, becauſe theſe affections of the fixed Stars 
are not yet obſerved. In ſhort, either gravity muſt 
have a place among the primary qualities of all bo- 
dies, or extenſion, mobility and impenetrability muſt 
not. And if the natwe of things is not rightly ex- 
plaincd by the gravity of bodies, it will _ 

righe- 


7 338.9 . 8 + & HL. 4. ir ro. todd. 


Mr. CotTEts's PREFACE. 


rightly explained by their extenſion, mobility and 


impcnetrability. 

Some I know diſapprove this concluſion, and mutter 
ſomething about occult qualities. They continual- 
ly are cavilling with us, that gravity 1s an occult 
property; and occult cauſes are to be quite ba- 
niſhed from philoſophy, Bur ro this the anſwer 
is eaſy 3 that thoſe are indeed occult cauſes whoſe 
exiſtence is occult; and imagined but not proved; 
but not thoſe whoſe real exiſtence is clearly de- 
monſtrated by obſervations. Therefore gravity can 
by no means be called an occult cauſe of the ce- 
leſtial motions; becauſe it is plain fiom the phæno- 
mena that ſuch a virtue does reaily exiſt. Thoſe 
rather have recourſe to occult cauſes ; who ſet ima- 

inary vortices, of a matter entirely fictitious, and 
impreceptible by our ſenſes, to dic thoſe mo- 
tions. 

But ſhall gravity be therefore called an occult 
cauſe, and thrown our of philoſophy, becauſe the 
cauſe of gravity is occult and not yet diſcovered? 
Thoſe who afhim this, ſhould be carcſul not to fall 
into an abſurdiry that may overtura the found uni- 
ons of all philolophy. For cauſes uſe to proceed 
in a continued chain from thoſe that are more com- 
pounded to thoſe that are more ſimple; when we 
are arrived at the moſt ſimple cauſe we can go no 
farther. Therefore no mechanical account or ex- 
planacion of the moſt ſimple cauſe is to be expected or 
given; for if it could be given, the cauſe wee not 
the moſt ſimple. Theſe moſt ſimple cauſes will 
you then call occult, and ieject them? Then you 
muſt reject thoſe that immediately depend upon 
them, and thoſe which depend upon theſe laſt, 
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all cauſes. 

Some there are who ſay that gravity is præter- 
natural, and call it a perpetual miracle. Therefore 
they would have it rejected, becauſe præternatural 
cauſes have no place in phy ſics. It is hardly worth 
while to ſpend time in anſwering this ridiculous ob- 
jection which overturns all philoſophy. For cither 
they will deny gravity to be in bodies; which can- 
not be ſaid; or elſe, they will therefore call it præ- 
ternatural becauſe it is not produced by the other 
affections of bodies, and therefore not by mechani- 
cal cauſes. But certainly there are primary affections 
of bodies; and theſe, becauſe they are primary, have 
no dependance on the others. Let them conſider 
whether all theſe are not in like manner præternatu- 
ral, and in like manner to be rejected; and then 
what kind of philoſophy we are like to have. 

Some there are who diſlike this celeſtial phy ſics 
becauſe it contradicts the opinions of Des Cartes, 
and ſeems hardly to be reconciled with them. Let 
theſe enjoy their own opinion; but let them act 
fairly; and not deny the ſame liberty to us which 
they demand for 2 8 Since the Newtonian 

Philoſophy appears true to us, let us have the liber- 
ty to embrace and retain it, and to follow cauſes 
proved by phznomena, rather than cauſes only ima- 
gined, and not yet proved. The buſineſs of true 
philoſophy is to derive the natures of things from 
cauſes truly exiſtent ; and to enquire aſter thoſe Jaws 
on which the Great Creator actually choſe to ſound this 
moſt beautiful Frame of the World; not thoſe by which 
he might have done the ſame, had he ſo pleaſed, 
It is reaſonable enough to ſuppoſe that from ſeveral 
ER es . cauſes, 
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cauſes, ſomewhar differing from each other, the ſame 
effect may ariſe; but the true cauſe will be that, 
from which it truly and actually does ariſe ; the 
others have no place in true philoſophy. The ſame 
motion of the hour-hand in a clock may be oc- 
caſioned either by a weight hung, or a ſpring ſhut 
up within. But if a certain clock ſhould be real- 
ly moved with a weight; we ſhould laugh at a 
man that would ſuppoſe it moved by a ſpring, and 
from that principle, ſuddenly taken up without fare 
ther examination, ſhodid go about to explain the 
motion of the index; for certainly the way he 
ought to have taken ſhould have been, actually to 
look into the inward parts of the machine, that he 


might find the true principle of the propoſed mo- 


tion. The like judgment ought to be made of 
thoſe philoſophers, who will have the heavens to 
be filled with a moſt ſubtile matter, which is per- 
petually carried round in vortices. For if they cou'd 
explain the phænomena ever ſo accurately by their 
hypotheſes, we could not yer fay that they have 


. diſcovered true philoſophy and the nu: cauſes of 


the celeſtial motions, unleſs they cou'd either de- 
monſtiate that thoſe cauſes do actually exiſt, or at 
leaſt, that no others do exiſt. Therefore if it be 
made clear that the attraction of all bodies is a 
property actually exiſting in rerum natur; and if 
it be allo ſhewn how the motions of the celeſtial 
bodies may be ſolved by that property; it would 
be very impertinent for any one to object, that 


theſe motions ought to be accounted for by vor- 


tices; even though we ſhould never fo much allow 
ſuch an explication of thoſe motions to be poſſi- 
ble. But we allow no fuch thing; for the phæno- 
Mena can by no means be accounted for by vor- 
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rices; as our Author has abundantly proved from 
the cleareſt reaſuns. So that Men muſt be ſtrangely 
fond of chimera's, who can ſpend their time ſo 
idly, as in patching up « ridiculous figment and 
ſetting it off with new comments of their own. 

If the bodies of the Planets and Comets are car- 
ried round the Sun in vortices; the bodies ſo car- 
ried, and the parts of the vortices next ſurroundi 
them, muſt be carried with the ſame velocity — 
the ſame direction, and have the ſame denſity, and 
the ſame vis inertie anſwering to the bulk of the 
matter. But it is certain, the Planets and Comets, 
when in the very ſame parts of the Heavens, are 
carried with various velocities and varicus directions. 
Therefore it neceſſarily follows that thoſe parts of 
the celeſtial fluid, which ate at the fame diſtances 
from the Sun, muſt revolye at the fame time with 
different velocities in different directions; for one 
kind of velocity and direction is required ſor the 
motion of the Planets, and another for that of the 
Comets. But fince this cannot be accounted for; 
we muſt either ſay that all the celeſtial bodies are 
not carried about by vortices; or elſe that their 
motions are derived, not from one and the ſame 
vortex, but from ſeveral diſtin ones, which fill 
gnd pervade the ſpaces round about the Sun. 

But if ſeveral vortices are contained in the ſame 
ſpace, and are ſuppoſed ro penetrate each other, and 
to revolve with different motions; then becauſe theſe 
motions muſt agree with thoſe of the bodies car- 
ried about by them, which are perfectly regular, 
and — in conic hRtions which are ſome- 
times yery eccentric, and ſometimes nearly circles; 
one may very reaſonably ask, how it comes to pals 


that theſe yortices remain entire, apd have ſuffergd 
no 
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no manner of perturbation in ſo many ages from 
the actions of the conflicting matter. Cerrainly if 


theſe fictitious motions are more compourded and 


more hard to be accounted for than the true mo» 
tions of the Planets and Comets, it ſeems to no pure 
poſe to admit them into philoſophy ; fince _ 
cauſe ought to be more {imple than its effect. 
lowing men to indulge their own fancies, ſuppoſe 
any man ſhould affirm that the Planers and Comets 
are ſurrounded with armoſpheres like our Earth ; 
which hypotheſis ſetems more reaſonable than that 
of vortices. Let him then affum that theſe at» 
moſpheres by their own nature move about the 
Sun and deſcribe conic ſections, which motion is 
much more eaſily conceived than that of the vor- 
rices penetrating each other. Laſtly, that the Planets 
and Comets are carried about the Sun by theſe 
armoſpheres of theirs; and then applaud his owa 
ſagacity in diſcovering the cauſes of the celeſtial 
motions. He that rejects this fable muſt alſo rejcct 
the other; for two drops of water are not more 
like than this hypotheſis of atmoſpheres, and thar 
of vortices, 

Galileo has ſhewn, that when a ſtone projected 
moves in à paraboka, its deflexion into that curve 
from its reRilineas path is occaſioned by the gra- 
vity of the ſtone rowards the Earth, that is, by 
an occult quality. But now ſome body, more cun- 
ning than he, may come to explain the cauſe after 
this manner. He will ſuppoſe a certain ſubtile mat» 
ter, not diſcernable by our fight, our rouch or any 
other of our ſenſes, which fills the ſpaces which are 
near and contiguous to the ſuperficies of the Earth; 
and that this matter is carried with different directions, 
and various, and often contrary, motions, deſcribing 

it parabolig 
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lic curves. Then ſee how eaſily he may ac- 
count for the deflexion of the ſtone above ſpoken 
of. The ſtone, ſays he, floats in this ſubtile fluid, 
and following its motion, can't chuſe but deſcribe 
the ſame figure. But the fluid moves in parabolic 
curves; and therefore the ſtone muſt move in a pa- 
rabola of courſe. Would not the acutencis of this 
philoſopher be thought very extraordinary, who 
could deduce the appearances of nature from me- 
chanical cauſes, matter and motion, ſo clearly that 
the meaneſt man may underſtand it? Or indeed 
ſhould not we ſmile to ſee this new Galileo taking 
ſo much mathematical pains ro introduce occult 
qualities into philoſophy, from whence they have 
been ſo happily excluded? But I am aſhamed to 
dwell fo long upon trifles. 

The ſum of the matter is this; the number of 
the Comets is certainly very great; their motions 
are perfectly regular; and obſerve the ſame laws with 
thoſe of the Planets. The orbits in which they move 
are conic ſections, and thoſe very eccentric. They 
move every way towards all parts of the Heavens, 
and paſs through the planetary regions with all poſſi- 
ble freedom, and their motion 1s often contrary to 
the order of the ſigns. Theſe phænomena are moſt 
evidently confirmed by aſtronomical obſervations, 
and cannot be accounted for by vortices. Nay in- 
deed they are utterly irreconcileable with the vor- 
rices of the Planets. There can be no room for 
the motions of the Comets; unleſs the celeſtial 
ſpaces be entirely cleared of that fictitious matter. 

For if the Planets are carried about the Sun in 
vortices; the parts of the vortices which immedi. 
ately ſurround every Planet muſt be of the ſame 
denſity with the Planet, as was ſhewn above. 1 
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fore all the ma:ter contiguous to the perimeter of 
the magnus orbis, muſt be of the ſame denſity as 
the Earth. But now that which lies between the 
mag nus orbis and the orb of Saturn muſt have ei- 
ther an equal or greater denſity. For to make the 
conſtitution of the vortex permanent, the parts of 
Icfs denſity muſt lie near the centre, and thoſe of 
greater denſity muſt go farther from it. For ſince 


the periodic times of the Planets are in the ſeſqui- 


plicate ratio of their diſtances from the Sun, the 
periods of the parts of the vortices muſt alſo pre- 
ſerve the ſame ratio. Thence it will follow that the 
centrifugal forces of the parts of the vortex muſt 
be reciprocally as the ſquares of their diſtances. 
Thoſe parts therefore which are more remore from 
the centre endeavour to recede from it with leſs 
force; whence if their denſity be deficient, they 
muſt yield to the greater force with which the 
wo that lie nearer the centre endeavour to aſcend. 

herefore the denſer parts will aſcend; and thoſe 
of leſs denſity will deſcend; and there will be a 
mutual change of places, till all the fluid matter 
in the whole vortex be fo adjuſted and diſpoſed, 
that being reduced to an equilibrium its parts be- 
come quieſcent, If two fluids of different denſity 
be contained in the ſame veſſel; it will certainly 
come to paſs that the fluid of greater denſity will 
ſink the loweſt ; and by a like reaſoning it follows 
that the denſer parts of the vortex by their greater 
centrifugal force will aſcend to the higheſt places. 
Therefore all that far greater part of the vortex 
which lies without the Earth's orb, will have a den- 
ſity, and by conſequence a vis inertie anſwering to 
the bulk of the matter, which cannot be leſs than 
fle denſity and vis inertiæ of the Earth. „ 
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hence will ariſe a mighty reſiſtance to the paſſage 
of the Comets, and ſuch as can't but be very ſen- 
ſible; not to ſay, enough to put a [top to, and ab- 
ſorb, their motions entirely. But now it appears 
ſrom the perſectly regular motion of the Comets, 
that they ſuffer no reſiſtance that is in the leaſt 
ſenſible; and thereſore that they meet with no matter 
of any kind, that has any reſiſting force, or, by 
conſequence, any denſity or vis inertie. For the 
reſiſtance of mediums ariſes, either from the inertia 
of the matter of the fluid, or from its want of 
lubricity. That which ariſes from the want of lu- 
bricity is very ſmall, and is ſcarce obſervable in the 
fluids commonly known, unleſs they be very tena- 
cious like oil and honey. The reſiſtance we find 
in air, water, quick- ſilver and the like fluids that 
are not tenacious, is almoſt all of the firſt kind; 
and cannot be diminiſhed by a greater degree of - 
ſubrilty, if the denſity and vis inertit, to which this 
reſiſtance is proportional, remains; as is moſt evi- 
dently demonſtrated by our Author in his noble 
theory of reſiſtances in the ſecond book. 

Bodies in going on through a fluid communi- 
care their motion to the ambient fluid by little 
and little, and by that communication loſe their 
own motion, and by loſing it are retarded. There- 
fore the retardation is proportional to the motion 
communicated ; and the communicated motion, when 
the velocity of the moving body is given, is as the 
denſity of the fluid; and therefore the retardation 
or reſiſtance will be as the fame denſity of the 
fluid; nor can it be taken away, unleſs the fluid 
coming about to the hinder parts of the body re- 
ſtore the mation loſt, Now this cannot be done 


unleſs. the impreſſion of the fluid on the hinder 
parts 
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of the body be equal to the impreſſion. of 
Fe fore parts of the body on the fluid, that is 
unleſs the relative velocity with which the fluid 
puſhes the body behind is equal to the velocity 
with which the body puſhes the fluid ; thar is, un- 
leſs the abſolute velocity of the recurring fluid be 
tu ice as great as the abſolute velocity with which 
the fluid is driven forwards by the body; which 
is impoſſible. Thereſore the reſiſtance of fluids a- 
riſing from their vis inertie can by no means be 
taken away. So that we muſt conclude that the 
celeſtial fluid has no vis inertie, becauſe it has no 
reſiſting force; that it has no force to communi- 
care motion with, becaufe it has no vis merric 3 
that it has no force to produce any change in one 
or more bodies, becauſe it has no force wherewith 
to communicate motion; that it has no manner of 
efficacy, becauſe it has no faculty wherewith to pro- 
duce any change of any kind. Therefore certain- 
ly this hypotheſis may be juſtly called ridiculous, 
and unworthy a philoſopher; ſince it is altogether 
without foundation, and does not in the leaſt ſerve 
to explain the nature of things. Thoſe who would 
have the Heavens filled with a fluid matter, but 
ſuppoſe it void of any vis inertie; do indeed in 
words deny a vacuum, but allow it in fat. For 
ſince a fluid matter of that kind can no ways be 
diſtinguiſhed from empty ſpace ; the diſpute is now 
abour the names, and not the natures of things. 
If any are fo fond of matter, that t will by 
no means admit of a ſpace void of body; let us 
conſider, where they muſt come at laſt, 

For either they will lays that this conſtitution 
of a world every where full, was made fo by the 
will of Cop to this end, that „* 

ature 
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Nature might be aſſiſted every where by a ſubtile 
æther pervading and filling all things; which can- 
not be ſaid however, ſince we have ſhewn from 
the phænomena of the Comets, that this æther is 
of no efficacy at all; or they will ſay, that it be- 
came ſo by the ſame will of Go for ſome un- 
known Fa which ought not to be ſaid, becauſe 
for the ſame reaſon a different conſtitution may be 
as well ſuppoſed; or laſtly, they will: not fay that 
it was cauſed by the will of Gob, but by ſome 
neceſſity of its nature. Therefore they will at 
laſt ſink into the mire of that inſamous herd; 
who dream that all things are governed by Fate, 
and not by Providence; and that matter exiſts by 
the neceſſity of its nature always and every where, 
being infinite and eternal. But ſuppoſing theſe things, 
it muſt be alſo every where uniform; for variety 
of forms is entirely inconſiſtent with neceſſity, 
It muſt be alſo uhmoved; for if it be neceſſarily 
moved in any dcterminare direction, with any de- 
terminate velocity, it will by a like neceſſity be 
moved in a different direction with a different ve- 
locify ; but it can never move in different dire- 
tions with different velocities 3 therefore ir muſt 
be unmoved. Without all doubt this World, fo 
diverſified with that variety of forms and motions 
we find m it, could ariſe from nothing but the 
perſectly free will of Gop direRing and preſiding 
over all. 

From this fountain it 1s that thoſe laws, which 
we call the laws of Nature, have flowed ; in which 
there appear many traces indeed of the moſt wiſe 
contrivance, but not the leaſt ſhadow of neceſſity. 
Theſe therefore we muſt not ſeek from uncertain 
conjectures, but learn them from obſervations and ex- 
6 | — periments 


M. Cor EsSs's PREFACE. 


iments. He who thinks to find the true prin- 
ciples of phyſics and the laws of natural things by 
the force alone of his own mind, and the internal 
light of his reaſon ; muſt either ſuppoſe that the 
World exiſts by neceſſity, and by the ſame neceſ- 
ſity follows the laws propoſed ; or if the order of 
Nature was eſtabliſhed by the will of Gop, that 
himſelf, a miſerable reptile, can tell what was fitteſt 
to be done. All ſound and true philoſophy is 
founded on the appearances of things; which if or 
draw us never ſo much againſt our wills, to ſuc 
principles as moſt clearly manifeſt ro us the moſt 
excellent counſel and ſupreme dominion of the All- 
wiſe and Almighty Being ; thoſe principles are not 
therefore to be kad aſide, becauſe ſome men ny per- 
haps diflike them. They may call them, if they 
pleaſe, miracles or occult qualities ; but names mali- 
ciouſly given ought not to be a diſadvantage to the 
things themſelves; unleſs they will ſay at laſt, that 
all philoſophy ought to be founded in atheiſm. 
Philoſophy muſt not be corrupted in complaiſance to 
theſe men; for the order of things will not be 
changed. 

Fair and equal judges will therefore give ſentence 
in favour of this moſt excellent method of philo- 
ſophy, which is founded on experiments and obſer- 
vations. To this method it 1s hardly to be faid 
or imagined, what lighr, what ſplendor, hath accru- 
ed from this admirable work of our illuſtrious au- 
thor ; whoſe happy and ſublime genius, reſolving 
the moſt difficult problems, and reaching to diſco- 
veries of which the mind of man was thought in- 
capable before, is deſervedly admired by all thoſe 
who are ſomewhat more than ſuperficially verſed in 
theſe matters. The gates are now fer open; and * 
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lis meats we may freely enter into the knowle, 
of the hidden ſecrets and wonders of natural dg 
He has fo clearly laid open and ſet before our eyes 
the moſt beauriful frame of the Syſtem of the World ; 
that if King AMphonſus were now alive, he would not 
complain for want of the graces _— ſimplicity 
or of harmony in it. Therefore we may now more 
nearly behold the beauties of Nature, and entertain 
our felves with the delightſul cottemplation; and; 
which is the beſt and moſt valuable fruit — 
ſophy, be thence incited the more profoundly to 
reverence and adore the great Maker and Lord of 
all. He muſt be blind who from the moſt wiſe and 
excellent contrivances of things cannot ſee the infi- 
nite Wiſdom and Goodneſs of their Almighty Cre- 
ator, and he muſt be mad and ſenſeleſs, who refuſes 
to acknowledge them. 
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DEFINITIONS. 
"ex ; 


The Quantity of Matter is the meaſure of ihe 
ſame, ariſing from its denſity and bulk con. 
funcily. 


HUS air of a double denſity, in a double 
ſpace, is quadruple in quantity; in a triple 
ce, ſextuple in * The ſame 
thing is to be underſtood of ſnow, and 
fine duſt or powders, that are condenſed by compreſſion 


or * and of all bodies that are by any cauſes 
B what» 


—— 
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whatever differently condenſed. I have no regard in 
this place to a medium, if ay ._ there is, that 
freely pervades the interſtices between the parts of 
bodies. It is this quantity that I mean hereaſter every 
where under the name of Body or Maſs. And the 
ſame is known by the weight of each body: For it is 
proportional to the weight, as I have found by _— 
ments on pendulums, very accurately made, which 
ſhall be ſhewn' hereafter. ©" 


DEFINITION II. 


The Quantity of Motion is the meaſure of the 
fame, ariſitg from the velocity and quan- 
tity of matter conjuncily. 


The motion of the whole is the Sum of the mo- 
tions of all the parts; and therefore in a body double in 
quantity, with equal velocity, the motion is double; 
with twice the velocity, it is quadruple, 


Dre riniTion III. 


The Vis Inſita, or Innate Force of Matter, 
is a power of reſiſting, by which every 
body, as much as in it lies, endeavours to 
perſevere in its preſent ſtate, whether it be 
of reſt, or of moving uniformly forward in 
a right line. 


This force is ever proportional to the body whoſe 
force it is; and differs nothing from the inactivity 
of the Maſs, but in our manner of conceiving it. A 
body from the inactivity of matter, is not without 

difficulty 
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difficulty put out of its ſtate of reſt or motion. Up- 
on which account, this Yis inſta, may, by a moſt ſig- 
nificant name, be called Vn [nertie, or Force of In- 
activity. But a body exerts this force only, when a- 
nother force impreſs d upon it, endeavours to change its 
condition; and the exerciſe of this force may be con- 
ſidered both as reſiſtance and impulſe: It is reſiſtance 
in ſo far as the body, for maintaining its preſent ſtate 
withſtands the force impreſſed ; it 1s impulſe, in fo 
far as the body, by not eaſily giving way to the impreſs'd 
force of another, endeavours to change the ſtate 
of that other. Reſiſtance is uſually aſcrib'd to bodies at 
reſt, and impulſe to thoſe in motion : But motion and 
reſt, as commonly conceived, are only relatively diſtin- 
guiſhed; nor are thoſe bodies always truly at reſt, 
which commonly are taken to be ſo. 


DEFINITION IV, 


An impreſs d force is an action exerted upon 4 

body, in order to change its ſtate, either of 
reſt, or of moving — forward in 4 
right line. 


This force conſiſts in the action only; and remains 
no longer in the body, when the action is over. For 
a body maintains every, new ſtate it acquires, by 
its Ys Jnertie only. Impreſs'd forces are of diffe- 
rent origines; as from percuſſion, from preſſure, from 
centripetal force, : 


_ Derr 
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DrPINITITION V. 


A Centripetal force is that by which bodies are 
drawn or impell.d, or any way tend, to- 
wards a point as to à centre. 


Of this ſort is Gravity by which bodies tend to the 
centre of the Earth; Magnetiſm, by which iron tends 
to the loadſtone; and that force, whatever it is, by 
which the Planets are perpetually drawn aſide from 
the rectilinear motions, which otherwiſe they wou'd 
purſue, and made to revolve in curvilinear orbits. A 
ſtone, whirled about in a fling, endeavours to recede 
From the hand that turns it; and by that endeavour, 
diſtends the ſling, and that with ſo much the great- 
er force, as it is revoly'd with the greater velocity; 
and as ſoon as ever it is let go, flies away. That force 
which oppoſes it ſelf to this endeavour, and by which the 
fling perpetually draws back the ſtone towards the hand, 
and retains it in its orbit, becauſe tis directed to the 
hand as the centre of the orbit, I call the Centripetal force. 
And the fame thing is to be underſtood of all bodies, 
revolv'd in any orbits. They all endeavour to recede 
from the centres of their orbits ; and were it not for 
the oppoſition of a contrary force which reſtrains them 
to, and detains them in their orbirs, which I therefore 
call Centripetal, would fly 6ff in right lines, with an 
uniform motion. A projectile, if it was not for the 
force of gravity, would not deviate towards the 
Earth, but would go off from it in a right line 
and that with an uniform motion, if the reſiſtance of 
the Air was taken away. *Tijs by its gravity that it is 
drawn aſide perpetually from its rectilinear courſe, and | 
made to deviate towards the Earth, more or leſs, accord- 


ing 
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ing to the force of its gravity, and the velocity of its 

motion. The leſs its gravity is, for the quantity of its 

matter, or the greater the ve ocity with which it is project- 

ed, the leſs will it deviate from a rectilinear courſ?, and 

the farther it will go. If a leaden ball projected from 

the top of a mountain by the force of gun-powder 

with a given pars and in a direction parallel to 

the horizon, is carried in a curve line to the diſtance of 

two miles before it falls to the ground; the ſame, if 6 

the reſiſtance of the Air was took away, with a double | 

or decuple velocity, would fly rwice or ten times 

as far. And by increaſing the velocity, we may at 

pleaſure increaſe the diſtance to which it might be 

projected, and diminiſh the curvature of the line, 

which it might deſcribe, till at laſt it ſhould fall at 

the diſtance of 10, zo, or 90 degrees, or even : 

might go quite round the whole Earth before it 

falls; or laſtly, ſo that it might never fall to the Earth, 

but go forwards into the Celeſtial Spaces, and proceed in 

its motion in infinitum. And after the ſame manner, that 

a projectile, by the force of gravity, may be made to 

revolve in an orbit, and go round the whole Earth, 

the Moon alſo, either by the force of gravity, if it 

is endued with gravity, or by any other force, that im- 

pells it towards the Earth, may be perpetually drawn aſide 

WF towards the Earth, out of the rectilinear way, which 
by its innate force it would purſu2 ; and be made to 

revolve in the orbit which it now deſcribes: nor could 

the Moon without ſome ſuch force, be retain'd in its 

orbit. If this force was too ſmal', it would not ſuf- 

ficiently turn the Moon out of a reQilinear courſe: 

if it. was too great, it would turn it too much, and 

draw down the Moon from its orbit towards the Earth. 

It is neceſſary, that the force be of a juſt quantity, and 

it belongs to the Mathematicians to find the force, 
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that may ſerve exactly to retain a body in a given orbit, 
with a given velocity; and vice verſa, to determine 
the curvilinear way, into which a body projected 
from a given place, with a given velocity, may be 
made to deviate from its natural rectilinear way, by 
means of a given force. 

The quantity of any Centripetal Force may be con- 
__ as of three kinds, Abſolute, Accelerative, and 

dive. 


DEFINITION VI. 


The abſolute quantity of a centripetal force is 
the me iſurè of the ſame, proportional to the 
efficacy of the cauſe that propagates it 
from the centre, through the ſpaces round 
alout. 


Thus the magnetic force is greater in one load- ſtone 
and Jeſs in another, according to their ſizes and 


ſtrength. 
DEFINITION VII. 


The accelerative quantity of a centripetal 
force is the meaſure of the fone, propor- 
tional to the velocity which it generates 
in a given time. 


Thus the force of the ſame load-ſtone is greater 
at a leſs diſtance, and leſs at a greater: alſo the force 
of 2 is greater in valley s, leſs on tops of exceeding ü 
high mountains; and yet leſs (as ſhall be hereafter | F 


ſhewn) at greater diſtances from the body of the 
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Earth; but at equal diſtances, it is the ſame every where; 
becauſe (raking away, or allowing for, the reſiſtance of 
the Air) it equa ly accelerates all ſalling bodies, whether 
heavy or light, great or ſmall. 


DEFINITION VIII. 


The motive quantity of a centripetal force, is 
the meaſure of the ſame, f roportional to the 
motion which it generates im a given time. 


Thus the Weight is greater in a greater body, leſs 
in a leſs body; it is greater ncar to the Earth, and leſs 
at remoter diſtances. This ſort of quantity is the cen- 
tripetency, or propenſion of the whole body rowards 
the centre, or as I may fay, its Weight; and it is 
ever known by the quantity of a force equal and con- 
trary to it, that is juſt ſufficient to hinder the deſcent of 
the body, | 

Theſe quantities of Forces, we may for brevity's fake 
call by the names of Motive, Accelerative and Abſolute 
forces; and for diſtinction fake conſider them, with 
reſpect to the Bodies that tend to the centre; to the Places 
of thoſe bodies; and to the Centre of force towards 
which they tend: That is to ſay, I refer the Motive 
force to the Body, as an endeavour and propenſity of 


W the whole towards a centre, ariſing from the propenſitics 


of the ſeveral parts taken rogether ; rhe Accelerative 
force to the Place of the body, as a certain power or 
energy diffuſed from the centre to all places around to 
move the bodies that are in them; and the Abſolute 
force to the Centre, as indued with ſome cauſe, with- 
out which thoſe motive forces would not be propaga- 
ted through the ſpaces round about; whether that cauſe 
is ſome central body, (ſuch as is the Load ſtone, in 
B 4 the 
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the centre of the force of Magnetiſm, or the Earth in 
the centre of the gravitating force) or any thing elſe 
that does not yet appear. For I here deſign only to 
give a Mathematical notion of thoſe forces, without 
conſidering their Phyſical cauſes and ſeats. 

Wherefore the Accelerative force will ſtand in the 
fame relation to the Motive, as celerity does to motion. 
For the quantity of motion ariſes from the celerity, drawn 
into the quantity of matter; and the motive force ariſes 
from the accelerative force drawn into the ſame quantity of 
matter. For the ſum of the actions of the Accelerative 
force, upon the ſeveral particles of the body, is the 
Motive force of the whole. Hence it is, that near the 
ſurface of the Earth, - where the accelerative gravity, or 
force productive of gravity in all bodies is the ſame, 
the motive gravity or the Weight is as the Body: but 
if we ſhould aſcend to higher regions, where the acce- 
lerative gravity is leſs, the Weight would be likewiſe 
diminiſhed, and would always be as the product of the 
Body, by the Accelerative gravity. So in thoſe regions, 
here the accelerative gravity is diminiſhed into one half, 
the Weight of a body two or three times leſs, will be 
our or ſix times leſs. 

I likewiſe call Attractions and Impulſes, in the ſame 
- ſenſe, Acctlerative, and Motive; and uſe the words 
Attraction, Impulſe or Propenſity of any fort to- 
wards a centre, promiſcuouſly, and indifferently, one 
for another; conſidering thoſe forces not Phyfically 
but Mathematically : Wherefore, the reader is not 
to imagine, that by thoſe words, I any where take 
upon me to define the kind, or the manner of any Acti- 
on, the cauſes or the phyſical reaſon thereof, or that I 
attribute Forces, in a true and Phyſical ſenſe, to certain 
centres (which are only Mathematical points); when 
| dt 
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time I ha to ſpeak of centres as attracting, 
hs Lahti auto ub 
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SCHOLIUM. 


Hitherto I have laid down the definitions of ſuch words 
as are leſs known, and explained the ſenſe in which I would 
have them to be underſtood in the following diſcourſe. 
I do not define Time, Space, Place and Motion, as 
being well known to all. Only I muſt obſerve, that 
the vulgar conceive thoſe quantities under no other no- 
tions but from the relation they bear to ſenſible objects. 
And thence ariſe certain prejudices, for the removing 
of which, it will be-convenient to diſtinguiſh them 
into Abſolute and Relative, True and Apparent, Ma- 
thematical and Common. | 

I. Abſolute, True, and Mathematical Time, of it 
ſelf, and from its own nature flows equably without 
regard to any thing external, and by another name is 
called Duration: Relative, Apparent, and Common 
Time is ſome ſenſible and external (whether accurate 
or unequable) meaſure of Duration by the means of 
motion, which is commonly uſed inſtead of True 
time; ſuch as an Hour, a Day, a Month, a Year. 

II. Abſolute Space, in its own nature, without 
regard to any thing external, remains always ſimilar 
and immoveable, Relative Space is ſome moveable dimer - 
ſion or meaſure of the abſolute ſpaces; which our ſenſes 
determine, by its poſition to bodies; and which is 
vulgarly taken for immoveable ſpace ; Such is the di- 
menſion of a ſubterraneous, an aereal, or celeſtial ſpace, 
determin'd by its poſition in reſpect of the Earth. 
Abſolute and Relative ſpace, are the ſame in figure and 
magnitude ; but they 8 not remain always numeri- 


cally the ſame. For if the Earth, for inſtance, moves ; 
| a ſpace 
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a ſpace of our Air, which relatively and in reſpect of 
the Earth, remains always the ſame, will at one time 
be one part of the abſolute ſpace into which the 
Air paſſes; at another time it will be another part of 
the ſame, and fo, abſolutely underſtood, it will 099 per- 
petually mutable. 

III. Place is a part of ſpace which a body takes 
up, and, is according to the ſpace, either abſolute or 
relative. I fay, a Part of Space; not the ſituation, nor 
the external ſurface of the body. For the places of 
equal Solids, are always equal; but their ſuperficies, 
by reaſon of their diſſimilar figures, are often unequal. 
Poſitions properly have no quantity, nor are they ſo 
much the places themſelves, as the properties of places. 
The motion of the whole is the ſame thing with the 
ſum of the motions of the parts, that is, the tranſla- 
tion of the whole, out of its place, is the ſame thing 
with the ſum of the tranſlations of the parts out of 
their places ; and therefore the Place of the whole, is 
the ſame thing with the Sum of the places of the 
parts, and for that reaſon, it is internal, and in the 
whole body. 

IV. Abſolute motion, is the tranſlation of a body 
from one abſolute place into another; and Relative mo- 

tion, the tranſlation from one relative place intb another. 
Thus in a Ship under ſail, the relative place of a body 
is that part of the Ship, which the Body poſſeſſes; or 
that part of its cavity which the body fills, and which 
therefore moves together with the Ship: And Rela- 
tive reſt, is the continuance of the Body in the ſame 
rt of the Ship, or of its cavity. But Real, abſo- 
ute reſt, is the continuance of the Body in the ſame 
part of that Immoveable ſpace, in which the Ship it 
ſelf, its cavity, and all that it contains, is moved. 
Wherefore, if the Earth is really at reſt, the * 
| hic 
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which relatively reſts in the Ship, will really and ab- 
ſolutely move with the fame velocity which the Ship 
has on the Earth. But if the Earth alſo moves, the true 
and abſolute motion of the body will — 1 _ from 
the true motion of the Earth, in immov ſpace 3 
partly from the relative motion of the Ship on the 
Earth: agg] if the body moves allo relatively in the 
Ship; its true motion will ariſe, partly from the true 
motion of the Earth, in immoveable ſpace, and partly 
from the relative motions as well of the Ship on the 
Earth, as of the Body in the Ship; and from theſe 
relar* motions, will ariſe the relative motion of the 
Bo / be Earth. As if that part of the Earth 
w! re the Vip is, was truly mov'd toward the Eaſt, 
vi 1 a velocity of 10010 parts; while the Ship it ſelf 
wel a freſh gale, and full fails, is carry'd towards the 
Weſt, with a velocity expreſs'd by 10 of thoſe parts; 
but a Sailor walks in the Ship towards the Eaſt, with 
part of the ſaid velocity: then the Sailor will be 
moved truly and abſolutely in immoveable ſpace to- 
wards the Faſt with a velocity of 10001 parts, and 
relatively on the Earth towards the Weſt, with a veloci- 
ty of 9 of thoſe parts. 
- Abſolute time, in Aſtronomy, is diſtinguiſh'd from 
Relative, by the Equation or correction of the vulgar 
time. For the natural days are traly unequal, though 
they are commonly conſider'd as equal, and uſed for 
a meaſure of time: Aſtronomers correct this inequality 
for their more accurate deducing of the celeſtial mo- 
tions It may be, that there is no ſuch thing as an equable 
motion, whereby time may be accurately meaſured. 
All motions may be accelerated and retarded, but the 
True, or equable progreſs, of Abſolute time is liable to 
no change. The — . or perſeverance of the 


exiſtence of things remains the ſame, whether the mo- 
. tions 
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a ſpace of our Air, which relatively and in reſpect of 

the Earth, remains always the ſame, will at one time 

be one part of the abſolute ſpace into which the 

Air paſſes; at another time it will be another part of 

the ſame, and fo, abſolutely underſtood, it will Go per- 
ally mutable. 

III. Place is a part of ſpace which a body takes 
up, and, is according to the ſpace, either abſolute or 
relative. I fay, a Part of Space; not the ſituation, nor 
the external ſurface of the body. For the places of 
equal Solids, are always equal; but their ſuperficies, 
by reaſon of their diſſimilar figures, are often unequal. 
Poſitions properly have no quantity, nor are they fo 
much the places themſelves, as the properties of places. 
The motion of the whole is the fame thing with the 
ſum of the motidns of the parts, that is, the tranſla- 
tion of the whole, out of its place, is the ſame thing 
with the ſum of the tranſlations of the parts out of 
their places; and therefore the Place of the whole, is 
the ſame thing with the Sum of the places of the 
parts, and for that reaſon, it is internal, and in the 
whole body. 

IV. Abſolute motion, is the tranſlation of a body 
from one abſolute place into another ; and Relative mo- 
tion, the tranſlation from one relative place into another. 
Thus in a Ship under ſail, the relative p'ace of a body 
is that part of the Ship, which the Body poſſeſſes ; or 
that part of its cavity which the body fills, and which 
A moves together with the Ship: And Rela- 
tive reſt, is the continuance of the Body in the ſame 

rt of the Ship, or of its cavity. But Real, abſo- 
ute reſt, is rhe continuance of the Body in the ſame 
part of that Immoveable {pace, in which the Ship it 
ſelf, irs cavity, and all that it contains, is moved. 
Wherefore, if the Earth is really at reſt, the rr 
| whic 
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which relatively reſts in the Ship, will really and ab- 
ſolutely move with the fame velocity which the Ship 
has on the Earth. But if the Earth alſo moves, the true 
and abſolute motion of the body will — — from 

ſpace ; 


the true motion of the Earth, in immov 


partly from the relative motion of the Ship on the 
Earth: and if the body moves alſo relatively in the 


Ship; its true motion will ariſe, 1 ſrom the true 
le 


motion of the Earth, in immoveable ſpace, and partly 
from the relative motions as well of the Ship on the 
Earth, as of the Body in the Ship; and from theſe 
relative motions, will ariſe the relative motion of the 
Body on the Earth. As if that part of the Earth 
where the Ship is, was truly moy'd toward the Eaſt, 
with a velocity of 100 10 parts; while the Ship it ſelf 
with a freſh gale, and full fails, is carry'd towards the 
Weſt, with a velocity expreſs'd by 10 of thoſe parts; 
but a Sailor walks in the Ship towards the Eaft, with 
part of the ſaid velocity: then the Sailor will be 
moved truly and abſolutely in immoveable ſpace to- 
wards the Faſt with a velocity of 10001 parts, and 
relatively on the Earth towards the Weſt, with a veloci- 


ty of 9 of thoſe parts. 
Abſolute time, in Aſtronomy, is diſtinguiſh'd from 


Relative, by the Equation or correction of the vulgar 
time. For the natural days are traly unequal, _— 
they are commonly conſider'd as equal, and uſed for 
a meaſure of time : Aſtronomers corre& this inequality 
for their more accurate deducing of the celeſtial mo- 
tions It may be, that there is no ſuch thing as an equable 
motion, x: time may be accurately meaſured. 
All motions may be accelerated and retarded, but the 
True, or equable progreſs, of Abſolute time is liable to 
no change. The — or perſeverance of the 


exiſtence of things remains the ſame, whether the mo- 
FO tions 
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tions are ſwift or flow, or none at all: and therefore it 
ought to be diſtinguiſh'd from what are only ſenſible 
meaſures thereof; and out of which we collect it, by 
means of the Aſtronomical equation. The neceſſity of 
which Equation, ſor determining the Times of a phæ- 
nomenon, is evinc'd as well from the experiments of the 
pendulum clock, as by eclipſes of the Satellites of Ju- 


4 er. 
" As the order of the parts of Time is immurable, fo 
alſo is the order of es of Space. Suppoſe thoſe 
to be moy'd out of their places, and : will be 
moved (if the expreſſion may be allowed) out of 
themſelves. For times and ſpaces are, as it were, the 
Places as well of themſelves as of all other things. All 
things are placed in Time as to order of Succeſſion ; 
and in Space as to order of Situation. It is from their 
eſſence or nature that they are Places; and that the pri- 
mary places of things ſhould be moveable, is abſurd. 
Theſe are therefore the abſolute places; and trafiflations 
ont of thoſe places, arc the only Abſolute Motions. 
But becauſe the parts of Space cannot be ſeen, or 
diſtinguiſhed from one another by our Senſes, there- 
fore in their flead we uſe ſenſible meaſures of them. 
For from the poſitions and diſtances of things from 
any body conſider'd as immoveable, we define places : 
and then with reſpe& to ſuch places, we eſtimate all 
motions, conſidering bodies as transfer*'d from ſome of 
thoſe places into others. And fo inſtead of abſolute 
places and motions, we uſe relative ones; and that with- 
out any inconvenience in common affairs: bur in 
Philoſophical diſquiſitions, we ought to abſtrat from 
our ſenſes, and conſider things themſelves, diſtin& from 
what are oaly ſenſible meaſures of them. For it may 
be that there is no body really at reſt, to which the 
places and motions of others may be referr d. 1 
ut 


| 
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But we may diſtinguiſh Reſt and Motion, abſo- 
jute and relative, one from the other by their Properties, 
Cauſes and Effects. It is Ne Reſt, that bodies 
really at reſt do reſt in reſpect of one another. And 
therefore as it is poſſible, that in the remote regions 
of the fixed Stars, or 2 far beyond them, there 
may be ſome body abſolutely at reſt; but impoſſible 
to know from the poſition of bodies to one another in 
our regions, whether any of theſe do keep the ſame 
poſition to that remote body; it follows that abſolute reſt - 
cannot be determined from the poſition of bodies in 
our regions. _ Fs, 

It is a property of motion, that the parts, which 
retain given poſitions to their holes, do partake of the 
motions of thoſe wholes. For all the parts of revol · 
ving bodies endeavour to recede from the axe of mo- 
tion; and the impetus of bodies moving forwards, ariſes 
from the joint impetus of all the parts. Therefore, 
if ſurrounding bodies are moy'd, thoſe that are relative» 
ly at reſt within them, will partake of their motion. 
ood which account, the true and abſolute motion of 
a body cannot be determin'd by the tranſlation of it 
from thoſe which only ſeem to reſt : For the external 
bodies ought not only to appear at reſt, Sh 7 


at reſt, For otherwiſe, all included bodies, beſide their 
tranſlation from near the ſurrounding ones, paftþke like- 
wiſe of their true motions ; and tho”. that tranſlation was 
not made they would not be really at reſt, but only 
ſeem to be ſo. For the ſurrounding bodies ſtand in 
the like relation to the ſurrounded, as the exteriour part 
of a whole does to the interiour, or as the ſhell does to 
the kernel; but, if the ſhell moves, the kernel will alfa 
move, as being part of the whole, without any remoyal 
fram near the ſhell, 


A property 
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A property near a kin to the preceding, is this, 
thar if a place is mov'd, 2 is laced therein 
moves along with it; and therefore a body, which is 
mov'd from a place in motion, partakes alſo of the 
motion of its place. Upon which account all motions 
from places in motion, are no other than parts of entire 
and abſolute motions; and every entire motion is com- 
poſed out of the motion of the body out of its firſt 
place, and the motion of this place out of its place, 
and ſoon ; until we come to ſome immoveab'e place, 
as in the before mention'd example of the Sailor, 
Wherefore entire and abſolute motions can be no 
otherwiſe determin'd than by immoveable places; and 
for that reaſon TI did before refer thoſe abſolute motions 
to immoveable places, but relative ones to moveable 
places. Now no other places are immoveable, but 
thoſe that, from infinity to infinity, do all retain the 
fame given poſitions one to another; and upon this ac- 
count, muſt ever remain unmov'd ; and do thereby 
conſtitute, what I call, immoveable ſpace. 

The Cauſes by which true and relative motions are 
diſti — from the other, are the forces im- 
d u ies to generate motion. True motion 

15 kb nor alter d, but by ome force im- 
preſs d upon the body moved: but relative motion 
may be generated or alter d without ny force impreſs'd 
upon the body. For it is ſufficient only to impreſs 
ſome force on other bodies with which the former is 
d, that by their giving way, that relat ion may 

be chang'd, in which the relative reſt or motion of 
this other body did conſiſt. Again, True motion ſuf- 
fers always ſome change from any force impreſs d upon 
the moving body ; but Relative motion does not ne- 
ceſſarily undergo any change, by ſuch forces. For if 
the ſame forces are likewiſe impreſß d on * 
ä * 
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bodies, with which the compariſon is made, that the 
relative poſition may be preſerved, then that condition 
will be preſerv'd, in which the relative motion conſiſts. 
And thereſore, any relative motion may be changed, 
when the true motion remains unalter d, and the rela- 
tive may be preſerv d, when the true ſuffers ſome change. 
Upon which accounts, true motion does by no means 
conſiſt in ſuch relations. | 

The Effects which diſtinguiſh abſolute from relative 
motion are, the forces of receding from the axe of 
circular motion. For there are no ſuch forces in acir- 
cular motion purely relative, but in a true and abſolute 
circular motion, they are greater or leſs, accerding to 
the quantity of the motion. If a veſſel, hung 8 by a 
long cord, is ſo often turned about that the is 
ſtrongly twiſted, then fall'd with Water, and held ar 
reſt together with the water; after by the ſudden action 
of another force, it is whirl'd about the contrary way, 
and while the cord is untwiſting it ſelf, the veſſel 
continues for ſome time in this motion; the ſurface of 
the water will at firſt be plain, as before the veſſel be- 
gan to move: but the veſſel, by gradually communica- 
ting its motion to the water, will make irbegin ſenſibly 
to revolve, and recede by little and little from the 
middle, and aſcend to the ſides of the veſſel, forming 
it ſelf into a concave figure, (as I have experienced) 
and the ſwifter the motion becomes, the higher will 
the water riſe, till at laſt, performing its revolutions in 
the ſame times with the veſſel, it becomes relatively at 
reſt in it. This aſcent of the water ſhews its endea- 
vour to recede from the axe of its motion; and the 
true and abſolute circular motion of the water, which 
is here directly contrary to the relative, diſcovers it ſelf, 
and may be meaſured by this endeavour. Ar firſt, 
when the relative motion of the water in the veſſel was 


greateſt 
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greateſt it produc*'d no endeavour to recede from the 
axe: the water'ſhew'd no tendency to the circumſe- 
rence, nor any aſcent towards the ſides of the veſſel, 
but remain'd of a plain ſurface, and therefore its True 
circular motion had not yet begun. But afterwards, 
when the relative motion of the water had decreas'd, 
the aſcent thereof towards the ſides of the veſſel, prov'd 
its endeavour to recede from the axe; and this endea- 
vour ſhew'd the real circular motion of the water 
perpetually increaſing, till it had acquir'd its greateſt 


* when the water reſted relatively in the veſſel. 


therefore this endeavour does not depend upon any 
tranſlation of the water in reſpe& of the ambient bo- - 
dies, nor can true circular motion be defin'd by ſuch 
tranſlations. _ => only one real circular motion of 
any one revolvi » correſponding to only one 
— of es recede Gow ie axe o* mo- 
tion, as its proper and adequate effect: but relative mo- 
tions in one and the ſame body are innumerable, ac- 
cording to the various relations it bears to external bodies, 
and like other relations, are altogether deſtitute of any 


real effect, any otherwiſe than they may perhaps partici- 


of that one only true motion. And therefore in 


their ſyſtem who ſuppoſe that our heavens, revolving 


below the ſphere of the fixt Stars, rn Planets 
along with them; the ſeveral parts of thoſe heavens, 
and the Planets, which are indeed relatively at reſt in 
their heavens, do yet really move. For they change 
their poſition one to another (which never happens 
to bodies truly at reſt) and being carried together with 
their heavens, participate of their motions, and as parts 
of revolving wholes, endeavour to recede from the axe 
of their motions. 

Wherefore relative quantities, are not the quantities 
themſelves, whoſe names they bear, but thoſe — 4 

ures 
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meaſures of them (either accurate or inaccurate) which 


are commonly uſed inſtead of the meaſur d quantities 
themſelves. And if the meaning of words is to be 
determin'd by their uſe ; then by the names Time, 
Space, Place and Motion, their meaſures are properly to 
be underſtood ; and the expreſſion will be unuſual, and 
purely Mathematical, if the meaſured quantities them- 
ſelves are meant. Upon which account, they do 
ſtrain the Sacred Writings, who there interpret thoſe 
words for the meaſur'd quantities. Nor do thoſe 
leſs defile the purity of Mathematical and Philoſophical 
truths, who confound real quantities themſelves with 
their relations and vulgar meaſures. 

It is indeed a matter of great difficulty to diſcover, 
and effectua ly to diſtinguiſh, the True motions of 


particular bodies from the Apparent : becauſe the parts 


of that immoveable ſpace in which thoſe motions are 
perform'd, do by no means come under the obſervation 
of our ſenſes. Yet the thing is not altogether deſperate ; 
for we have ſome arguments to guide us, partly from 
the apparent motions, which are the differences of the 
true motions ;- partly from the forces, which are the 
cauſes and s of the true motions. For inſtance, 
if two globes kept at a given diſtance one from the 
other, by means of a that connects them, were re- 
volv'd about their common ceotre of gravity; we might, 
from the tenſion of the cord, diſcover the endeavour 
of the globes to recede from the axe of their motion, 
and from thence we might compure the quantity of 
their circular motions. And then if any equal forces 
ſhould be impreſs'd at once on the alternate faces of the 
globes to augment or diminiſh their circular motions 3 
from the encreaſe or decreaſe of the tenſion of the cord, 
we might infer the increment or decrement of their 
motions ; and thence PE found, on what _ 

thoſe 
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thoſe forces ought to be impreſs'd, that the motions of 
the globes might be moſt augmented, that is, we 
might diſcover their hindermoſt faces, or thoſe which, 
_ "4 +0 do _ But the * —— 
w bet nown, and conſequently, the ite 
ones that precede, we ſhould likew 2 — 
termination of their motions. And thus we might 
find both the quantity and the determination of thi 
circular motion, ev'n in an iminenſe vacuum, where 
there was nothing external or ſenſible with which the 
you could be compar'd. Bur now if in that ſpace 
remote bodies were plac'd that kept always a 
given poſition one to another, as the Fixt Stars do in 
our regions; we cou'd not indeed determine from the re- 
lative tranſlation of the globes among thoſe bodies, 
whether the motion did _ to the globes or to the 
bodies. But if we obſerv'd the cord, and found that 
its tenſion was that very tenſion which the motions of 
the globes requir'd, we might conclude the motion to 
be 1n the globes, and the bodies to be at reſt ; and 
then, laſtly, from the tranſlation of the globes among 
the bodies, we ſhould find the determination of their 
motions. But how we are to collect the true. motions 
from their cauſes, effects, and apparent differences 3 and 
vice verſa, how from the motions, either true or ap- 
parent, we come to the knowledge of their 
cauſes and » ſhall be explain'd more at large in 
the following Tract. For to this end it was that I 
compos'd it. 


Axioms 
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Axioms or Laws of 
Motion. 


. 


Every body perſe eres in its ſtate of reſt, or 
of uniform motion in a right line, unleſs it 
ir compelled to change that ſlate by forces 
impreſs'd thereon. 


Rojectiles perſevere in their motions, ſo far as they 
are not retarded by the reſiſtance of the air, or 
impell'd downwards by the force of gravity. A top, 
whoſe parts by their coheſion are perpetually drawn a- 
fide from rectilinear motions, does not ceaſe its rotation, 
otherwiſe than as it is retarded - by the air. The 
yo bodies of the Planets and Comets, meeting with 
$ reſiſtance in more free ſpaces, preſerve their motions 
both progreſlive and circular for amuch longer time, 


"25% fp 4 


The alteration of motion is ever proportional 
to the motive force impreſsd; and is made 


in the direction of the right line in which. 


that force is impreſs d. 


If any force geterates a motion, adouble force will 
generate double the motion, a triple force triple the 
I ˙ be ingeel's chagater anc 
| 2 ar 
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at once, or gradually and ſucceſſively. And this 
motion (being always directed the ſame way with 
the generating ſorce) if the body moved before, is ad- 
ded to or ſubducted from the former motion, accord- 
ing as they direct'y conſp re with or are directly con- 
trary to each other; or obliquely joyned, when t 
are oblique, ſo as to produce a new motion com - 
ed from the detepmination of both. 


Law III. 


To every Action there is always oppoſed an 
equal Reaction: or the mutual attions of 
tu bodies upon each other are always e- 
qual, and directed to contrary parts. 
Whatever draws or preſſes another is as much 

drawn or preſſed by that other. If you preſs a ſtone 

with your finger, the finger is alſo preſſed by the 
ſtone. If a horſe draws a ſtone tyed to a rope, the 
horſe (if I may fo fay) will be equally drawn back to- 
wards the ſtone : For the diſtended rope, by the ſame 
endeavour to relax or unbend it ſelf, will draw the 
„ - horſe as much towards the ſtone, as it does the ſtone 
towards the horſe, and will obſtru& the progreſs of the 
one as much as it advances that of the other. If 
a body impinge upon another, and by its force 
change the motion of the other ; that body alſo (be- 
cauſe of the equality of the mutual preſſure) will un- 
dergo an equal change, in its own motion, towards 
the contrary part. The changes made by theſe actions 
are equal, not in the velocities, but in the motions of 
bodies; that is to fay, if the bodies are not hinder d 
by any other impediments. For becauſe the motions 
4 are 
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are equally changed, the changes of the velocities made 
towards contrary parts, are reciprocally proportional to 
the bodies. This Law takes place alſo in Attractions, 
as will be proved in the next Scholium. 


4 


"CTornoltianr L: 


A body by two forces conjorned will d: ſcribe 
the diagonal of a parall-logram, in the ſame 
time that it would deſcribe the ſides, by 
thoſe forces apart. (Pl. 1. Fig. 1.) 


If a body in a given time, by the force A im- 
preſs d apart in the place A. ſhould with an uniform 
motion be carried from A to B; and by the force V im- 
preſs'd apart in the fame place, ſhould be carried from 


A to C: compleat the paral elogram ABCD, and 


by both forces aRing rogether, it will in the ſame time 
be carried in the diagonal from A to D. For ſince 
the force M acts in the direction of the line A C, 
parallel to B D, this force (by the ſecond law) will 
not at all alter the velocity generated by the other fo ce 
M, by which the body is carried towards the line 
BD. The body therefore will arrive at the line BD 
in the fame time, whether the ſorce V be impreſs d 
or not; and therefore at the end of that time, it will be 
found ſomewhere in the line BD, By the fame ar- 
gument, at the end of the ſame time it will be found 
ſomewhere in the line CD. Therefore it will be 
found in the point D, where both lines meet. But it will 
move in a right line from A to D by Law 1. 


C 3 CoroL- 


a 
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CoROLLAARV II. 


And hence is explained the compoſition of any 
one direct force AD, out of any two ob- 
lique farces A B and B D; and, on the con. 
trary the reſolution of any oue direct force 
AD into two oblique forces AB and BD: 
which compoſition and reſolution are abun- 
dantly confirmed from Mechanics. (Fig. 2.) 


As if the unequal Radii O A and ON drawn 
from the centre O of any wheel, ſhould ſuſtain the 
weights A and P, by the cords M A and NP; 
and the forces of thoſe weights to move the wheel 
were required, Through the centre O draw the right 
line X O L, meeting the cords perpendicularly in 
Kand L; and from the centre O, with OL the great- 
er of the diſtances OK and O L, deſcribe a circle, 
meeting the cord A A in D: and drawing O D, make 
A C parallel and D C perpendicular thereto. Now, it 
being indifferent whether the points K, L, D, of the 
cords be fixed to the plane of the wheel or not, 
the weights will have the ſame effect whether they are 
ſuſpended from the points & and L, or from D and 
Z. Let the whole force of the weight A be repreſent- 
ed by the Line AD, and let it be reſolved into the 
forges AC and CD; of which the force AC, draw- 
Ing the radius O D directly from the centre, will have 
no effect to move the wheel: but the other force 
D C, drawing the radius D O perpendicularly, will 
have the fame effect as if it drew perpendicularly the 
radius O L equal co OD; that is, it will _ the 


* fi 
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ſame effect as the weight P, if that weight is to the 
weight A, as the force D C is to the force DA; 
that is (becauſe of the ſimilar triangles ADC, PO) 
as OK to O D or OL, Therefore the weights A 
and P, which are reciprocally as the radii O K and 
O L that lye in the ſame right line, will be equipollent, 
and fo remain in equilibrio: which is the well 
known property of the Ballance, the Lever, and the 
Wheel. If either weight is greater thin in this 
ratio, its force to move the wheel will be ſo much 
ma the weigh — 

If the weight to t ight P, is part- 
ly ſuſpended by t * 2 Np, fs ſuſtained by 
the oblique planepG; draw pH, NH, the former 
perpendicular to the horizon, the latter to the plane 
pG; and if the force of the weight p tending 
downwards is repreſented by the line p H. it may be 
reſolved into the forces pN, H N. there was any 
plane perpendicular to the cord pN, cutting the 
other plane pG in a line parallel to the horizon; and 
the weight p was ſupported only by thoſe planes 
* „7 G; it would preſs thoſe planes perpendicu- 

ly with the forces pN, HN; to wit, the plane 
Q with the force p N, and the plane pG with the 
force HV. And therefore if the plane p@ was 
taken away, ſo that the weight might ſtretch the cord, 
becauſe the cord, now ſuſtaining the weight, ſupplies 
the place of the plane that was removed, it will be 
ſtrained by the fame force p V which preſs d upon 
the plane +» Therefore the tenſion of this ob- 
lique cord V will be to that of the other 
dicular cord PN as pN to pH. And therefore if 
the weight p is to the weight A in a ratio compound- 
ed of the reciprocal ratio of the leaſt diſtances of the 
cords p N, AM, from the centre of the wheel, 

C 4 and 
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and of the direct ratio of pH to pN; the weights 
will have the ſame effect towards moving the wheel, 
and will therefore ſuſtain each other, as any one may 

find by experiment. | 
But the weight p preſſing upon thoſe two oblique 
planes, may be conſider d as a wedge between the two 
internal ſurfaces of a body ſplit by it; and hence the 
forces of the Wedge and the Mal'et may be deter- 
min d; for becauſe the force with which the weight 
p preſſes the plane pQ, is to the force with which 
the ſame, whether by its own gravity, or by the blow 
of a mallet, is impelled in the direction of the line 
p H towards both the planes, as p topH; and to 
the force with which it preſſes the other pG, as 
PN to NH. And thus the force of the Screw 
may be deduced from a like reſolution of forces; it 
being no other than a Wedge impelled with the force 
of a Lever. Therefore the uſe of this na ge — 
far and wide, and by that diffuſive extent truth 
thereof is farther confirmed. For on what has been 
faid depends the whole doQrine of Mechanics variouſly 
demonſtrated by different authors. For from hence 
are eaſily deduced the forces of Machines, which are 
compounded of Wheels, Pulleys, Leavers, Cords and 

» Weights, aſcending directly or obliquely, and other 
Mechanical Powers; as alſo the force of the Tendons 

to move the Bones of Animals, 


Cool. 
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CorolLtary II. 


The Quantity of motion, which is collected 
by taking the ſum of the motions directed 
towards the ſame parts, and the difference 
of thoſe that are directed to contrary parts, 


ſuffers no change fiom the attion of bo- 
dies among themſelves. 


For Action and its oppoſite Re · action are equal, by 
Law z, and therefore, by Law 2, they produce in the 
motions equal changes towards oppolite parts. There- 
fore if the motions are directed towards the ſame parts, 
whatever is added to the motion of the preceding bod 
will be ſubducted from the motion of that which fol 
lows ; fo that the ſum will be the ſame as before. If 
the bodies meet, with contrary motions, there will be 
an equal deduction from the motions of both; and 


ther the difference of the motions directed to- 


wards oppoſite parts will remain the ſame. 

Thus if a herica body A with two parts of velo- 
city is triple of a ſpherical body B which follows 
in the ſame right line with ten parts of velocity; 
the motion of A will be to that of B, as 6 to 10. 
Suppoſe then their motions to be of 6 parts and of 10 
parts, and the ſum will be 16 parts. Therefore upon 
the meeting of the bodies, if 4 acquire 3, 4 or 5 

of motion, B will loſe as many; therefore 
after reflexion A will proceed with 9, 10 or 11 parts, 
and B with 7, & or 5 parts; the ſum remaining al- 
ways of 16 parts as before. If the body A acquire 9, 
IO, 11 or 12 parts of motion, and therefore after meet · 


ing proceed with 15, 16, 17 or 18 parts; the body 
B, loſing 


— — — — —— — — 
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B, loſing ſo man 2s A has got, will either proceed 
with one part, — loſt mp ſtop and remain 
at reſt, as having loſt its whole progreſſive motion of 
10 parts; or it will go back with one part, having not 
only loſt its whole motion, but (if I may fo fay) 
one part more; or it will go back with 2 parts, becauſe 
a progreſſive motion of 12 parts is took off. And fo 
the Sums of the conſpiring motions 15 +1, or 16 +0, 
and the Differences of the contrary motions 17 = 1 
and 18 —2 will always be equal to 16 parts, as they 
were before the meeting and reflexion of the bodies. 
But, the motions being known with which the bo- 
dies proceed after reflexion, the velocity of either will 
be alſo known, by taking the velocity after to the 
velocity before reflexion, as the motion after is to the 
motion before. As in the laſt caſe, where the motion 
of the body A was of & parts before reflexion and of 
18 parts after, and the velocity was of 2 parts be- 
fore reflexion ; the velocity thereof after reflexion will be 
found to be of & parts, by faying, as the 6 parts of mo- 
tion before to 18 parts after, G are 2 parts of veloci- 
y before reflexion to G parts after. 

But if the bodies are either not ſphærical, or moving in 
different right lines impinge obliquely one upon the 
other, and their motions after reflexion are required : 
in thoſe caſes we are firſt to determine the poſition of 
the plane that rouches the concurring bodies in the 
point of concourſe ; then the motion of each body 
(by Corol. 2.) is to be reſolved into two, one per- 
pendicular to that plane, and the other parallel ro it. 
This done, becauſe the bodies a& upon each other in the 


direction of a line perpendicular to this plane, the pa- 


rallel motions are to be retained the fame after re- 
flexion as before ; and to the perpendicular motions we 
are to aſſign equal changes towards the contrary parts 1 


: 


.* 
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ſuch manner that the ſum of the conſpiring, and the dif- 
ference of the contrary motions, may remain the ſame 
as before. From ſuch kind of ref alſo ſometimes - 
ariſe the circular motions of bodies about their own 
centres. But theſe are caſes which I don't conſider in 
what follows; and it would be too tedious to demon- 
ſtrate every particular that relates to this ſubject. 


CoroLLary IV. 


The common centre of gravity of two or more 
bodies, does not alter its ſtate of motion or 
reſt by the actions of the bodies among 
themſelves; and therefore the common 
centre of gravity of all bodies acting upon 
each other (excluding out ward attions and 
zmpediments) is either at reſt, or moves uni- 
formly in a right line. | 


For if two points proceed with an uniform motion 
in right lines, and their diſtance be divided in a given 
ratio, the dividing point will be either at reſt, or pro- 
ceed uniformly in a right line. This is demonſtrated 
hereafter in Lem. 23. and its Corol. when the points are 
moved in the fame plane; and by a like way of argu- 
ing, it may be demonſtrated when the points are not 
moved in the fame plane. Therefore if any number of 
bodies move uniformly in right lines, the common 
centre of gravity of any two of them is either at 
reſt, or proceeds uniformly in a right line; becauſe 
the line which connects the centres of thoſe two bodies 
ſo moving is divided at that common centre in a given 
ratio. In like manner the common centre of thoſe 

two 


* 
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two and that of a third body will be either at reſt or 
moving uniformly in a right line; becauſe at that 
centre, the diſtance between the common centre of 
the two bodies, and the centre of this laſt, is divided 
in a given ratio. In like manner the common centre 
of t eſe three, and of a fourth body, is either at reſt, 
or moves uniformly in a right line; becaufe the di- 
ſtance between the common centre of the three bodies, 
and the centre of the fourth is there alſo divided in a 
given ratio, and ſo on in inſinitum. Therefore in a 


ſyſtem of bodies, where there is neither any mutual 


action among themſelves, nor any foreign force im- 
preſs'd upon them from without, and which conſe- 
quently move uniformly in right lines, the common 
centre of Jr of t all is either at reſt, or 
moves uniformly forwards in a right line. | 

Moreover, in a ſyſtem of two bodies mutually act- 
ing upon each other, ſince the diſtances between their 


centres and the common centre of gravity of both, are 


reciprocally as the bodies ; the relative motions of thoſe 
bodies, whether of approaching to or of receding 
from that centre, will be equal among themſelves. 
Therefore ſince the changes which happen to motions 
are equal and directed to contrary parts, the common 
Centre of thoſe bodies, by their mutual action between 
themſelves, is neither "mg nor retarded, nor ſuffers 
any e as to its ſtare of motion or reſt. But in a 
ſyſtem of ſeveral bodies, becauſe rhe common centre 
of gravity of any two acting mutua ly upon each other 
ſuffers no change in its ſtate by that action; and much 
leſs the common centre of gravity of the others with 
which that action does not intervene; but the diſtance 
between thoſe two centres is divided by the common 
centre of gravity of all the bodies into parts recipro- 
cally proportional to the total ſums of thoſe _ 
who 


j 
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whoſe centres they are; and therefore while thoſe two 
centres retain their ſtate of motion or reſt, the 
common centre of all does alſo retain its ſtate : It is 
manifeſt, that the common centre of all never ſuffery 
any c in the ſtate of its motion or reſt from the 
actions of any two bodies between themſelves. But in 
ſuch a ſyſtem all the actions of the bodies 

themſelves, either happen between two bodies, or are 
compoſed of actions interchanged between ſome two 
bodies; and therefore they do never produce any al- 
teration in the common centre of all as to its ſtate of 
motion or reſt, Wherefore ſince that centre when 
the bodies do not act mutually one upon another, 
either is at reſt or moves uniformly forward in ſome right 


line; it will, notwithſtanding the mutual actions of the 


bodies among themſelves, always perſevere in an ow 
either of reſt, or of proceeding uniformly in a 
unleſs it is forc'd out of this ſtate by the a 
_ 4a impreſs d from at an upon 


Sue 
And therefore the ſame law takes place in a 


— conſiſting of many bodies, as in one ſingle 


body, with regard to their perſev in thee fre 
of motion or of reſt E ve mo- 


0 Conol. 
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Cacottanry VV 


The motions of bodies included in a given 
pace are the ſame among themſelues , 
whether that ſpace is at reſt, or moves 

. uniformly forwards in a right line with- 
out any circular motion. 


For the differences of the motions tending towards 
the ſame parts, and the ſums of thoſe that tend towards 
contrary parts, are at firſt (by ſuppoſition) in both 
caſes the ame; and it is from thoſe ſums and diffe- 
— — —— 8 and impulſes do ariſe with 
- which t ies mu impinge one upon another. 

Wherefore (by Law 2.) the ae of A colliſions 
will be equal in both caſes; and therefore the mutual 
motions of the bodies among themſelves in the one caſe 
will remain equal to the mutual motions of the bodies 

themſelves in the other. A clear proof of which 
we have from the iment of a ſhip: where all mo- 
tions happen after the ſame manner, whether the ſhip 
HED or is carried uniformly forwards in a right 
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Corollary VI. 


If bodies, any how moved among themſelues 
are urged in the direction of parallel 
lines by equal accelerative forces; they 
will all continue to move among themſelves, 

| after the ſame manner as if they bad been 
urged by no ſuch forces. 


- 

For theſe forces acting equally (with reſpect to the 
quantities of the meh be 28 LANES 0 di- 
rection of parallel lines, will (by Law 2.) move all the 
bodies equally (as to velocity) and therefore will never 
n in the poſitions or motions of the 

ies among themſelves, 


SCHOLIUM. 


Hitherto I have hid down ſuch principles as have 
been receiv'd by Mathematicians, and are confirm'd by. 
abundance of experiments. By the two firſt Laws and 
the firſt two Corollaries, Galileo diſcover d that the de- 
ſcent of bodies obſerv d the duplicate ratio of the time, 
and that the motion of projectiles was in the curve of 


a Parabola; experience agreeing with both, unleſs ſo far 


as theſe motions are a little retarded by the reſiſtance 
pg ay C_ body is — —— 
its gravity acting equally, impreſſes, in eq 

ae S and there- 
f I > 0m word rw 
impreſſes a w generates a whole velocity, 
proportional to the time. And the ſpaces deſcribed in 

pro- 
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proportional times are as the velocities and the times 
conjunctly; that is, in a duplicate ratio of the times. 
And when a body is thrown upwards, its uniform 
gravity impreſſes forces and takes off velocities 
jonal to the times; and the times of 2 
to the greateſt heights are as the velocities to be taken 
off, thoſe heights are as the velocities and the 
times conjunctly, or in the duplicate ratio of the 
velocities. And if a body be projected in any di- 
rection, the motion ariſing from its projection is com- 
pounded with the motion ariſing from its gravity. 
As if the Body A by its motion of projection alone 
(Fig. 3+) could deſcribe in a given time the right line 
AB, and with its motion of falling alone could de- 
ſcribe in the ſame time the altitude AC; compleat the 
paralell AB De, and the body by that com- 
pounded motion will at the end of the time be found 
in the place D; and the curve line AED, which that 
body deſcribes, will be a Parabola, to which the right 
line AB will bea tangent in A ; and whoſe ordinate 
B D will be as the ſquare of the line 4B, On 
the ſame laws and corollaries depend thoſe things 
which have been demonſtrated concerning the times of 
the vibration of Pendulums, and are confirm'd by the 
daily experiments of Pendulum clocks. By the ſame to- 
er with the third Law Sir Chrift. Wren, Dr. Na“ and 
r. Huygens, the greateſt Geometers of our times, dia 
ſeverally ine the rules of the Congreſs and Re- 


flexion of hard bodies, and much about the ſame time 
communicated their diſcoveries to the Royal Society, 
exactly agreeing among themſelves, as to thoſe rules. 
Dr. Wallis indeed was ſomerhing more early in the pub- 
lication ; then followed Sir Chriſtopher Wren, and laſtly, 
Mr. Huygens. But Sir Chriſtopher Wren confirmed te 
trut 
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truth of the thing before the Royal Society by the ex- 
periment of pendulums, which Mr AMariotte ſoon after 
thought fit to explain in a treatiſe entirely upon that ſub» 
ject. But to bring this experiment to an accurate a- 
t with the theory, we are to have a due re- 
as well to the reſiſtance of the air, as to the elaſtic 
orce 5 — * bodies. Let * A bodies 
A B, be ſuſſ by the parallel and equal ſtrings, AC, 
BD, hy 5 — D. About theſe centres, 
with thoſe intervals, deſcribe the ſemicircles EA, GBH 
biſected by the radii C.4, DB. Bring the body 4 
to any point R of the arc E AF, and (withdrawi 
the body B) let it go from thence, and after one of: 
cillation ſuppoſe it to return to the point V then 
RF will be the retardation ariſing from the reſiſtance 
of the air. Of this RY let ST be a fourth part 
ſituated in the midd'e, to wit, fo as RS and TY 
may be equal, and RS may be toSTas 3 to 2: then 
will ST repreſent very nearly the retardation during 
the deſcent from S to A. Reſtore the body B to 
its place: and ſuppoſing the body A to bꝛ let fall from 
the point S, the velocity thereof in the place of re- 
flexion A, without ſenſible error, will be the ſame as 
if it had deſcended in vacuo from the point T. Upon 
which account this velocity may be repreſented by 
the chord of the arc 7A. For it is a propoſition 
well known to Geomerers, that the velocity of a pen- 
dulous body in the loweſt point is as the chord of the 
arc which it has deſcribed in its deſcent. After re- 
flexion, ſuppoſe the body A comes to the place s, 
and the body 5 to the place k. Withdraw the body 
B, and find the place v, from which if the body A, 
being let go, ſhould after one oſc llation return to 
the place r, t may be a fourth part of rv, ſo p'aced 
in & middle thereof as to leave rs equal ro zv, and 
D let 
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let the chord of the arc ? A repreſent the velocity which 
the body A had in the place A immediately after re- 
flexion. For t will be the true and correct place to which 
the Body A ſhould have aſcended, if the reſiſtance of 
the Air had been taken off. In the ſame way we are 
to correct the place to which the body B aſcends, 
by finding the place I to which it ſhould have aſcend- 
ed in vacuo. And thus every thing may be ſubjected 
to experiment, in the ſame manner as if we were really 
placed in vacuo. Theſe things being done we are to 
take the product (if I may fo ſay) of the body 4, 


by the chord of the arc 7A (which repreſents its 


velocity) that we may have its motion in the place A 
immediately before reflexion ; and then by the chord 
of the arc t A. that we may have its motion in the 
place A immediately after reflexion. And fo we are 
to take the product of the body B by the chord of 
the arc Bl, that we may have the motion of the 
ſame immediately after reflexion. And in like manner, 
when two bodiesare let go together from different places, 
we are to find the motion of each, as well before as after 
reflexion ;3 and then we may compa:e the motions be- 
tween themſelves, and co lect the effects of the reflexi- 
on. Thus trying the thing with pendulums of ten 
feet, in unequal as well as equal bodies, and making 
the bodies to concur after a deſcent through lar 

ſpaces, as of 8, 12, or 16 feet, I found always, with- 
out an errour of 3 inches, that when the bodies con- 
curr'd together directly, equal changes toward the 
contrary parts were produced in their motions ; and 
of conſequence, that the action and reaction were 
always equal. As if the body A imping'd upon the 
body B at reſt with 9 parts of motion, and loſing 7, pro- 
ceeded afrer reflexion with 2; the body B was car- 
ried backwards with tho'e 7 parts. If the bodies 


concurr'd 
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concurr'd with contrary motions, 4 with twelve 

of motion, and B with fix, then if 4 
receded with 2, B receded with 8, to wit, with a 
deduRion of 14 parts of motion on each ſide. For 
from the motion of A ſubduQting 12 parts, nothing will 
ſemain: but ſubducting 2 parts more, a motion will 
be generated of 2 parts towards the contrary way; 
and fo, from the motion of the body B of 6 parts, 
ſubducting 14 parts, a motion is generated of 8 parts 
towards p. contrary way. But if the bodies were 
made both to move towards the ſame way ; A, the ſwiſt- 
er; with 14 parts of motion, B, the 4 with 5, 
and after reflexion A went an with 5, Blikewiſe went 
on with 14 parts; 9 parts being transferr'd from A to 
B. And fo in other caſes. By the congreſs and col- 
liſion of bodies, the quantity of motion, collect- 
ed from the ſum of the motions directed towards 
the ſame way, or from the difference of thoſe that 
were directed towards contrary ways, was never 
changed. For the error of an inch or two in mea» 
ſures may be eaſily aſcrib'd to the difficulty of exe- 
cuting every thing with accuracy. It was not eaſy to 
ler go the two pendulums ſo exactly together, that 
the bodies ſhould impinge one upon the other in the 
lowermoſt place AB; nor to mark the places s, and 
4, to which the bodies aſcended after congreſs. Nay, 
ond ſome errors too might have happen'd from the un- 
equal denſity of the parts of the pendulous bodies 
themſelves, and from the irregularity of the texture 
proceeding from other cauſes. 

But to prevent an objection that may perhaps be al- 
ledged againſt the rule, for the proot of which this 
experiment was made, as if this rule did ſuppoſe that the 
bodies were either abſolutely hard, or at leaſt perfectly 
elaſtic; whereas no ſuch —_— are to be found in na- 

2 ture; 
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ture; I muſt add that the experiments we have been 
deſcribing, by no means * upon that quality 
of hardneſs, do ſucceed as well in ſoft as in hard bodies. 
For if the rule is to be tried in bodies not perfectly hard, 
we are only to diminiſh the reflexion in ſuch a cer- 
tain proportion, as the quantity of the elaſtic force re- 
quires, o the theory of Wren and Huygens, bodies 
abſolutely hard return one from another with the 
ſame velocity with which they meet. But this may 
be affirm'd with more certainty of bodies perfectly 
elaſtic. In bodies imperſectly elaſtic the velocity of 
the return is to be diminiſh'd together with the elaſtic 
force; becauſe that force (except when the parts of 
bodiesare bruiſed by their congreſs, or ſuffer ſome ſuch 
extenſion as happens under the ſtrokes of a hammer,) 
is (as far as I can perceive) certain and determined, and 
makes the bodies to return one from the other with a 
relative velocity, which is in a given ratio to that rela- 
tive velocity with which they met. This I tried in 
balls of wool, made up tightly and ſtrongly com- 
pre's'd. For firſt, by letting go the pendulous bodies 
and meaſuring their reflexion, I determined the quan- 
tity of their elaſtic force; and then, according to this 
force, eſtimated the reflexions that ought to happen 
in other caſes of congreſs. And with this computa- 
tion other experiments made afterwards did according- 
ly agree; the balls always receding one from the other 
with a relative velocity, which was to the"relative ve- 
locity with which they met, as about 5 to 9. Balls of 
ſteel return'd with almoſt the ſame velocity: thoſe of 
cork with a velocity ſomething leſs: but in balls of 
glaſs the proportion was as about 15 to 16. And thus 
the third law, ſo far as it regards percuſſions and reflexi- 
ons, is prov'd by a theory, exactly agreeing with ex- 
PCrtencs. 

In 
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In attractions, I briefly demonſtrate the thing after 
this manner. Suppoſe an obſtacle is interpos'd to hin- 
der the congreſs of any two bodies A, B, mutually at- 
tracting one the other: then if either body as A. is 
more attracted towards the other body B, than that 
other body B is towards the firſt body 4, the obſta- 
cle will be more ſtrongly urged by the preſſure of 
the body A than by the preſſure of the body B; and 
therefore will not remain in æquilibrio: but the ſtrong- 
er preſſure will prevail, and will make the ſyſtem of the 
two bodies, together with the obſtacle, to move di- 
rectly towards the parts on which B lies; and in free 
ſpaces, to go forward in infinitzm with a motion per- 
perually accelerated. Which is abſurd, and contrary 
to the firſt law, For by the firſt law, the ſyſtem ought 
to perſevere in it's ſtare of reſt, or of moving uni- 
form'y forward in a right line; and therefore the bodies 
muſt equally preſs the obſtacle, and be equally attracted 
one by the other. I made the experiment on the 
loadſtone and iron. If theſe plac'd apart in proper 
veſſels, are made to float by one another in ſtanding 
water; neither of them will propell the other, but by 

being equally attracted, they will ſuſtain each others 
preſſure, and reſt at laſt in an equilibrium. 

So the gravitation betwixt the Earth and its parts, is 
mutual. Let the Earth FI (Fig. 5.) be cut by any plane 
E G into two parts EGF and E G: and their weights 
one towards the other will be murually equal. For if 
by another plane HK, parallel to the former EG, the 
greater part EG is cut into two parts EG KH and 
HKI, whereof HN is equal to the part EFG 
firſt cut off: it is evident that the middle part EG 
will have no propenſion by its proper weight towards 
either ſide, but will hang as it were and reſt in an equ - 
librium berwixt both. But the one extreme part H/ 
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will with its whole weight bear upon and preſs the 
middle part toward the other extreme part E GF; and 
therefore the force, with which E G, the ſum of the 

HX I nd EG KH. tends towards the third 
part E G F, is equal to the weight of the part H Kt, 
that is, to the weight of the third part EGF. And 
therefore the weights of the two parts EG [and E G F, 
one towards the other, are equal, as I was to prove. 
And indeed if thoſe weights were not equal, the whole 
Earth floating in the non-reſiſting æther, would give 
way to the greater weight, and retiring from it, wou'd 
be carried off in infinitum. 

And as thoſe bodies are equipollent in the congreſs 
and reflexion, whoſe velocities are reciprocally as their 
innate forces: ſo inthe uſe of mechanic inſtruments,thoſe 
agents are equipollent and mutually ſuſtain each the 
contrary preſſure of the other, who'e velocities, eſti- 
mated according to the determination of the forces, 
are reciprocally as the forces. 

So thoſe weights are of equal force to move the 
arms of a Ballance, which during the play of the bal- 
lance are reciprocally as their velocities upwards and 
downwards: that is, if the aſcent or deſcent is di- 
rect, thoſe weights are of equal force, which are re- 
ciprocally as the diſtances of the points at which they 
are ſuſpended from the axe of the ballance; but if 
they are turned aſide by the interpoſition of oblique 
planes, or other obſtacles, and made to aſcend or deſcend 
obliquely, thoſe hodies will be equipollent, which are 
reciprgcally as the heights of their aſcent and deſcent 
taken according to the perpendicular ; and that on 
account of the determination of gravity downwards. 

And in like manner in the Pully, or in a combination of 
Pullies, the force of a hand drawing the rope directly, 
that is to the weight, whether — directly or 
oblique y. 
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obliquely, as the velocity of the perpendicular aſcent 
of the weight to the velocity of the hand that draws 
the rope, will ſuſtain the weight, 

In Clocks and ſuch like inſtruments, made up from 
a combination of whee's, the contrary forces that 
promote and impede the motion of the wheels, if 
they are reciprocally as the velocities of the parts of the 
wheel on which they are impreſs d, will mutually ſuſtain 
the one the other. Vs. 

The force of the Screw to preſs a body is to the 
force of the hand that turns the handles by which it is 
moved, as the circular velocity of the handle in that 
part where it is impelled by the hand, is to the pro- 
greſſive velocity of the Screw towards the preſs d body, 

The forces by which the Wedge preſſes or drives the 
two parts of the wood it cleaves, are to the force of 
the mallet upon the wedge, as the progreſs of the 
wedge in the direction of the force impreſs'd upon it 
by the mallet, is to the velocity with which the parts 
of the wood yield to the wedge, in the direction of 
lines perpendicular to the ſides of the wedge. And 
the like account isto be given of all Machines, 

The power and uſe of Machines conſiſts only in 
this, that by diminiſhing the velocity we may aug- 
ment the force, and the contrary : From whence in 
all forts of proper Machines, we have the ſolution 
of this problem; 7o move a given weight with a given 
power, or with a given force to overcome any other 
given reſiſtance. For if Machines are ſo contriv'd, that 
the velocities of the agent and reſiſtant are recipro- 
cally as their forces; the agent will juſt ſuſtain the re- 
ſiſtant: but with a greater diſparity of velocity will 
overcome it. So that if the diſparity of velocities 1s 
ſo great, as to overcome all chat reſiſtance, which com- 
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monly ariſes either from the attrition of r 
bodies as they ſlide by one another, or from the co- 
heſion of continuous bodies that are to be ſeparated, 
or from the weights of bodies to be raiſed ; the exceſs 
of the force remaining, after all thoſe reſiſtances are 
overcome, will produce an acceleration of motion 
portional thereto, as well in the parts of the Machine, 
as in the reſiſting body. But to treat of Mechanics 1s 
not my preſent buſineſs. I was only willing to ſhew 
by thoſe examples, the great extent and certainty of 
the third law of motion. For if we eſtimate the acti- 
on of the agent from its force and velocity conjunctiy; 
and likewiſe the re- action of the impediment conjunct- 
ly from the velocities of its ſeveral parts, and from the 
forces of reſiſtance ariſing from the attrition, cobeſi- 
on, weight, and accelerat:on of thoſe parts; the acti- 
on and re- action in the uſe of all forts of Machines 
will be found always equal to one another. And fo 
far as the action is propagated by the intervening in- 
ſtruments, and at laſt impreſs d upon the telling 
body, the ultimate det rmination of the action will be 
always contrary to the determination of the re- action. 


OF THE . 


MO TIO N 
BODIES 


SECTION I. 


Of the method of jir/t and laſt 
ratio's of quantities, by the help 
whereof we demonſtrate the 
propoſitions that follow. 


TY SS oY up? 


Quantities, and the ratio's of quantities, 
which in any finite time converge con- 
tinually to equality, and before the end o 
that time approach nearer the one to — 
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other than by any given difference, become 
ultimatel/ equal. | 


If you deny it ; ſuppoſe them to be ultimately un- 
equal, and Jet D be their ultimate difference. There- 
fore they cannot approach nearer to equality than by 
that given difference D; which is againſt the ſuppoſition. 


LI 0160 4A MM 


If in any figure AacE (Pl. 1.Fig.6.) terminated 
by the right lines Aa, AE, and the curve 
acE, there be inſcrib'd any number of N 
lelograms A b, B c, Cd, &c. comprehended 
under equal baſes A B, B C, CD, &. and 
the ſides B b, , Dd, &c. parallel to one 
ſide Aa of the figure ; and the parallelo- 
grams a K bl, bLcm, c Mdn, Cc. are 
compleated. Then if the breadth of thoſe 
parallclograms be ſuppos d to be diminiſhed, 
and their number to be augmented in infini- 
tum: I ſay that the ultimate ratio's which 
the inſcribd figure AK bLe Md, the 
circumſcribed figure Aalbmendo E, and 
curvilin:ar figure Aa bed E, will have 
to one another, are ratio's of equality. 


For the difference of the inſcrib'd and circamſcrib'd 
figures is the ſum of the parallelograms K , Lm, Mn, 
Do, that is, (from the equality of all their baſes) the 
rectangle under one of their baſes Kb and the ſum of 
their altitudes A a, that is, the rectangle A B la, 
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But this rectangle, becauſe its breadth 4B is ſup- 
pos'd diminiſhed is infinitum , becomes leſs than 
any given ſpace. And therefore (by Lem. 1.) the 
figures inſcribed and circumſcribed become ultimately 
equal one to the other ; and much more will the in- 
termediate curvilinear figure be ultimately equal to either, 
P. E. D. 


nn 4A ME 


The ſame ultimate ratio's are alſo ratio's of 
equality, when the breadths AB, BC, 
DC, G&c. of the parallelograms are un- 
equal, and are all diminiſhed in infinitum, 


For ſuppoſe AF equal to the greateſt breadth, and 
compleat the parallelogram FAA f. This parallelo- 
gram will be greater than the difference of the inſcrib'd 
and circumſcribed figures; but, becauſe its breadth AF 
is diminiſhed in infintum, it will become leſs than any 
given rectangle. Q. E. D. | 

Co. 1. Hence the ultimate ſum of thoſe evaneſ- 
cent parallelograms will in all parts coincide with the 
curvilinear figure. 

Con. 2+ Much more will the rectilinear figure, 
comprehended under the chords of the evaneſcent arcs 
ab, bc, cd, &c. ultimately coincide with the curvili- 
near figure. 

Co. 3. And alſo thecircumſcrib'd rectilinear figure 
comprehended under the tangents of the ſame arcs. 

Co R- 4. And therefore theſe ultimate figures (as 
to their perimeters 4 C E,) are not rectilinear, but cur- 
yilinear limits of rectilinear figures, 


LEMMA 
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TN M6418; 


Tf in two fizures Aa cE,PprT,(PI.1.Fig,7.) you 
inſcribe (as before) two ranks of paralie- 
lograms, an equal number in each rank, 
and when their breadths are diminiſhed 
in infinitum, the ultimete ratio's of the 
parallelograms in one figure to thoſe m 
the other, each to each reſpetttvely, are the 
fame; I ſay that thoſe two figures AacE, 
PprT, are to one another m that ſame 
ratio. ä 


For as the parallelograms in the one are ſeverally to the 
parallelograms in the other, ſo (by compolition) is the 
ſum of all in the one to the ſum of all in the other; 
and ſo is the one figure to the other, becauſe (by 
Lem. 3.) the former figure to the former ſum, and 
the latter figure to the latter ſum are both in the ratio 
of equality. Q. E. D. 

Cor. Hence if two quantities of any kind are 
any how divided into an equal number of parts: 
and thoſe parts, when their number is augmented and 
their magnitude diminiſhed in infinitum, have a given 
ratio one to the other, the firſt to the firſt, the ſecond 
to the ſecond, and fo on in order: the whole quan- 
ities will be one to the other in that ſame given ratio. 
For if, in the figures of this lemma, the parallelo- 

are taken one to the other in the ratio of the 

parts, the ſum of the parts will always be as the ſum 
of the parallelograms; and therefore ſuppoſing the 
number 
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number of the parallelograms and parts to be a 
mented, and their magnitudes diminiſhed in 2 
thoſe ſums will be in the ultimate ratio of the parallelo · 
gram in the one figure to the correſpondent parallelo- 
gram in the other; that is, (by the ſuppoſition) in the 
ultimate ratio of any part of the one quantity to the 
correſpondent part of the other. 


LzMMAa V. 
In ſimilar figures, all forts of homologons 


ſides, whether curvilinear or rectilincar, 
are proportional; and the area's are in the 
duplicate ratio of the homologous ſides. 


.x Ma 4 VE 


If any arc ACB (Pl. z. Fig. 1.) given in poſition 
ts ſubtended by its chord AB, and in any 
point A in the middle of the continued 
curvature, is touch'd by aright line AD, 
produced both ways; then if the points 
A and B approach one another and meet, 
1 ſay the angle BAD, contained between 
the chord and the tangent , will be di- 
mini ſped in infinitum, and ultimately will 


vaniſh. 


For if that angle does not vaniſh, the arc AC 
will contain with the tangent AD an angle equal toa 
rectilinear angle; and therefore the curvature at the 
point A will not be continued, which is againſt the 


ſuppoſition, 
Lew 
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The fame things being ſuppoſed ; I ſay, that 
the ultimate ratio of the arc, chord, and 
tangent, any one to any other, is the ratio 
of equality. Pl. 2. Fig. 1. 


For while the point B approaches towards the point 
A, conſider always A B and AD as produc'd to the 
remote points & and d, and parallel to the ſecant B D 
draw bd: and let the arc Acb be always ſimilar to 
the arc A CB. Then ſuppoſing the points A and B to 
coincide, the angle 4.46 will vaniſh, by the precedin 
lemma ; and therefore the right lines Ab, Ad ( which 
are always finite) and the intermediate arc Ac 6 will coin- 
cide, and become equal among themſelves. Where- 
fore the right lines AB, AD, and the intermediate arc 
ACB (which are always proportional to the former) 
will vaniſh ; and ultimately acquire the ratio of equa- 
lity. Q E. D. | 

Con- 1. Whence if through B (Pl.2. Fig.2.) we draw 
BF parallel to the tangent, always cutting any right line 
AF paſſing through Ain F; this line BF will be ultimate- 

ly in the ratio of equality with the evaneſcent arc 
Acz; becauſe, compleating the parallelogram AFB D, 
it is always in a ratio of equality with 4D. 

Cox. 2. And if through B and A more right lines 
are drawn SBE, BD, AF, AG cutting the tangent 
AD and its parallel BF; the ultimate ratio of all the 
abſciſſa's AD, AE, BF, BG, and of the chord and 
arc AB, any one to any other, will be the ratio of 


equality. 
Con. 
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Cor. 3. And therefore in all our reaſoning about 
ultimate ratio's, we may freely uſe any one of thoſe 
lines for any other. 


T2 MM 4A. NE 


Tf the right lines AR, BR, (Pl. 2. Fig. t. with the 
arc AC, the chord AB and the tangent AD, 
conſtitute three triangles RA B, RA CB, 
RAD, and the points A and B approach 
and meet: I ſay that the ultimate form of 
theſe evaneſcent triangles is that of ſimi- 
litude, and their ultimate ratio that of 
equality. 


For while the point B approaches towards the point 
A conſider always AB, AD, AR, as produced to 
the remote points 6, d, and r, and r & d as drawn 
rallel to R D, and let the arc Ac 6 be always finular 
to the arc A CB. Then ſuppoſing: the points A and 
B to coincide, the angle 6 Ad will vaniſh; and therefore 
the three triangles T Ab, Ac b, r Ad, (which are 
always finite) will coincide, and on that account become 
both ſimilar and equal, And therefore the triangles 
R AB, RACB, R AD, which are always ſimilar and 
proportional to theſe, will ultimately become both ſimi- 
lar and equal among themſelves. Q. E. D. 

Co x. And hence in all our reaſonings about ul- 
timare ratio's, we may indifferently uſe any one of thoſe 
triangles for any other. 


LRMNIA 
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Ia right line AE, (Pl. 2. Fig. 3.) and a curve line 
ABC, both given by poſition, cut each other 
in a given angle A; and to that right line, 

. in another given angle, BD, CE are or- 
dinately applied, meeting the curve in 
B, C; and the points B and C together, 
approach towards, and meet in, the fo. A: 

ſay that the area's of the triangles A BD, 
ACE, wel ultimately be one to the other in 
the duplicate ratio of the ſides. f 


For while the points B, C ap towards the 
int 4, ſuppoſe always A D to be produced to the 
ote points 4 and e, ſo as Ad, Ae may be pro- 
portional to AD, AE; and the ordinates db, ec, 
to be drawn parallel to the ordinates D B and EC, 
and meeting A B and AC produced in band c. Let 
the curve Abc be ſimilar to the curve ABC, and 
draw the right line Ag fo as to touch both curves in 
A, 3 the r- D LEG db, ec, in F, Fo 

» g. Then, ſuppoſing the Ae to remain t 
2 let the — B and * in the point A; and 
the angle c Ag vaniſhing, the curvilinear areas Abd, 
Ace will coincide with the rectilinear areas A fd, 
Age; and therefore (by Lem. 5 ) will be one to the 
other in the duplicate ratio of the ſides Ad, Ae. 
But the areas ABD, ACE are always proportional to 
theſe areas; and fo the ſides AD, AE are to theſe ſides. 
And therefore the areas ABD, ACE are ultimately 
one 
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one to the other in the duplicate ratio of the fides 
AD, AE. O. E. P. | 


„ 


The ſpaces which a body deſcribes by any 
Jinite force urging it, whether that force 
is determined and immutable, or is conti- 
nually augmented or continually dimi- 
niſhed, are in the very beginning of 
the motion one to the other in the dupli- 
cate ratio of the times. 


Let the times be repreſented by the lines AD, AE, 
and the velocities generated in thoſe times by the ordi- 
nates DB, EC. The ſpaces deſcribed with theſe velo- 
cities will be as the areas ABD, ACE, deſcribed by 
| thoſe ordinates, that is, at the very beginning of the mo- 
tion (by Lem. 9.) in the duplicate ratio of the times 
AD, AE. O. E. D. 

Co R. 1. And hence one may eaſily infer, that the 
2 of bodies deſcribing 1 qr ap _ 

ures in proportional times, are nearly in the duplicate 
— of 69.68 in which they are g:nerated ; if fo 
be theſe errors are generated by any equal forces ſimilarly 

plied to the bodies, and meaſur'd by the diſtances of 
the bodies from thoſe places of the ſimilar * at 
which, without the action of thoſe forces, the bodies 
would have arrived in thoſe proportional times. 


E _ 
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Co R. 2. But the errors that are generated by pro- 
portional forces ſimilarly applied to the bodies at ſi- 
milar parts of the ſimilar figures, are as the forces and 
the ſquares of the times conjunctly. | 

Cox. 3. The fame thing is to be underſtood of any 
ſpaces whatſoever deſcrib'd by bodies urged with dif- 

erent forces. All which, in the very beginning of the 
motion, are as the forces and the ſquares of the times 
conjunctly. 

Co R. 4. And therefore the forces are as the ſpaces 
deſcribed in the very beginning of the motion directly 
and the ſquares of the times inverſly. 

Cor. 5. And the ſquares of the times are as the 
ſpaces deſcrib'd directly and the forces inverſly. 


SCHOLIUM. 


If in comparing indetermined quantities of different 
ſorts one with another, any one is ſaid to be as any o- 
ther directly or inverſly : the meaning is, that the for- 
mer is augmented or diminiſhed in the fame ratio with 
the latter, or with its reciprocal. And if any one is 
ſaid to be as any other two or more directly or in- 
verſly : the meaning is, that the firſt is augmented 
or -diminiſhed in the ratio compounded of the ratio's 
in which the others, or the reciprocals of the others, 
are augmented or diminiſhed. As if A is faid to be 
as B directly and C directly and D inverſly : the 
meaning is, that A is augmented or diminiſhed in the 


ſame ratio with B x Cx , that is to {ay, that A and 


BC 3 
--- are one to the other in a given ratio. 


LEA. 
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Bren 


The evaneſcent ſubtenſe of the angle of con- 
tact, in all curves, which at the point of 
contact have a finite curvature, is ulti- 
mately in the duplicate ratio of the ſub- 
tenſe of the conterminate arc. Pl. 2. Fig. 4. 


CASE 1. Let AB be that arc, AD its tangent, 
BD the ſubtenſe of the angle of contact perpendicular 
on the tangent, AB the ſubtenſe of the arc. Draw 
B G perpendicular to the ſubtenſe A B, and AG to the 

ent A D, meeting in G ; then let the points D, B, 
and G, approach to the points d, &, and g, and ſuppoſe 

to be the ultimate interſection of the lines BG, 
AG, when the points D, B have come to A. It 
is evident that the diſtance G F may be leſs than any 
aſſignable. But (from the nature of the circles paſſing 
through the points A, B, G; A, by) AB'=AGXB D, 
and Ab = Ag x bd; and therefore the ratio of 
AB* to Ab* is compounded of the ratio's of 4G 
to Ag and of BD to bd. But becauſe G J may be 
aſſum d of leſs length than any aſſignable, the ratio 
of 4G to Ag may be ſuch as to differ from the 
ratio of equality by leſs than any aſſignable difference; 
and therefore the ratio of AB to Ab may be ſuch 
as to differ from the ratio of B D to hd by I iſs than any 
aſſignable difference. Therefore, by Lem. 1. the ulti- 
mate ratio of AB to Ab* is the fame with the ulti- 
mate ratio of BD to bd. Q. E. D. 

CASE 2. Now let BD be inclined to AD in any 
given angle, and the ultimate ratio of BD to hd will 

| | E 2 | always 
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always be the ſame as before, and therefore the ſame 
with the ratio of AB to Ab*, Q. E. D. 

CAS Eg. And if we ſuppoſe the angle D not to be 
given, but that the right line B D converges to a 
given point, or is determined by any other condition 
whatever; nevertheleſs, the angles D, d, being deter- 
mined by the ſame law, will always draw nearer to e- 
quality, and approach nearer to each other than by any 
aſſigned difference, and therefore, by Lem. 1, will at 
laſt be equal, and therefore the lines B D. 6d are in 
the ſame ratio to each other as before. Q. E. D. 

CoR. 1. Therefore ſince the tangents A D, Ad, 
the arcs AB, Ab, and their fines BC, bc, become ul- 
timately equal to the chords AB, Ab; their ſquares 
will ultimately become as the ſubtenſes B D, 6d. 

Co R. 2. Their ſquares are alſo ultimately as the 
verſed fines of the arcs, biſecting the chords, and con- 
verging to a given point. For thoſe verſed fines are 
as the ſubtenſes B D, 6 d. 

Cox. 3. And therefore the verſed ſine is in the 
duplicate ratio of the time in which a body will de- 
ſcribe the arc with a given velocity. | 

Cox. 4. The rectilinear triangles ADB, Ad b are 
ultimately in the triplicate ratio of the ſides AD, Ad, 
and in a ſeſquiplicate ratio of the ſides DB, 4b; as 
being in the ratio compounded of the ſides A D to 
DB, and of Ad to db. So alſo the triangles A BC, 
Abc are ultimately in the triplicate ratio of the ſides 
BC, bc. What J call the ſeſquiplicate ratio is the ſub- 
duplicate of the triplicate, as being compounded of the 
ſimple and ſubduplicate ratio. | 

Co R. 5. And becauſe DB, ab are ultimately pa- 
rallel and in the duplicate ratio of the lines AD, Ad: 
the ultimate 3 areas ADB, Ad will be 


| (by 
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(by the nature of the parabola) two thirds of the re- 
ctilinear triangles ADB, Aab; and the ſegments AB, 
Ab will be one third of the fame triangles. And 
thence thoſe areas and thoſe ſegments will be in the 


triplicate ratio as well of the tangents 4 D., Ad; as 
of the chords and arcs AB, Ab. 


SCHOLIUM, 


But we have all along ſuppoſed the angle of contact 
to be neither infinitely greater nor infinitely leſs, than 
the angles of contact made by circles their tan- 
gents; that is, that the curvature at the point A is 
neither infinitely ſmall nor infinitely great, or that the 
interval A J is of a finite magnitude, For DB may 
be taken as AD 3 : in which caſe no circle can be drawn 
through the point 4, between the tangent A D and 
the curve AB, and therefore the angle of contact 
will be infinitely leſs than thoſe of circles. And by a 
like reaſoning if D B be made ſucceſſively as AD » 
AD,, AD, AD , cr. we ſhall have a ſeries of an- 
gles of contact, proceeding in infinitum, wherein every 
ſucceeding term is infinitely leſs than the preceding. 


And if DB be made ſucceſſively as A, 4D*, AD; 


ADI, AD*, Abi, &c. we ſhall have another infinite 
ſeries of angles of contact, the firſt of which is of the 
ſame ſort with thoſe of circles, the ſecond infinitely 
greater, and every ſucceeding one infinitely greater than 
the preceding. Bur between any two of theſe angles 

er ſeries of intermediate angles of contact may be 
interpoſed proceeding both ways in infinitum, wherein 
every ſucceeding angle ſhall be infinitely greater, or 
infinitely leſs than the preceding. As if between the 

E 
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— —— yr Res 


- 


54 Mathematical Principles Bookl. 
terms AD: and AD there were interpoſed the ſeries 
AD® 4% 4b 4D? 4DY 4D 4D 


4D AD Kc. And again between any two 
les of this ſeries, a new ſeries of intermediate angles 
may be interpoſed, differing from one another by in- 
finite intervals. Nor is nature confin'd to any bounds. 
Thoſe things which have been demonſtrared of 
curve lines and the ſaperficies which they comprehend, 
may be eaſily applied to the curve ſuperficies and con- 
rents of ſolids. Theſe lemmas are premiſed, to avoid 
the tediouſneſs of deducing perplexed demonſtrations 
ad abſurdum, according to the method of the ancient 
erers. For demonſtrations are more contracted oy, 
the method of indivilibles : But becauſe the hypotheſis 
of indiviſibles ſeems ſomewhat harſh, and therefore 
that method is reckoned lefs geometrical ; I choſe ra- 
ther to reduce the demonſtrations of the following 
propoſitions to the firſt and laſt ſums and ratio's of 
naſcent and evaneſcent quantities, that 1s, to the limits 
of thoſe ſums and ratio's ; and ſo to premiſe, as ſhort as 
T could, the demonſtrations of thoſe limits. For here- 
by the ſame thing is perform'd as by the method of 
indiviſibles; and now thoſe principles being demon- 
ſtrated, we may uſe them with more ſafety. There - 
fore if hereafter, I ſhould happen to bw / quanti- 
ries as made up of particles, or ſhould uſe little curye 
lines for right ones; I would not be underſtood to 
mean indiviſibles, but evaneſc:nr diviſible quantities; 
not the ſums and ratio's of determinate parts, but al- 
ways the limits of ſums and ratio's ; and that the force 
of ſuch demonſtrations always depends on the method 
lay'd down in the foregoing lemma's. 
Perhaps it may be objected, that there is no ulti- 
mate proportion of evaneſcent quantities; becauſe the 
| pro- 
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proportion, before the quantities have vaniſhed, is not 
the ultimate, and when they are vaniſhed, is none. 
But by the ſame argument it may be alledged, that a bo- 
dy arriving at a certain place, and there ſtopping, has no 
ultimate velocity: becauſe the velocity, before the body 
comes to the place, is not its ultimate velocity; when 
it has arrived, is none. But the anſwer is eaſy; for 
by the ultimate velocity is meant that with which 
the body is moved, neither before it arrives at its laſt 
place and the motion ceaſes, nor after, but at the very 
inſtant it arrives ; that is, that velocity with which the 
body arrives at its, laſt place, and with which the mo- 
tion ceaſes. And in like manner, by the ultimate ratio 
of evaneſcent quantiries is to be underſtood the ratio of 
the quantities, not before they vaniſh, nor afterwards, 
but with which they vaniſh. In like manner the firſt 
ratio of naſcent quantiries is that with which they be- 
gin to be. And the firſt or laſt ſum is that with 
which they begin and ceaſe to be (or to be augmented 
or diminiſhed.) There is a limit which the velocity at 
the end of the motion may attain, but not exceed. This 
is the ultimate velocity. And there is the | ke limit in 
all quantities and proportions that begin and ceaſe to be. 
And ſince ſuch limits are certain and definite, to 
determine the ſam: is a problem ſtrictly geometrical. 
But whatever is geometrical we may be allowed to 
uſe in determining and demonſtrating any other thing 
that is likewiſe geometrical. 

It may alſo be objected, that if the ultimate ratio's 
of evaneſcent quantities are given, their ultimate magni- 
tudes will be a ſo given: and ſo all quantities will con- 
ſiſt of indiviſibles, which is contrary to what Euclid 
has demonſtrated concerning incommenſurables, in the 


roth book of his Elements. But this objection is 
| E 4 ſounded 
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founded on a falſe ſuppoſition. For thoſe ultimate ratio's 
with which quantities vaniſh, are not truly the ratio's 
of ultimate quantities, bur limits towards which the 
ratio's of quantities, _ without limit, do al- 
ways converge; and to which they approach nearer 
than by any given difference, but never go beyond, 
nor in effect attain to, till the quantities are dimi- 
niſhed in infinitum. This thing will appear more 
evident in quantities infinitely great. If two quan- 
tities, whoſe difference is given, be augmented in 
infinitam, the ultimate ratio of theſe quantities will 
be given, to wit, the ratio of equality ; but it does 
not from thence follow, that the ultimare or greateſt 
quantities themſelves, whoſe ratio that is, will be 
given, Therefore if in what follows, for the fake 
of being more eafily underſtood, I ſhould happen 
to mention quantities as leaſt, or evaneſcent, or ultimate; 
you are not to ſuppoſe that quantities of any determinate 


magnitude are meant, but ſuch as are conceiv'd to be 
always diminiſhed without end. 


SECTION 
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SECTION II. 


Of the invention of centripetal 
— | 


PROPHOSTLITION I. TRHEOREMu J. 


The areas, which revolving bodies deſcribe 
by radit drawn to an immoveable centre 


of force, do lie in the ſame immoveable 
planes, and are proportional to the times in 
which they are deſcribed, Pl. 2. Fig. 5. 


oO R ſuppoſe the time to be divided into 
F & equal parts, and in the firſt part of that 

E time, let the body by its innate force de- 
'* ſcribe the right line 4B In the ſecond 
part of that time, the ſame would, (by law 1.) if 
not hinder'd, proceed directly to c, along the line 
Be equal to AB; ſo that by the radii AS, BS, c8 
drawn to the centre, the equal areas ASB, BSc, would 
be deſcribed. But when the body is arrived at B, 
ſuppoſe that a centripetal force acts at once with a 
great impulſe, and turning aſide the body from the 
right line Bc, compells it afterwards to continue its 
motion along the right line BC. Draw c C parallel to 
BS meeting BC in C,; and at the end of the ſe- 
cond part of the time, the body (by Cor. 1. of the 
laws) will be found in C, in the ſame plane with the 
triangle ASB. Joyn SC, and, becauſe SB and Cc are 
parallel, 


4 
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parallel, the triangle SBC will be equal to the triangle 
SBc, and therefore alſo to the triangle S AB. By 
the like argument, if the centrip: tal force acts ſuc- 
ceſſively in C, D, E, &c. and makes the body in 
each ſingle particle of time, to deſcribe the right lines CD, 
DE, EF, &c. they will all lye in the ſame plape; 
and the triangle SCD will be equal to the trianple 
SBC, and SDE to SCD, and SEF to SDE. And 
therefore in equal times, equal areas are deſcrib'd in 
one immoveable plane : and, by compoſition, any 
ſums SADS, SAFS, of thoſe areas, are one to the 
other, as the times in which they are defcrib'd. Now 
let the number of thoſe triangles be augmented, and 
their breadth diminiſhed in infinitum; and (by cor. 4. 
lem. 3.) their ultimate perimeter ADF will be a curve 
line: and therefore the centripetal force, by which the 
body is perpetually .drawn back from the tangent of 
this curve, will a& continually; and any deſcrib'd 
areas SADS, SAFS, which are always proportional 
to the times of deſcription, will, in this cafe alſo, be 
proportional to thoſe times. Q. E. D. 

Co R. 1. The velocity of a body attracted to- 
wards an immoveable centre, in ſpaces void of reſiſt- 
ance, is reciprocally as the ndicular let fall from 
that centre AF is right ne thet touches the orbit. 
For the velocities in thoſe places A. B, C, D, E are as 
the baſes AB, BC, CD, DE, EF, of equal triangles; and 
theſe baſes are reciproca!ly as the perpendiculars let fall 
upon them. | 

Co k. 2. If the chords AB, BC of two arcs, ſuc- 
ceſſively deſcribed in equal times, by the ſame body, 
in ſpaces void of reſiſtance, are compleated into a pa- 
rallelogram A5, and the _— BY of this pa- 
rallelogram, in the poſition which it ultimately acquires 
when thoſe arcs are diminiſhed in infinitum, wn 

uc 


Sect. II. of Natural Philoſopty. 59 


duced both ways, it will paſs through the centre of 
force. 

Co R. 3. If the chords AB, BC, and DE, E of 
arcs deſcrib d in equal times, in ſpaces void of reſiſtance, 
are compleated into the parallelograms ABC ELZ; 
the forces in B and E are one to the other in the ulti- 
mate ratio of the diagonals V. EZ, when thoſe arcs 
are diminiſhed in infinitum. For the motions B. and 
EF of the body (by cor. 1. of the laws) are com- 

ed of the motions Be, BY, and Ef, EZ: 

t BY and EZ, which are equal to Ce and Ff, 
in the demonſtration of this propoſition, were gene- 
rated by the impulſes of the centripetal force in B and 
E, and are therefore proportional to thoſe impulſes. 

Co R. 4. The forces by which bodies, in ſpaces void 
of reſiſtance, are drawn back from rectilinear motions, 
and turned into curvilinear orbits, are one to another 
as the vers'd fines of arcs deſcribed in equal times; 
which verſed fines tend to the centre of force, and 
biſe& the chords when thoſe arcs are diminiſhed to 
infinity. For ſuch vers'd fines. are the halfs of the 
diagonals mentioned in cor. 3. 

OR. 5. And therefore thoſe forces are to the 
force of gravity, as the ſaid vers'd fines to the vers'd 
ſines dicular to the horizon of thoſe parabolic arcs 
*awhich projectiles deſcribe in the ſame time. | 

Co R. b. And the ſame things do all hold 
(by cor. 5. of the laws) when the planes in which 
the bodies are mov'd, together with the centres of 
force which are placed in thoſe planes, are not at 

reſt but move uniformly forward in right lines, 


Proy, 
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PrxorostTiON II. Tururortn II. 


Every body, that moves in any curve line 
deſcribed in a plane, and by a radius, 
drawn to a point either immoveable, or 
moving forward with an uniform rectilincar 
motion, deſcribes about that point areas pro- 
portional to the times, is urged by a cen- 
tripetal force directed to that point. 


CASE 1. For every body that moves in a curve 
line, is (by law 1.) turned aſide from its rectilinear 
courſe by the action of ſome force that impels it. 
And that force by which the body is turned off 
from its rectilinear courſe, and is made to deſcribe, in 
equal times, the equal leaſt triangles S.4B, SBC, SCD, &c. 
about the immoveable point S, (by prop. 40. book 1. 
elem. and law 2.)- acts in the place B, according to 
the direction of a line parallel to C, that is, in the 
direction of the line BS; and in the place C, accord- 
ing to the direction of a line parallel to 40, that is, 
in the direction of. the line CS, &c And therefore acts 
always in the direction of lines tending to the immove- 
able point S. Q. E. D. 

CASE 2. And (by cor. 5. of the laws) it is in- 
different whether the ſuperficies in which a body de- 
ſcribes a curvilinear figure be quieſcent, or moves to- 
gether with the body, the figure deſcrib'd, and its 
point S, uniformly forwards in right lines. 


Cor, 
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Co R. 1. In non-reſiſting ſpaces or mediums, if 
the areas are not proportional to the times, the forces 
are not directed to the point in which the radii meet; 
but deviate therefrom in conſequentia, or towards the 
parts to which the motion i, ditected, if the deſcrip- 
tion of the areas is accelerated; but in antecedentia, if 
retarded. 

Cor. 2. And even in reſiſting mediums, if the 
deſcription of the areas is accelerated, the directions of 
the forces deviate from the point in which the radii 
meet, towards the parts to which the motion tends. 


rr 


A * may be by a centri force 
compounded of ſeveral In which caſe the 
meaning of the ſition is, that the force which 
reſults out of all, tends to the point S. Bur if any 
force, acts y in the direction of lines per- 
pendicular to the deſcrib d ſurface; this force will 
make the body to deviate from the plane of its mo- 
tion: but will neither t nor diminiſh the 
quantity of the deſcribed ſurface, and is therefore to 
be neglected in the compoſition of forces. 


Prop, 
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PRO OSLt&TTON III. 1 III. 


Every body, that, by a radius dratem to the 
centre of another body howſoever moved, 
deſcribes areas about that centre propor- 
tional to the times, is urged by 4 . 
compounded out of the centripetal force 
tending to that other body, and of all the 
accelerative force by which that other body 
is impelled. . 


Let L repreſent the one, and T the other body ; 
and (by Cor. 6. of the laws) if both bodies are ur- 
ged in the direction of parallel lines, by a new force 
equal and contrary to that by which the ſecond body 7 
is urgeed , the firſt body L will go on to deſcribe 
about the other body 7, the ſame areas as before: but 
the force, by which that other body 7” was urged, 
will be now deſtroyed by an equal and contrary force; 
and thereſore (by Law 1.) that other body 7, now left 
to it ſelf, will either reſt, or move uniformly forward 
in a right line: and the firſt body L impell'd by 
the difference of the forces, that is, by the force re- 
maining, will go on to deſcribe about the other body 
T, areas proportional to the times. And therefore (by 
Theor. 2.) the difference of the forces is directed to 
the other body T, as its centre. Q.E.D. 

Cor. 1. Hence if the one body L, by a radius 
drawn to the other body T, deſcribes areas proportio- 
nal to the times; and from the whole force, by which 
the firſt body L is urged (whether that force is 

ſimple, 
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ſimple, or, according to cor. 2. of the laws, compound- 

ed out of ſeveral forces) we ſubduct (by the ſame 
cor.) that whole accelerative force, by which the 

other body is urged; the whole remaining force by 

which the firſt body is urged, will tend to the other 

body 7; as its centre. 

0 0 R. 2. And, if theſe areas are proportional to the 
times nearly, the remaining force will tend to the other 
body T nearly. 5 

Cons. And vice verſa, if the remaining force 
tends nearly to the other body 7, thoſe areas will 
be nearly proportional. ro the times. 

Cor. 4. If the body L, by a radius drawn to 
the other body 7, deſcribes areas, which compared 
with the times, are very unequal ; and that other 
body T be either at reſt or moves uniformly forward 
in a right line: the action of the centripetal force 
tending to that other body 7, is either none at all, or 
it is mix d and compounded with very powerful acti- 
ons of other forces: and the whole force compounded 
of them all, if they are many, is directed to another 
(immoveable or moveable) centre. The ſame thing 
obtains, when the ot her body is moved by any mo- 
tion whatſoever; provided that centri force is 
taken, which remains after ſubducting that whole force 
acting upon that other body 7. 


Se hol u u. 


Becauſe the equable deſcription of areas indicates 
that a centre is reſpected by that force with which the 
body is moſt affected, and by which it is drawn back 
from its rectilinear motion, and retained in its orbit: 

why 
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why may we not be allowed in the following diſ- 
courſe, to uſe rhe equable deſcription of areas as an in- 
dication of a centre, about which all circular motion 


is performed in free ſpaces? 


PRO POSITION IV. TREOREM IV. 


The centripetal forces of bodies, which by 
equable motions deſcribe different circles, 
tend to the centres of the ſame circles ; 
and are one to the other, as the ſquares of 
the arcs deſcribed in equal times applied 
to the radii of the circles. 


Theſe forces tend to the centres of the circles (by 
prop. 2. and cor. 2. prop. 1) and are one to another as 
the verſed fines of the leaſt arcs deſcribed in equal 
times (by cor. 4. prop. 1.) that is, as the ſquares 
of the ſame arcs _ to the diameters of the circles, 
(by lem. 7.) and therefore ſince thoſe arcs are as arcs 
deſcribed in any equal times, and the diameters are as 
the radii ; the forces will be as the ſquares of any arcs 
. deſcribed in the fame time applied to the radii of 
the circles. Q. E. D. 

Co R. 1. Therefore, ſince thoſe arcs are as the velo- 
cities of the bodies, the centriperal forces are in a ratio 
com of the duplicate ratio of the velocities 
directly, and of the ſimple ratio of the radii in- 
verſely. 


Cor, 
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Co R. 2. And, fince the periodic times are in a 
ratio compounded of the ratio of the radii directly. 
and the ratio of the velocities inverſely ; the centri- 
petal forces are in a ratio compounded of the ratio of 
the radii directly, and the duplicate ratio of the perio- 
dic times inverſely. | 

Cox. 3. Whence if the periodic times are equal, 
and the velocities therefore as the radii ; the centri- 
petal forces will be alſo as the radii; and the contrary. 

CoR. 4. If the periodic times and the velocities 
are both in the ſubduplicate ratio of the radii; the 
centripetal forces will be equal among themſelves : and 
the contrary. | 

CoR. 5. If the periodic times are as the radii, 
and therefore the velocities equalz the centriperal for- 
ces will be reciprocally as the radii: and the contrary. 

Cor. 6. If the periodic times are in the ſeſquipli- 
cxe ratio of the radii, and therefore the velocities re- 
ciprocally in the ſubduplicate ratio of the radii ; the 
centriperal forces will be in the duplicate ratio of the 
radii inverſely : and the contrary. 

Cor. 7. And univerſally, if the periodic time is 
35 any power R" of the radius R. and therefore the 
velocity reciprocally as the power Ro * of the ra- 
dius ; the centripetal force will be reciprocally as the 
power Ra of the radius: and the contrary. 

Cor. 8. The ſame things all hold concerning the 
times, the velocities, and forces by which bodies de- 
ſcribe the ſimilar parts of any ſimilar figures, that 
_ their centres in a ſimilar eee _ 
gures ; as appears b lying t ion o 
the preceding caſes 3 And the application 
is eaſy by only ſubſtituting the equable deſcription of 
areas in the place of equable motion, and uſing the 


diſtances of the bodies from the centres inſtead of the 
radii, | : E C ORe . 
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Cor. 9. From the ſame demonſtration it likewiſe 
follows, that the arc which a body, uniformly re- 
volving in a circle by means of à given — 
ſorce, deſcribes in any time, is a mean proportional be- 
tween the diameter of the circle, and the ſpace which 
the ſame body falling by the ſame given force would 
deſcend thro in the ſame given time. 


SCHOLIUM. 


The caſe of the 6ch corollary obtains in the ce- 
leſtial bodies, (as Sir Chriſtopher Wren, Dr. Hooke, and 
Dr. Halley have ſeverally obſerved) and therefore in 
what follows, I in:end to treat more at large of thoſe 
things which relate to centripetal ſorce decieaſing in 
a duplicate ratio cf the diſtances from the centres. 

Moreover, by means of the preceding propoſition 
and its corollaries, we may — the proportion 
of a centriperal force to any other known force, ſuch 
as that of gravity. For if a body by means of iis 
gravity revolves in a circle concentric to the Earth, 
this gravity is the centriperal force of that body. But 
from the deſcent of heavy bodies, the time of one entire 
revolution, as well as the arc deſcribed in any given 
time, is given, (by cor. 9. of this prop.) And by 
ſuch propoſitions, Mr. Huygens, in his excellent book 
De Horologio Oſcillatorio, has compared the force of 
gravity with the centrifugal forces of revolving bo- 
dies. | 

The preceding propoſition may be likewiſe demon- 
ſtrated after this manner, In any circle ſuppoſe a po- 
lygon to be inſcribed of any number of ſides. And 
if a body, moved with a given velocity along the 
ſides of the polygon, is reflected from the circle at 
the ſeveral angular points; the force, with which at 

| every 
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every reflection it ſtrikes the circle, will be as its 
velocity: and therefore the ſum of the forces, in a 
given time, will be as that velocity and the number 


| of reflexions conjunctly; that is, (if the ſpecies of the 


gon be given) as the length deſcribed in that given 
— and increaſed or Gian in the ratio of che ſame 

th to the radius of the circle; that is, as the 
ſquare of that length applied to the radius: and there- 
fore if the poly gon, by having its ſides diminiſhed 
in inſinitum, coincides with the circle, as the ſquare 
of the arc deſcribed in a given time applied to the ra- 
dius. This is the centrifugal force, with which the 
body impells the circle; and to which the contrary 
force, wherewith the circle continually repells the body 
towards the centre, is equal. 


ProPOSITION V. PrOBLEM I. 


There being given in any flaces, the velocity 
with which a loly deſcriles a given 
figure, by means of forces direfted to 
ſome common centre; to find that centre. 


Pl. 3. Fig. 1. 


Let the three right lines PT, 7 Q V touch the 
figure deſcribed. in as many points P, Q, R, and meet 
in Tand /. On the tangents erect the perpendicu- 
las PA, Q B, R C, reciprocally proportional to the 
velocities of the body in the points P, Q, R, from 
which the perpendiculars were raiſed ; that is, ſo that 
PA may be to Q B as the velocity in Q to the 
velocity in P, and Q to RC as the velocity in & to 
the velocity in Q. Thro' the ends A. B, C, of the 
perpendiculars draw A D, 11 E, EC, x right angles, 

| 2 


meeting 


| 
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meeting in D and E: And the right lines 7D, VE 
produced, will meet in S the centre required. 

For the perpendiculars let fall from the centre & on 
the tangents PT, Q 7: are reciprocally as the veloci- 
ties of the bodies in the points P and Q (by cor. 1. 
prop. 1.) and therefore, by conſtruction, as the per- 
pendiculars AP, B © directly; that is, as the per- 
mar let fall from the point D on the tangents, 

hence it is eaſy to infer, that the points S, D, 7, are 
in one right line. And by the like argument the points 
S, E, V are alſo in one right line; and therefore the. 
centre & is in the point where the right lines T0, 


LVE meet. Q. E. D. 


PROPOSITION VI. THEOREM V. 


In a ſpace void of reſiſl ance, if a body re- 
votves in any orb it al ont an immovealle 
centre, and in the lerſt time deſcribes 
any arc ji ſt i en niſcent ; and the verſed 
fine of that ac is ſuppoſed to be draton, 
biſefting the chord, and produced paſſing 
tough the centre of force: the ceniri- 

al force in the middle of the arc, will 

* as the verſe1 ſine directly and the 
ſſuare of the time inverſely. X 
For the verſed ſine in a given time is as the force (by 
cor. 4. prop. 1.)andaugmenting the time in any ratio, 
becauſe the arc will be augmented in the ſame ratio, the 
verſed ſine will be augmented in the duplicate of that 
ratio, (by cor. 2 and 3. lem. 11.) and therefore is as 
the force and the ſquare of the time. Subdu on both 


ſides the duplicate ratio of the time, and the * 
W 


% 
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will be as the verſed ſine directly and the ſquare of 
the time inverſely. Q. E. D. 
And the ſame thing may alſo be eaſily demonſtrated 


by corol. 4. lem. 10. | 


Cor. 1. If a body P revolving about the centre 
S, (Pl. z. Fig. 2.) deſcribes a curve line A P ©, which 
aright line Z PR touches in any point P; and from 
any other point Qof the curve, Q R is drawn paral- 
lel to the diſtance S P, meeting che tangent in &; 
and Q is drawn perpendicular to the diſtance S P - 
the centripetal force will be reciprocally as the ſolid 
Sy 22 — if theſolid be taken of that magnitude 
which it ultimately acquires when the points P and 
Q coincide. For Q & is equal to the verſed fine of 
double the arc Q P. whoſe middle is P : and double 
the triangle SQ P, or SPx T is proportional to 
the time, in which that double arc is deſcribed ; and 
therefore may be uſed for the exponent of the time. 

Con. 2. By a like reaſoning, the centriperal force 
Wo” . if 4 
is reciprocally as the ſolid ———_— 
perpendicular from the centre of force on PR the tan» 
gent of the orbit, For the rectangles S Tx Q and 
SPx QT are equal. 

Co. 3. If the orbit is either a circle, or touches 
or cuts a circle concentrically, that is, contains with 
a circle the leaſt angle of contact or ſection, having 
the ſame curvature and the ſame radius of curvature at 
the point P; and if P F be a chord of this circle, 
drawn from the body through the centre of force ; the 
centripetal force will be reciprocally as the ſolid 


. * * 4 QP* 
ST* x PF, For * 
F 3 Cox. 
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Cox. 4. The ſame things being ſuppoſed, the 
centripetal force is as the ſquare of the velocity di- 
rely, and that chord inverſely, For the velocity is 
reciprocally as the perpendicular S J by cor. 1, 

rop. 1. 
N Gn. 5. Hence if any curvilinear figure APQ 
is given; and therein a point S is alſo given to 
which a centriperal force is perpetually directed; that 
law of centriperal force may be found, by which the 
body P will be continually drawn back from a recti- 
linear courſe, and being detained in the perimeter of 
that figure, will deſcribe the ſame by a perpetual re- 
volution. Thar is, we are to find by compuration, el- 


ther the ſold = = or the folid ST. x PV, 


reciprocaſly proportional to this force. Examples of 
rhis we ſhall give in the following problems. 


PROrOSTTION VII. Progr Ex II. 


IF a body revolves in the circumference of 
a circle; it is propoſed to find the law 
of centriretal force directed to any given 
point. Pl. 3. Fig. 3. 


Let QP A be the circumference of the circle; S 
the given point to which as to a centre the force tends ; 
P the body moving in the circumference; Q the 
next place into which it is to move; and P E the 
tangent of the circle at the preceding place. Through 
the _ S draw the chord 144 and the diameter 
VA of the circle, jon AP, and draw O T 1 
cular to SP, which — may — 2 

gent 
\ 
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PR in Z; and laſtly, thro' the point Q, draw 


IL parallel to S P, meeting the circle in L, and the 


t PZ in Xx. And, becauſe of the ſimilar tri- 
angles Z Q R, ZT P, VPA. we ſhall have R Y, 
that is, Q K L, to g T*, as 1 to PY*, And 


therefore Q _ 4 — is equal to 2 T*. Multiply 


Sp. 
thoſe equals by or and the points P and Q coin- 


77 for RL wite P ; then we ſhall have 
XEP* SPY x QT" 

AP * — I TT. And therefore (by 
cor, 1. and 5. prop. 6.) the centriperal force is reci- 


SPN. {= 
procally as 7 that is, (becauſe A is given) 


reciprocally as the ſquare of the diſtance or altitude 
A oo and the cube of the chord PV cc junctly. 
E. J. * 


The ſame otherwiſe. 


On the tangent P R produced, let fall the perpen- 
dicular ST: and (becauſe of the ſimilar triangles 
STP,VP A) we ſhall have AY to PF as SP 


to S V and therefore r and 


AV 
SP*>xPF” | 
* =ST*xP V. And therefore (by corol. 


z and 5. prop. 6.) the centripetal force is recipro- 
SP* x PY? : | 3 
cally as PT that is, (becauſe A V is given) 
reciprocally as S P PV. Q. E. I. 
F 4 Cox. 


72 Mathematical Princi ler Book I. 


Con. 1. Hence if the given point S, to which 
the centripetal ſorce always tends, is placed in the 
circumference of the circle as at V; the centripetal 
force will be reciprocally as the quadrato-cube (or 
fifth power) of the altitude S P. 

Co R. 2. The force by which the body P in the 
circle APT Y (Pl. 3. Fig. 4.) revolves about the centre 
of force & is to the force by which the ſame body P 
may revolve in the ſame circle and in the ſame perio- 
dic time about any other centre of force R. as R 
x SP to the cube of the right line & G, which from 
the firſt centre of force S, is drawn parallel to the 
diſtance PR of the body from the ſecond centre of 
force R, meeting the tangent P G of the orbit in G. 
For by the conſtruction of this propoſition, the for- 
mer force is to the latter as R PPT to SP* x 

3 
pez; that is, as SPX R % onde 
cauſe of the ſimilar triangles PSG,T PF) to SG“. 

Cor. 3. The force by which the body P in any 
orbit revolves about the centre of force S, is to the 
force by which the ſame body may r:volve in the 
ſame orbit, and in the ſame periodic time about any 
other centre of force R, as the ſolid SPx RP, 
contained under the diſtance of the body from the 
firſt centre of force S, and the ſquare of its diſtance 
from the ſecond centre of force R, to the cube of the 
right line S G, drawn from the firſt centre of force S, 

to the diſtance R P of the body from the 
ſecond centre of force &, meeting the tangent PG of 
the orbit in G. For the force in this orbit at 
pou Þ i the ſame as in a circle of the ſame curva- 
Mee 


PRO r. 


X 5 © meas „T = EN I” -* 


* 


FFF d + wa. WW a 
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PROPOSITION VIIL PROBLEM III. 


If a body moves 3 the ſemi. circumference 

R QA; it is propeſes to find the law 

f the centripetal force tending to a 

ar S, ſo remote, that all the lines 

£ S, RS drawn thereto, may be taken 
for parallels. Pl. 3. Fig. 5. 


From C the centre of the ch the ſemidi- 
ameter C A be drawn, cutting the parallels at right 
angles in A and M and join C p. Becauſe of the 
ſimilar triangles C P 24, PZT and RZ we ſhall 
have CP. to P 28 PR „ nd from the 
nature of the circle, PR* is equal the rectangle 
Q Rx RN-| ON, or the points P, Q coinciding, 
to ide reftagle R x2P 1. L. Therefore CP* i565 


PM" 3 ORx2PM w2T*; and = 


< DAG and RINSE: —_ h 
CP* OR Cp * 
And therefore (by corol. 1. and 5. prop. 6.) the 
2PM*x SP 
centripetal force is reciprocally as r 
25S 
that is, (neglecting the given ratio r recipro- 


P M*. > . . 
— he Thing i kewl eaſily inferred from 


the preceding Propoſition. 


SC Hy 
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SCHOLI UM. 
And by a like reaſoning, a body will be moved in 


an ellipſis, or even in an hyperbola, or parabola, by 


a centripetal force which is reciprocally as the cube of 
— directed to an infinitely remote centre of 


PROPOSITION IX. PROBLEM IV. 


If a body revobves in a ſpiral PQ'S, cut- 
ting all the radii S P, SQ. Oc. in 4 
| Sing angle: it is propoſed to find the 

aw of the centripetal force tending to 
the centre of that ſpiral. Pl. 3. Fig. 6. 


Suppoſe the indefinitely ſmall angle F S Q to 
be given ; becauſe then all the angles are given, 
the figure SPRQT will be given in ſpecie. 
Therefore the ratio F, i alſo given, ad is as 
OT, that is (becauſe the figure is given in ſpecie) as 
SP. Bur if the angle PS © is any way changed, 
the right line Q R, ſubtending the angle of contact 
R, (by lem, 11.) will be changed in the dupli- 
cate ratio of P R or QT. Therefore the ratio 
remains the ſame as before, that is as S P. And 
— is as SP ?, and therefore (by corol. 1. 


and 5. prop. 6.) the centripetal force is reciprocally as 
The 


the cube of the diſtance SP. Q. E. J. 
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The ſc me otherwiſe. 


The perpendicular ST ler fall upon the tangent, 
and the chord P Y of the circle concentrically cuttin 
the ſpiral are iri given ratio to the height S; and 
therefore SP is as ST* x PV that is (by corol. z. 
and 5. prop. 6.) reciprocally as the centripetal force, 


LEMMA XII. 3 


All parallelograms circumſcrited about any 
conjugate diameters of a given ellipfis or 
Hferlola are equal among themſelves, 


This is demonſtrated by the writers on the conic 


PROPOSITION X. PROBLEM V. 


IF a loly revolves in an ellipſis: it is fro- 
poſed to find the law of the centripetal 


force tending to the centre of the ellipſis. 
Pl. 4. Fig. 1. | 


Suppoſe C A. CB to be ſemi-axes of the ellip- 
ſis; GP, D & conjugate diameters; P F, QT perpen- 
diculars to thoſe diameters ; © v an ordinate to the di- 
ameter GP; and if the parallelogram Q v P R be com- 
pleated ; then (by the properties of the conic ſections) 
the rectangle PVG will be to Gu as PC* to 
C D, and (becauſe of the ſimilar triangles Q v 7, 
CF) tog T*asPC* to P F* ;andby com- 
poſition, the ratio of PV G to T is compounded K 

the 
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the ratio E7C" RED" ao ratio of PC* 
to P F*, that is, v G to St as PC*to —— 
Put © R for Pv, and (by lem. 12.) BCx C Afor 
C Dx PF,alſo (the points P and Q coinciding) 2 P C 
for v; and multiplying the extremes and means 


together, we full have E equal to 


— . Therefore (by cor. 5. prop. 6.) 
thecenrripetalforce isreciprocally as ; 
that is (becauſe 2 BC* x CA is given) reciprocally 
. ; that is, directly as the diſtance P C. Q. E. J. 


* | 
The ſame otherwiſe. 

In the right line FG on the other fide of the 
point T, take the point # ſo that 7 may be equal 
to Tv; then take V, ſuch as ſhall be to vG as 
DC* toPC*®., And becauſe Q is to P v 28 
DC* to PC, (by the conic ſections) we ſhall 
have Qv* PU. Add the rectangle u P 
to both fides, and the ſquare of the chord of the arc 
PQ will be equal to the rectangle VP v; and there. 
ſore ork _— touches t _ N in P, 
and thro* the point Q, will paſs alſo thro* the 
point Y. Now let the points P and Q meet, and the 
ratio of V to. v G, which is the ſame with the ratio of 
D C* to PC*,will become the ratio of V ta PG or P 

D C* 
toz P C; and therefore P VT wall be equalto — 2 + 


And therefore the force, by which the body P 


revolves in the ellipſis, will be _— = 
2 — 


Plate I. 7 I. 2 . 
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. P F * (by cor. 3. prop. 6.) that is, (becauſe 


2DC*xPF* is i ) directly as P C. AK. J. 
Co k. 1. And therefore 4-6 MF 
ſtance of the body from the centre of the ellipſis ; and 
vice verſa if the force is as the diſtance, the body will 
move in an ellipſis whoſe centre coincides with the 
centre of force, or perhaps in a circle into which the 
ellipſis may degenerate. | 
CoR. 2. And the periodic times of the revolu- 
tions made in all ellipſes whatſoever about the ſame 
centre will be equal. For thoſe times in ſimilar ellip- 
ſes will be equal (by corol. 3 and 8. prop. 4.) but in 
ellipſes that have their greater axe common, 
are one to another as the whole areas of the ellipſes 
directly, and the parts of the areas deſcribed in the 
fame time inverſely ; that is, as the leſſer axes di- 
rectly, and the velocities of the bodies in their principal 
vertices inverſely ; that is, as thoſe leſſer axes directly, 
and the ordinates to the ſamepoint of the common axis 
inverſely ; and therefore (becauſe of the _ of 
the direct and inverſe ratio's) in the ratio of equality. 


SCHOLIUM, 


If the ellipſis by having its centre removed to an 
infinite diſtance degenerates into a parabola, the bod 
will move in this parabola ; and the force, now tend- 
ng to a centre infinitely remote, will become equable. 

hich is Galileo theorem. And if the parabolic 
ſection of the cone (by changing the inclination of 
the cutting _ ro the cone) degenerates into an 
hyperbola, the body will move in the perimeter of 
this hyperbola, having its centripetal force changed 
into a centrifugal force. And in like manner as in - 

Circle, 
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circle, or in the ellipſis, if the forces are directed to the 
centre of the figure plaeed in theabſcifſa, thoſe forces by 
increaſing or diminiſhing the ordinates in ny given ra- 
tio, oi · even by changing the angle of the iclination of 
the ordinates to the abſciſſa, are always augt ented or di- 
mini ſned in the ratio of the diſtances from he centre; 
provided the periodic times remain equal ſo alſo in 
all figures whatſoever, if the ordinates are wgmented 
or diminiſhed in any given ratio, or their inclination 
is any way changed, the periodic time remaining the 
ſame; the forces directed to any centre placed in 
the abſciſſa, are in the ſeveral ordinates augmented or 
diminiſhed in the ratio of the diſtances from the centre. 


SECTION 


—_— _— 3 
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ewe 
SRGTION III. 


Of the motion of bodies in eccentric 
Come ſections. 


— 


PROPOSITION XI. ProBLEM VI. 


IF a body, revolves in an ellipfis : it is re- 
quired to find the law of the centri- 
petal force tending to the focus of the 
ellipfis. Pl. 4. Fig 2. 


Let & be the focus of the ellipſis. Draw Sp 
cutting the diameter D X of the ellipſis in E, and the 
ordinate Q in æ; and complear the parallelogram 

x PR. It is evident that E is equal to the greater ſe- 
mi- axis AC : for drawing H I from the other focus H 
of the ellipſis parallel to E C, becauſe CS, CH are 
equal E S, E will be alſo equal, fo that EP is the 
half ſum of P S, P I. that is, (becauſe of the parallels 
HI, P R, and the equal angles J P R, HPZ) of 
FS, PH, which taken together are equal to the 
whole axis 2 AC. Draw C T perpendicular to S P, 
and putting L for the principal latus rectum of the 


ellipſis (or bre we ſhall have L X QR to 
| Lx 


— . — — — 
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L x PuasQRto Pv, that ie, s P E or AC to FC; 
and L P v to GvP as LtoGv; and G vp to 
Qv*asPC*roCD* ; and (by corol. 2. lem. 7.) 
the points Q and P coinciding, © v is to Qæ inthe 
ratio of equality; and Q x* or Ov is to QT as 
EP to EF, that is, as CA to PF or (by lem. 12.) 
as CD to CB. And ing all thoſe ratio's to- 
gether, we ſhall have LX QR to Q7* as AC x Lx 
PC*xCD* or 2CB*xPC*xCD*toF CxGv 
x CD* xCB*,oras2 PC toGv. But the points 
© and P coinciding, 2 P Cand G v are equal. And 
therefore the quantities L x Q Rand QT, - 
tional ro theſe, will be alſo equal. Let thoſe equals be 


drawn into G f. and ES P- will become equal to 


e And therefore (by corol. 1. and 5. 

..) the centriperal force is reciprocally as L x 
Fel. that is, reciprocally in the duplicate ratio of the 
diſtance SP. O. E. I. 


The ſame otherwiſe. 


Seeing the force tending to the centre of the ellip- 
ſis, by which the body P may revolve in that ellip- 
ſis, is (by corol. 1. prop. 10.) as the diſtance C P of 
the body from the centre Cof the ellipſis; let CE 
be drawn parallel to the t PR of the ellipſis; 
and the fotce, by which the fame body P may revolve 
about any other point S of the ellipſis, if C E and 

n 3 
PS interſeR in E, will be as 5p, (by cor. 3. prop- 
7) 37 S is the focus of the ellipſis, 
therefore P E be given, as S P* reciprocally. 
Q. E. I. , With 


Plate N. Hol. 1.2 #0. 
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With the ſame brevity with which we reduced 
the fift h problem to the parabola and hyperbola, we 
might do the like here: But becauſe of the dignity of 
the problem and its uſe in what follows, I ſhall confirm 
the other caſes by particular demonſtrations. 


PRO POSITION XII. PROBLEM VII- 


Suppoſe a body to move in an hyperbola : it 
I required to find the law of the centri- 

fetal force tending to the focus of that 
ure. Pl. 5. Fig. 1. 


Let C A, CB be the ſemi-axes of the hyperbola; 
PG, X D other conjugate diameters; P F a perpen- 
dicular to the diameter KD; and Q v an ordinate to 
the diameter GP. Draw S cutting the diameter 
DX in E, and the ordinate Q in x, and compleat 
the parallelogram QRP x. It is evident that EP is 
equal to the ſemi-tranſverſe axe A C; for, drawing 
H 1, from the other focus H of the hyperbola, paral- 
lklto E C, becauſe CS, C V are equal, ES, E [will 
be alſo equal; ſo that EP is the half difference of 
PS, PI; that is, (becauſe of the parallels 7 H, P R, 
and the equal angles I R, HP Z) of PS, P H, the 
difference of which is equal to the whole axis 2 4 C. 
Draw © T perpendicular to S P. And putting L for the 
principal latus rectum of the hyperbola, (that is, for 


BC* 
. ) we ſhall have LxQR to Lv as QR to Pu, 


4 
or P x to P v, that is, (becauſe of the ſimilar triangles 
Pxwv, PEC) s PE to P C, or AC to PC. And 

| G LxPv 


82 Mathematical Principles Book 1. 


Lx will be to Gvx Pw L to G; and (by 
the properties of the conic ſections) the — ve 
is to C as PC* toCD*; and (by cor. 2. lem. 7.) 
Qv* roQx*, the points Q and P coinciding, be- 
comes a ratio of equality; and Q & or Q is to 
Qs EP to Fl, that is, as CA to F., 
or (by lem. 12.) as C D*roCB *: and, compound- 
ing all thoſe ratio's together, we ſhall have L* QR to 
CTA ACxLx PC* x CD* or 2 CB* x PC* 
xCD*roPCxGuxCD*xCB?*,oras 2 PCtoGv. 
But the points P and © coinciding, 2 PC and G v 
are equal. And therefore the quantities Lx © R 
and © T=, proportional to them, will be alſo equal. 


Let thoſe equals be drawn to 755 and we ſhall 
have LS P- equilto K And therefore 
(by cor. 1 & 5. prop. 6.) the centripetal force is re- 
ciprocally as L&S PI, that is, reciprocally in the 
duplicate ratio of the diſtance SP. C. E. I. 


The ſame otherwiſe. 


Find out the force tending from the centre C of the 

la. This will be proportional to the diſtance 

CP. But from thence (by cor. 3. prop. 7.) the 
3 

force tending tothe focus $ will beas =» that is, 

becauſe P E is given, reciprocally as S P*. O. E. J. 

And the ſame way it may be demonſtrated, that the 

body having its centripetal changed into a centrifugal 
Srce, will move in the conjugate hyperbola. 


LIZ MMA 
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LEMMA XIII. 


The latus reftum of a parabola belonzing 

| to any vertex 1s quadrufle the diſtance 
of that vertex from the focus of the fi- 
gure. 


This is demonſtrated by the writers on the conic 
ſections. 


LEMMA XIV. 
The perpendicular let fall from the focus of 


a parabola on its tangent, is a mean 
proportional between the diſtances of the 
focus from the point of contact, and from 
the principal vertex of the figure. Pl. 
5. Fig. 2. | 


For, let A be the parabola, & its focus, A its prin- 
Cipal vertex, P the point of contact, P O an ordinate 
to the principal diameter, P A the tangent meeting 
the principal diameter in A, and S M the perpendicu- 
lar from the focus on the tangent. Join AN, and 
becauſe of the equal lines AS and S P, A Nand 
NP, MA and AO; the right lines AN, O P, will 
be parallel; and thence the triangle SAN will be 
right angled at A. and ſimilar to the equal triangles 
SNA, SNP: therefore P S is to SN as SN to 
SA. L. E. D. 

Cor. 1. PS“ is to SN 2s PS to S A. 


G 2 Cor: 
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Cor. 2. And becauſe S A is given, SN* will 
be as PS. | 

Cor. z. And the concourſe of any tangent P A 
with the right line S M, drawn from the focus per- 
pendiculat on the tangent, falis in the right line A NV, 
that touches the parabola in the principal vertex. 


PRO PFOSITIONXIII. PROBLEM VIII. 


IF a body moves in the perimeter of a prra- 
bola: it is required t9 find the law of the 
centripetal force tending to the focus of 
that figure. Pl. 5. Fig. 3. 


| Retaining the conſtruction of the preceding lemma, 
let P be the body in the perimeter of the parabola ; 

and from the place Q, into which it is next to ſuc- 

ceed, draw Q R parallel and QT perpendicular to 

S P, as alſo Q v parallel to the tangent, and meeting 

the diameter IG in v, and the di ſtance & P in x. Now, 

becauſe of the ſimilar triangles P x v, S PAM, and of 

4 the equal ſides S P, S M of the one, the ſides P x or 
OR and Pv of the other will be alſo equal. But 

77 (by the conic ſections) the ſquare of the ordinate Q v 

| is equal to the rectangle under the latus rectum and 
the ſegment P v of the diameter, that is, (by lem. 13.) 

to the rectangle 4 Þ SN Pv, or 4PSxO©R; and the 
points P and © coinciding, the ratio of © wto © x 
(by cor. 2. lem. 7.) becomes a ratio of equality. And 
therefore Q, in this caſe, becomes equal to the 
rectangle 4 P Sx © R. Bur (becauſe of the ſimilar 
triangles (x 7, SPN) vis to T. as PS* to 
S NM, that is by cor. 1. lem. 14.) as J S to S A; 
that is, as 4 PSX QR to 48S Ax CR, and therefore 


' by 
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(by prop. 9. lib. 5. elem.) GT. and 4 S AK R 
are equal. Multiply theſe equals by = » and 


* x 2 
3 will become equal to SX 4 SA: and 
therefore (by cor. 1. and 5. prop. 6.) the centripetal 
force is reciprocally as S P 4 A; that is, becauſe 
4S A is given, reciprocally in the duplicate ratio of 
the diſtance SP. Q. E. J. 

Cor. 1. From the three laſt propoſitions it fol- 
lows, that if any body P goes from the place P with 
any velocity in the direction of any right line P R, 
and at the ſame time is urged by the action of a cen- 
tripetal ſorce, that is reciprocally proportional to the 
ſquare of the diſtance of the places from the centre; 
the body will move in one of the conic ſections, 
having its ſocus in the centre of force; and the con- 
trary. For the ſocus, the point of contact, and the 
poſition of the tangent being given, a conic ſection 
may be deſcribed, which at that point ſhall have a 
given curvature, But the curvature is given from 
the centripetal force and the bodies velocity given: 
and two orbits mutually touching one the other, can- 
not be deſcribed by the ſame centripetal force and the 
ſame velocity. 

Cos. 2. If the velocity, with which the body 

oes from its place P, is ſuch, that in any infinitely 
imall moment of time the lineola PR may be 
thereby deſcribed ; and the centripetal force ſuch as in 
the ſame time to move that body through the ſpace 
© R; the body will move in one of the conic ſections, 
whoſe principal latus rectum is the quantity D 
in its ultimate ſtate, when the lineolæ P R, QR are 
G 3 dimi- 
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diminiſhed in infinitum. In theſe corollaries, I conſi- 
der the circle as an ellipſis; and I except the caſe, 
where the body deſcends to the centre in a right line. 


PRO POSITION XIV. THEOREM VI. 


IF ſeveral bodies revolve al out one common 
centre, and the centripetal force 1s reci- 
procally in the duplicate ratio of the di- 
ſtance of jlaces from the centre; I ay, 
that the principal latera recta of their 
orbits are in the duflicate ratio of the 
area's, which the bodies Ly radii drawn 
to the centre deſcrite in the [ame time, 
Pl. 6. Fig, 1. | 


For (by cor. 2. prop. 13.) the latus rectum L is 
„ 
equal to the quantity p in its ultimate ſtate when 


the points P and Q coincide. But the lineola © R 
in a given time is as the generating centripetal force; 
that is (by ſuppoſition) reciprocally as S P.. And 


therefore = is as QT. Xx SPI, that is, the latus 


rectum L is in the duplicate ratio of the area Q 7 x ST. 

E. D. 

Cor. Hence the whole area of the ellipſis, and 
the rectangle under the axes, which is proportional to 
it, is in the ratio compounded of the ſubduplicate ra- 
tio of the latus rectum, and the ratio of the periodic 
time. For the whole area is as the area CT SP, 
deſcribed in a given time, multiplied by the periodic 
time. 

PR O- 


Plate V Vo!l.T. P86. 


| 
| 
| 


* 
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PrkorosSITiloN XV. THEORE VII. 


The ſame things being ſuppoſed, I ſay that 
the periodic times in ellipſes are in the 
ſeſquiplicate ratio of their greater axes. 


For the leſſer axe is a mean proportional between 
the greater axe and the latus rectum; and therefore the 
rectangle under the axes is in the ratio compounded 
of the ſubduplicate ratio of the latus rectum and the 
ſeſquiplicate ratio of the greater axe. But this rect- 
angle (by cor. 14.) 13 in a ratio compounded of 
the ſu 1 the latus rectum and the ra- 
tio of the periodic time. Subduct from both ſides 
the ſubduplicate ratio of the latus rectum, and there 
will remain the ſeſquiplicate ratio of the greater axe, 
equal to the ratio of the periodic time. ©. E. D. 

Con. Therefore the periodic times in ellipſes are 
the ſame as in circles whoſe diameters are equal to the 
greater axes of the ellipſes. 


PROPOSITION XVI. TAEOREM VIII. 
The ſame things being ſuppoſed, and 


right lines being drawn to the bodies 
that ſhall touch the orbits, and per- 
pendiculars being let fall on thoſe tan- 
gents from the common focus : I ſay that 
the velocities of the bodies are in a 
ratio compounded of the ratio of the per- 
pendiculars inverſely, and the ſubdup li- 
| G 4 cate 
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cate ratio of the principal latera rect a di- 
reftly. Pl. 6. Fig. 2. 


From the focus S, draw S I perpendicular to the 
tangent P R, and the velocity of the body P will be 
reciprocally in the ſubduplicate ratio of the quantity 
— For that velocity is as the infinitely ſmall arc 
P © deſcribed in a given moment of time, that is, (by 
lem. 7.) as the tangent P R; that is, (becauſe of the 


R 
proportionals P R to © T and SP to ST) as — = 
or as ST reciprocally and SP x QT directly; but 
SPx©OT is as the area deſcribed in the given time, 
that is (by prop. 14.) in the ſubduplicate ratio of the 
latus rectum. QO. E. D. 

Cox. 1. The princ pal latera recta are in a ratio 
compounded of the duplicate ratio of the perpendicu- 
lars and the duplicate ratio of the velocities. 

Co x. 2. The velocities of bodies, in their greateſt 
and leaſt diſtances ſiom the common ſocus, are in tlie ra- 
tio compounded of the ratio of the diſtances inverſely, 
and the ſubduplicate ratio of the principal latera recta 
directly. For thoſe perpendiculars are now the diſtances. 

Cor. 3. And therefore the velocity in a conic 
ſection, at its greateſt or leaſt diſtance from the focus, 
is to the velocity in a circle at the ſame diſtance 
from the centre, in the ſubduplicate ratio of the prin- 
cipal Jatus rectum to the double of that diſtance. 

C oR. 4. The vclocities of the bodies revolving in 
ellipſes, at their mean diſtances from the common ſo- 
cus, are the ſame as thoſe of bodies revolving in cir- 
cles, at the ſame diſtances ; that is (by cor. 6. prop. 4.) 
reciprocally in the ſubduplicate ratio of the diſtances. 


For 
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For the perpendiculars are now the leſſer ſemi- axes, 
and theſe are as mean proportionals between the di- 
ſtances and the latera recta. Let this ratio inverſely 
be compounded with the ſubduplicate ratio of the la- 
tera recta directly, and we ſhall have the ſubduplicate 
ratio of the diſtances inverſely. : 

Cor. 5. In the fame figure, or even in diffe- 
rent figures, whoſe principal latera recta are equal, 
the velocity of a body is reciprocally as the per- 
pendicular let fall from the focus on the tan- 

ent. 

, Co R. 6. In a parabola, the velocity is reciprocally - 
in the ſubduplicate ratio of the diſtance of the body 
from the focus of the figure; it is more variable in 
the ellipſis, and leſs in the hyperbola, than according 
to this ratio. For (by cor. 2. lem. 14.) the - 
dicular let fall from the focus on the tangenr of a para- 
bola 1s in the ſubduplicate ratio of the diſtance. In 
the hyperbola the perpendicular is leſs variable, in the 
ellipſis more. 

CoR. 7. In a parabola, the velocity of a body 
at any diſtance from the ſocus, is to the veloct- 
ty of a body revolving in a circle at the fame di- 
> from the centre, in the ſubduplicate ratio of 
the number 2 to 1 ; in the ellipſis it islefs, and in the 
hyperbola greater, than according to this ratio. For 
(by cor. 2. of this prop. ) the velocity at the vertex of 
a parabola is in this ratio, and (by cor. 6. of this prop. 
and prop. 4.) the ſame proportion holds in all diſtances. 
And hence alſo in a parabola, the velocity is every 
where equal to the velocity of a body revolving in 
a circle at half the diſtance ; in the, ellipſis it is leſs, 
and in the hyperbola greater. 


Cox. 


go Mathematical Principles Book I. 


Cor. 8. The velocity of a body revolving in any 
conic ſection is to the velocity of a body revolving 
in a circle at the diſtance of half the principal latus 
rectum of the ſection, as that diſtance to the —.— 
dicular let fall from the focus on the tangent of the 
ſection. This appears ſrom cor. 5. | 

Co. 9. Wherefore ſince (by cor. 6. prop. 4.) the 
velocity of a body revolving in this circle is to the 
velocity of another body revolving in any other 
circle, reciprocally in the ſubduplicate ratio of the di- 
ſtances; therefore ex «quo the velocity of a body re- 
volving in a conic ſection will be to the velocity of 
a body reyolving in a circle at the ſame diſtance, as a 
mean proportional berween that common diſtance and 
half the principal latus rectum of the ſection, to the 

cular let fall from the common focus upon the 
tangent of the ſetion. 


PrRorosITioNn XVII. PROBLEM IX. 


Suffoſing the centripetal force to be recipro- 
cally pre portional to the ſquares of the 
diſtances of tlaces from the centre, and 
that the al ſolute quantity of that force is 
known , it is required to determine the 
line, which a boy will deſcribe that is 
let go from a given flace with a given ve- 
locity ia the directonof a given right line. 


Let the centripetal force tending to the point & 
(Pl. 6. Fig. 3.) be ſuch, as will make the body p revolve 
in any given orbit pq ; andſuppoſe the velocity of this 
body in the place p is known. Then from the place 
P, ſuppoſe the body P to be let go with a * ve- 

ity 
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locity in the direction of the line P R ; but by virtue 
of a centripetal force to be immediately turned aſide 
from that riglit line into the conic ſection PQ. This 
the right line P R will therefore touch in P. Sup- 
poſe likewiſe that the right line pr touches the orbit 
pq inp; and if from & you ſuppoſe perpendiculars 
let fall on thoſe tangents, the principal latus rectum 
of the conic ſection (by cor. 1. prop. 16.) will be 
to the principal latus rectum of that orbit, in a ratio 
compounded of the duplicate ratio of the perpendicu- 
and the duplicate ratio of the velocities ; and is 
ereſore given. Let thislatus r. tum be L. The focus 
Sof the conic ſection is alſo given. Let the angle RPH 
be the complement of the angle R S to two right ; 
and the line PH, in which the other focus H is 
placed, is given by poſition. Let fall S & perpendicular 
on P H, and erect the conjugate ſemi-axe B C; this 
done, we ſhall have S P*— 2 KPH-|-P H*= SH 


 =4CH* = 4B H*— 4B C* = SP PH*— 


LX*SP-\-PH=SP*-|-2SPH-|- PH* —L 
xSP-|-P H. Add on both ſides 2 KP H—S f — 
P H LxSP-\ PB, and we ſhall have L * 
8P--PH=2SPH-|-2KPH,orSP-\-PH 
to P H a2 SPA ZX to L. Whence P H is given 
both in length and poſition. That is, if the velocity 
of the body in P is ſuch that the latus rectum L is leſs 
than 2 S8 P 2 KP, PA will lie on the ſame fide of 
the tangent P R with the line S P; and therefore the 
figure will be an ellipſis, which from the given foci 
S, H, and the principal axe SP -|- P H, is given allo, 
But if the velocity of the body is ſo great, that the 
latus rectum L becomes equal to 2 PS 2 KP, the 
length Y V will be infinite; and therefore the figure 
will be a parabola, which has its axe S H FED 


— — ms — 
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the line P K, and is thence given. But if the body 
goes from its place P with a yet greater velocity, the 
length P I is to be taken on the other fide the tan- 
gent; and fo the tangent paſſing between the foci, the 
figure will be an hyperbola having its principal axe 
equal to the difference of the lines SP and P #7, and 
thence is given. For if the body, in theſe caſes, re- 
volves in a conic ſection ſo found, it is demonſtrated 
in prop. 11, 12, and 13. that the centripetal force 
will be reciprocally as the ſquare of the diſtance of the 
body from the centre of force &; and therefore we 
have rightly determined the line P , which a body 
let go from a given place P with a given velocity, 
and in the direction of the right line PR given by 
poſition, would deſcribe with ſuch a force. Q. E. F. 

Co R. 1. Hence in every conic ſection, from the 
principal vertex D, the latus rectum L, and the focus 
S given, the other focus V is given, by taking D 
to DS as thelatus retum to the difference between the 
latus rectum and 4 DS. For the proportion, S P. 
PH to P Has2PS-|-2 KP to L, becomes, in 
the caſe of this corollary, D $-|- D H'to D Has 4 DS 
to L, and by diviſion DS to DH as4 DS - L 
to L. 

Co R. 2. Whence if the velocity of a body in the 
principal vertex D is given, the orbit may be readily 
found ; to wit, by _—_ its latus rectum to twice 
the diſtance DS, in the duplicate ratio of this given 
velocity to the velocity of a body revolving in a 
circle at the diſtance D & (by cor. 3. prop. 16.) and 
then taking DH to DS as the latus rectum to the diffe- 
rence between the latus rectum and 4 DS. 

CoR. z. Hence allo if a body move in 
any conic ſection, and is forced out of its orbit 


by any impulſe; you may diſcover the orbit in 
| which 
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which it will afcerwards purſue its courſe. For by 
compounding the proper motion of the body with 
that motion, which the impulſe alone would gene- 
rate, you'll have the motion with which the body 
will go off from a given place of impulſe, in the di- 
rection of a right line given in poſition, 

Cor. 4. And if that body is continually diſ- 
turbed by the action of ſome foreign force, we may 
nearly know its courſe, by collecting the cha 
which that force introduces in ſome points, and eſti. 
mating the continual changes it will undergo in the 
intermediate places; from the analogy that appears in 
the progreſsof the ſeries. 


„ WS 


If a body P (Pl. 6. Fg. 4.) by means of a centri- 
peral force tending to any given point R move in the 
perimeter of any given conic ſection, whoſe centre is 
C; and the law of the centripetal force is required: 
Draw C G parallel to the radius R P, and meeting the 
tangent PG of the orbit in G; and the force required 
(by cor. 1. & ſchol. prop. 10. & cor. 3. prop. 7.) 

3 


will be s f 


S Ser. 
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SECTION IV. 


Of the finding of elliptic, parabol ic, 
and hyperbolic orbits, from the focus 


Sd en. 


— 


LE MMA XV. 


If from the two foci 8, H, (Pl. 7. Fig. 1.) 
of any ellipſis or hypertola, we draw to 
any third point V the right lines SV, 
HY, whereof one H V is equal to the 
principal axis of the figure, that is, to 
the axis in which the foci are ſituated, 
the other SV is Liſefted in T by the 
perpendicular I R let fall upon it; that 
perpendicular I R will ſomewhere touch 
the conic ſeftion : and vice verſa, if it 
does touch it, HV will be equal to the 
principal axis of the figure. 


For, let the perpendicular 7” R cut the right line 
HY, produced if need be in 3 ad join 5 Be 
caule 


Plate V. / öl. I. P.g8. 
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cauſe TS, TY are equal, therefore the right lines & R, 
VR, as well as the angles T R S, TRV, will be 
alſo equal. Whence the point & will be in the conic 
ſection, and the perpendicular 7 & will touch the ſame: 
and the contrary. Q. E. D. 


PROPOSITION XVIII. PaozL EM X. 


From a focus and the principal axes given, 
to deſcribe elliptic and hyterlolic trajec- 
tories, which ſball paſs through given 
points, and tonch right lines given by 


fofition. Pl. 7. Fig. 2. 


Let & be the common focus of the figures; AB 
the length of the principal axis of is trajeRory ; P a 
point through which the trajectory ſhould paſs ; and 
T Raright line which it ſhould touch. About the 
centre P, with the interval 45 — S, if the orbit 
is an ellipſis, or AB-|-SP if the orbit is an 
hyperbola, deſcribe the circle / G. On the tan- 
gent TR let fall the perpendicular S 7, and produce 
the ſame to V, ſo that 77 may be equal to S T; and 
about as a centre with the interval AB deſcribe 
the circle FH. In this manner whether two points 
P, p, are given, or two tangents T R, tr, or a point P 
and a tangent 7 R, we are to deſcribe two circles. Let 
H be their common interſection, and from the foci 
MA with the given axis deſcribe the trajectory. I ſay the 
thing is done. For (becauſe H- S in the elli 
ſis, and P H—SP in the hyperbola is equal to bs 
axis) the deſcribed trajectory will paſs through the 
point P, and (by the preceding lemma) will touch 
the right line TR. And by the ſame argument 8 

W 
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will either paſs through the two points P, p, or touch 
the two right lines 7 R, r. Q. E. F. 


PO OST IOX XIX. PROFI EM XI. 


Aout a oiven focus, to deſcribe a paralo- 
lic trazeftory, which ſpall paſs through 
given points, and touch right lines gi- 

en by poſition. Pl. 7. Fig. 3. 


Let S be the focus, P a point, and TA a tangent 
of the trajectory to be deſcribed. About P as'acen- 
tre, with the interval P S, deſcribe the circle FG. 
From the focus let fall ST perpendicular on the tan- 
gent, and produce the ſame to V, ſo as 7/ may be e- 
qual to S T. After the ſame manner another circle 
© fg is to be deſcribed, if another point p is given; or 
another point v is to be found, if another tangent ev 
is given; then draw the right line IF, which ſhall 
touch the two circles FG, fg, if two points P, p 
are given, or paſs through the two points V, v, 
if two tangents T R. tr are given, or touch the 
circle FG and paſs through the point V, if the point P 
and the tangent TR are given. On F let fall the 

dicular S J. and biſect the ſame in X; and with 
the axis S &, and principal vertex X deſcribe a parabola. 
I fay the thing is done. For this parabola (bec 


SK is equal to I K, and S P to FP) will paſs throbgh 
the point P; and (by cor. 3. lem. 14.) becauſe ST'is 
equal to7Y, and STR a right angle, it will touch the 
right line TR. Q. E. F. | 


PRoOr. 
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PxoeOSITION XX. PROBLEM XII: 


«About a given focus to deſcribe any trajec- 
tory given in ſpecie, which ſhall paſs thro? 
ven points and touch right lines given 

y poſition. 


Cass 1. About the focus S (Pl. 7- Pg. 4) it 
is required to deſcribe a trajectory A BC, paſſing thro* 
two points B. C. Becauſe the trajeRory is given in 
ſpecie, the ratio of the principal axe to the diſtance of 
foci will be given. In that ratio take KB to BS 
and L Cto CS. About the centres B, C, with the in- 
tervals B K, CL deſcribe two circles, and on the right 
line K L, that touches the ſame in X and L, let fall the 
dicular S G; which cut in A and 4, ſo that G.f 
may be to AS, and Gato 45, asKB to BS; and 
with the axe Aa, and vertices A, a, deſcribe a trajectory. 
I fay the thing is done. For let H be the other focus 
of the deſcribed figure, and ſeeing G A is to AS as 
64 to 48, then by diviſion we ſhall have G 4 GA or 
Aa to aS—AS or S ¶ in the ſame ratio, and therefore 
in the ratio which the principal axe of the figure to be 
deſcribed has to the diſtance of its foci ; and therefore 
the deſcribed figure is of the ſame ſpecies with the fi- 
gure which was to be deſcribed. And ſince KB to BS, 
and LC to CS are in the fame ratio, this figure will 
paſs thro? the points B, C, as is manifeſt from the co- 
nic ſections. | 
CASE 2z About the focus S (Pl. 7. Fg. 5.) itis 
required to deſcribe a trajectory, which ſhall ſome- 
where touch two right lines TR. tr. From the focus 
on thoſe tangents ler * perpendiculars ST, S ty 


which 


98 Mathematical Priucifles Book 1. 


which produce to V v, fo that T'Y, t may be 
equal to TS, r S. Biſect V in O, and erect the in- 
definite perpendicular O H, and cut the right Line 
V S infinitely produced in K and &, fo that / K be 
to KS, and ktoks as the principal axe of the 
trajectory to be deſcribed is to the diſtance of it's 
foci. On the diameter & & deſcribe a circle cutting 
O H in H; and with the foci S, H, and principal 
axe equal to VV, deſcribe a trajectory. I fay the 
thing is done. For, biſecting X & in A, and joining 
HX, HS, HV, AH v, becauſe & is to KS, as 
VAKto S; and by compoſition, as X k to 
XS k $; and by diviſion, as X to kS— KS, 
that is, as 2 V to 2 KA and 2K Xto 2S 4, and there- 
fore as VA to IA and Hto A the triangles AH, 
H X'S will be ſimilar; Therefore H will be to SH. 
as VA to IAH; and therefore as K to XS. Where- 
fore A the principal axe of the deſcribed trajecto- 
ry has the ſame ratio to SH the diſtance of the foci, 
as the principal axe of the trajectory which was to be 
deſcribed has to the diſtance of its foci ; and is there- 
fore of the ſame ſpecies. Ard ſeeing YH, vH. are 
equal to the principal axe, and / S. v S are perpendi- 
cularly biſected by the right lines 7 K, tr; tis evi- 
dent (by lem. 15.) that thoſe right lines touch the 
deſcribed trajectory. Q. E. F. 

CASE 3. About the focus S (Pl. 7. Pg 6.) it 
is required ro deſcribe a trajectory, which ſhall touch 
a right line T'R in a givenpoint R. On the right line 
& let fall the perpendicular S 7, which produce to 
V ſo that TY may be equal to ST, join VR, and 
cut the right line VS indefinitely produced in & and 
k, fo that TK may be to S &, and /K to SK as 
the principal axe of the ellipſis to be deſcribed, to 
the diſtance of its foci ; and on the diameter X & de- 

ſeribing 
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ſcribing a circle, cut the right line / R produced 
in H, then with the foci S, H, and principal axe 
equal to V H, deſcribe a trajectory. I ſay the thi 
b 
AM as the principal axe of the traj whic 
was to be deſcribed to the diftance of its foci, (as ap- 
pears from what we have demonſtrated in Caſe 2.) 
and therefore the deſcribed ge is of the ſame 
2 with that which was to be deſcribed; but that 
the right line T X, by which the angle FR S is bi- 
ſected, touches the trajectory in the point &, is cer- 
tain from the properties of the conic ſections. Q. E. F. 
CASE 4. About the focus S ( Fl. 7. Fig. 7.) 
it is required to deſcribe a trajectory A P B that ſhall 
touch a right line T &, and paſs thro' any given point 
P without the tangent, and ſhall be ſimilar to the 
figure a p b, deſcribed with the principal axe 4b, and 
foci h. On the tangent TR let fall the perpendi- 
cular & T; which produce to V, ſo that TY may be 
equal ro S 7. And making the angles 54, 5 þ q equal 
to the angles VS p, Sp; about q as a centre, and with 
an interval which ſhall be to a6 as SP to de- 
ſcribe a circle cutting the figure 49 in p: join p, and 
draw S H, ſuch that it may be to = as SP is to 
5p, and may make the angle P S H equal to the an- 
gle psh, and the angle VSH equal to the angle 
P5q- Then with the foci S, H, and principal axe AB 
equal to the diſtance H, deſcribe a conic ſection. 
I fay the thing is done. For if sv is drawn ſo that it 
ſhall be to 5p as 1h is to 4, and ſhall make the an- 
gle vsp equal to the angle 659, and the angle v e- 
qual —_—_ p #4, the triangles v h, spgq, will 
be ſimilar, theretore v h will be to pq, as 5h is 
to 54, that is, (becauſe of the ſimilar triangles VS P, 
UT RAE IEANIED : 
2 v 
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v hand ab are equal. But becauſe of rhe ſimilar tri- 
angles / SH, vsh, VA is to SH as vh tog; 
that is, the axe of the conic ſection now deſcribed is 
to the diſtance of its foci, as the axe a %ù to the di- 
ſtance of the foci 5s, %; and therefore the figure now 
deſcribed is ſimilar to the figure ap b. But, becauſe 
the triangle P S Vl is ſimilar to the triangle p 5 h, this 
figure paſſes through the point P ; and becauſe Y H is 
equal to its axis, and / S is perpendicularly biſected 
by the right line 7 R, the faid figure touches the 
right line 7 R. Q. E. F. 


L EMMA XVI. 


From three given points to draw to a frufth 
Point that is not given three right lines 
whoſe differeaces ſhall be either given or 
none at all. 


CASE 1. Let the given points be 4, B. C. 
(Fl. 8. Fig. 1.) and E the fourth point which we are to 
find; becauſe of the given difference of the lines A Z, 
B Z, the locus of the point Z will be an hyperbola, 
whoſe foci are A and B, and whoſe principal axe is 
the given difference. Let that axe be MAN. Taking 
PM to MA, as MN is to AB, eret PR 

icular to AB, and let fall ZR perpendicu- 

to PR; then, from the nature of the hyper- 
bola, ZR will be to AZ as MN is to AB. 
And by the like argument, the locus of the point Z 
will be another hyperbola, whoſe foci are 4, C, and 
whoſe principal axe is the difference between A Z and 
CZ; and © S a perpendicular on A C may be drawn, 
to which (QS) if from any point Z ä 


— _ — ———— ——  — cu... 


P 
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bola a perpendicular Z & is let fall, this (Z S) ſhall 
be to AZ as the difference between AZ and CZ 


i to AC. Wherefore the ratio's of Z K and Z C 


to AZ are given, and conſequently the ratio of Z R 
to ZS one to the other; and therefore if the right 
lines R P, SQ meet in 7; and 7 Z and TA are 
drawn, the figure T RZ S will be given in ſpecie, 
and the right line TZ, in which the point Z is ſome- 
where placed, will be given in poſition. There 
will be given alſo the right line TA, and the 
angle FT Z; and becauſe the ratio's of 4 Z and 
TZ to ZS are given, their ratio to each other is 


given alſo ; and thence will be given likewiſe the tri- 


angle AT Z whoſe vertex is the point Z. Q. E. J. 
CASE 2. If two of the three lines, for exam- 
ple AZ and BZ, are equal, draw the right line 


T Z ſo as to biſe& the right line AB; then find 


the triangle AT Z as above. Q. E. J. 

CASE 3. If all the three are equal, the point Z 
will be placed in the centre of a circle that paſſes thro? 
the points A B, C. O. E. I. 

This problematic lemma is likewiſe ſolved in 
loniuss Book of Tactions reſtored by Viera. 


PROPOSITION XXI. PROBLEM XIII. 


About a given focus to deſcrile a trajecto- 
ry, that ſhall paſt through given points 
and touch right lines given by poſition, 


Let the focus S, (PL 8. Fig. 2.) the point P, and 
the tangent 7 R be given, and ſuppoſe that the other 


| focus His to be found. On the tangent let fall the per- 


pendicular S 75 which produce to 7, ſo that TT 
| H 3 may 


. 
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may be equal to ST, and T will be equal to the 
principal axe. Join S P, HP, and SP will be the 
difference between H and the principal axe. After 
this manner if more tangents 7 & are given, or more 
points P, we ſhall always determine as many lines 
Y Hor PH, drawn from the ſaid points Tor P, to 
the focus H, which either ſhall be equal to the axes, 
or differ from the axes by given lengths S P; and 
therefore which ſhall either be equal among them- 
ſelves, or ſhall have given differences ; from whence 
(by the preceding lemma) that other focus H is given. 
Bur having the foci and the length of the axe (which 
is either TI; or, if the trajectory be an ellipſis, P H 
P, or P H—SP if it be anhyperbok) the tra- 
jectory is given. Q. E. I. ; 


SCHOLIUM. 


When the trajectory is an hyperbola, I do not 
comprehend its conjugate hyperbola under the name 
of this trajectory. For a body going on with a con- 
tinued motion can never paſs out of one hyperbola in- 
to its conjugate hyperbola. 

The caſe when three points are given is more rea- 
dily ſolved thus. Let B, C, D (Pl. 8. Eg. 3.) be 
the given points. Join B C, CD, and produce them 
to E, F; ſo as E B may be to E C, as SB to SC; 
and FC to FD, as SC to SD. On EF drawn 
and produced let fall the iculars SG, B H, 
and in G S produced indefinitely take G A to AS, 
and Ga to 45, as HB is to BS; then A will be 
the vertex, and Aa the principal axe of the trajecto- 
ry: Which, according as G A is greater than, equal 
to, or leſs than A S, will be either an ellipſis, 8 
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bola or an hyperbola; the point à in the firſt caſe fall- 
ing on the ſame fide of the line G F as the point A; 
in the ſecond, going off to an infinite diſtance; in 
the third, falling on the other fide of the line G F. 
For if on G F, the perpendiculars C, D & are let 
fall, 7 C will be to HB as EC to EB; that is, as 
SC to SB; and by permutation IC to SC as HB 
to S B, or as GA to S A. And, by the like argu- 
ment, we may prove that K D is to S D in the ſame 
ratio. Wherefore the points B, C. D lie in a conic 
ſection deſcribed about the focus S, in ſuch manner 
that all the right lines drawn from the focus Sto the 
ſeveral points of the ſection, and the perpendiculars 
let fall from the ſame points on the right line G F are 
in that given ratio. | 

Thar excellent geometer M. De la Hire has ſolved 
this problem much after the ſame way in his conics, 


Prop. 2 5» lib, 8, 
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SECTION V. 


How the orbits are to be found when 
neither focus is given. 
LE MMA XVII. | 
If from any point P of a given conic ſecti- 
on, to the four produced ſides A B, CD, 
AC, DB of any trapeziuam ABDC 
inſcribed in that ſection, as many right 
lines PQ, PR, PS, P T are drawn in 
given angles, each line to each ſide ; the 
rectangle PQ PR & thoſe on the op- 
poſite ſides A B, C D, will be to the 
reftangie PSxPT of theſe on the o- 


ther oppoſite ſides A C, BD, in 4 
given ratio. 


2 I, 3 ſ Ae that the lines 
drawn to one pair of oppoſite ſides are parallel to ei- 
ther of the other ſides; as PO and PR l. Fg · ) 
to the ſide AC, and PS and P to the fide A B. 
And farther, that one pair of the oppoſite ſides, as 
AC and BD, are —— 
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the right line which biſects thoſe parallel ſides will be 
one of the diameters of the conic ſection, and will 
likewiſe biſet R Q. Let O be the point in which 
R © is biſected, and P O will be an ordinate to that 
diameter. Produce P O to Y ſo that OK may ke 
equal to P O, and OX will be an ordinate on the 
other {ide of that diameter. Since therefore the 
points A, B, P, and K are placed in the conic 
ſection, and P K cuts AB in a given angle, the rect- 
angle P Q K (by prop. 17. 19. 21. & 23. bock 3. 
of Apollonixs's conics) will be to the rectangle 4 B 
in a given ratio. But Q K and P R are equal, as 
being the differences of the equal lines O &, OP, 
and O Q, OR; whence the rectangles P Q K and 
POxPR are equal; and therefore the rectangle 
POXPR is to the rectangle A Q B, chat is, to 
rectangle PS x P T in a given ratio. Q. E. D. 
CASE 2. Let us next ſuppoſe that the oppoſite 
ſides AC and B D (Pl. 8. Fig. 5.) of the trapezium, 
are not parallel. Draw B A parallel to AC and meet- 
ing as well the right line ST in 7, as the conic ſecti- 
on in d. Join Cd cutting PQ in r, and draw D A 
to PQ, cutting Cd in A and AB in N. 
hen (becauſe of the ſimilar triangles B T't, DBM) 
Br or P is to Tr as DN to NB. And fo Rr 
is to AQ or PSs DM to AN. Wherefore, 
by multiplying the antecedents by the antecedents and 
the conſequents by the conſequents, as the rectangle 
P Q x Rr is to the rectangle P Sx Tr, fo will the 
rectangle ND M be to the rectangle ANB, and (by 
caſe 1.) ſo is the rectangle PQ x Pr to the rectangle 
P Sx Þ t, and by diviſion, ſo is the rectangle P © x PR 
to the rectangle PSX TT. Q. E. D. | 
Cas z. Let us 7 laſtly the four lines 
PO, PR, PS, PT (Pl. S. Fg. 6.) not to be * 


106 Mathematical Principles Book I. 


el to the fides AC, AB, but any way inclined to 
them. In their place draw Pg, P r parallel to AC; 
and Ps, Pt parallelto AB; and becauſe the angles 
of the triangles P q, P Rr, PS, PTt aregiven, 
the ratio's of P Q to Pq, PR to Pr, PS to PPT 
to Pt will be alſo given; and thereforethe com 

ed ratio's P Ox PR to Pqx Pr, and PSx PT 
to Ps x Pt are given. But from what we have 
demonſtrated before, the ratio of Pq x Pr to Ps x 
Pt is given; and therefore alſo the ratio of 'P © x 
PRtoPSxPT. Q. E. D. 


LEMMA XVIII. 


The ſame things ſut poſed, if the reflangle 
PQxPR of the lines drawn to the two 
oppoſite ſides of the trapezium is to the 
rect angle PSxPT of thoſe drawn to 
the other two ſides, in a goes ratio; 
the point P, from whence thoſe lines are 
drawn, Twill be placed in a conic ſection 
deſcribed about the trapezium. (PI. 8. 


Fig. 7.) 


Conceive a conic ſeftion to be deſcribed paſſing 
through the points A, B, C, D, and any one of the inſi- 
nite number of points P, as for example ; I ſay the 
point P will be always placed in this ſection. It you 
deny the thing, join AP cutting this conic ſection 
ſomewhere elſe if poſſible than in P, as in b. There- 
fore if from thoſe points p and 6, in the given angles 
to the ſides of the trapezium, we draw the right 
ines pq. pr, pupt, and b&,b n, bf, bd, we ſhall have 

as 
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as bhx bn tobfx ba, ſo (by Lem. 17.) pqxpr to 
ps x pt; and fo (by e 5 
PT. And becauſe of the ſimilar trapezia 6& 4 7, 
PU AS, as bk robf, ſo PO to PS. Wherefore by 
dividing the terms of the — — the 
correſpondent terms of this, we ſhall have 6» to bd as 


PRto PT. And therefore the equiangular trapezia 


Dn bd, DRPT ire ſimilar, and conſequently their 
diagonals Db, D do coincide. Wherefore 5 falls 
in the interſection of the right lines AP, D P, and con- 
ſequently coincides with the point P, And therefore 
the point P where-ever it is taken, falls to be in the aſ- 
ſigned conic ſection. Q. E. D. 

Co R. Hence if three right lines P , PR, PS, are 
drawn from a common point F to as many other right 
lines given in poſition AB, CD, AC, each to each, 
in as many angles reſpectively given, and the rectan- 


gle PQ PR under any two of the lines drawn be to 


the ſquare P $* of the third in a given ratio : The 
point P, from which the right lines are drawn, will be 
placed in a conic ſeRion that touches the lines 4B, 
CD in AandC; and the contrary. For the poſiti- 
on of the three tight lines 4B, CD, AC remaini 

the ſame, let che line BD _—_ to and — 
with the line AC; then let the line PT come likewiſe 
to coincide with the line PS; and the rectangle P Sx 
PT will become PS“, and the right lines 4B, CD, 
which before did cut the curve in the points A and 
B, C. and P, can no longer cut, but only touch, the 
curve in thoſe co- inciding points. 


8 —— 
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1i 
Scho Liu . “ 


re the name — nr wes is to 
in a large ſenſe, com ing as well the 
rectilinear ſection — the ——4 of the cone, as the 
circular one parallel to the baſe. For if the point p 
happens to be in a right line, by which the points 4 
and D or Cand B — 9 ee 
changed into two right lines, one of which is that right 
line upon which che point p falls, and the other is a 
right line that joins other two of the four points. If 
the two oppoſite angles of the trapezium taken toge- 
ther are equal to two right angles, and if the four lines 
PO, PR, PS, PT are drawn to the ſides thereof at 
right angles, or any other equal angles, and the rect- 
le PQxPR under two of the lines drawn P Q 

and PR, is equal to the rectangle PS x PT under 
the other two PS and PT, the conic ſection will be- 
come a circle. And the ſame thing will happen, if the 
four lines are drawn in any angles, the rect - 
angle PQ x P R under one pair of the lines drawn, 
is to the rectangle PSx PT under the other pair, 
as the rectangle under the fines of the angles 
S, T, in which the two laſt lines PS, PT are 
drawn, to the rectangle under the fines of the 
Q, R, in which the two firſt PQ, PR are 
drawn. In all other caſes the locus of the point P 
will be one of the three figures, which paſs common- 
ly by the name of the conic ſections. But in room 
of the trapezium 4 BCD, we may ſubſtitute a qua- 
drilateral figure whoſe two oppoſite ſides croſs one an- 
other like diagonals. And one or two of the four 
points 4, B, C, D may be ſuppoſed to be removed 
to 
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to an infinite diſtance, by which means the ſides of 
the figure which converge to thoſe points, will be- 
come parallel: And in this caſe the conic ſection will 
paſs through the other points, and will go the fame 


way as the parallels in infinitum. 


LEMmM a XIX. 


To find a point P (Pl. 8. Fig. 8.) fromwhich 
if four right lines PQ, PR, PS,PT are 
drawn to as many other right lines A B, 
CD, AC, BD gives by poſition, each 
to each, at given angles, the rectangle 
PQxXPR, ander any two of the lines 
drawn, ſhall be to the rectangle PSxPT, 
under the other two, in a given ratio. 


Suppoſe the lines AB, CD, to which the two 
right lines P ©, PR, containing one of the reQangles, 
are drawn to meet two other lines, given by poſiti- 
on, in the points A, B, C, D. From one of thoſe 
as 4, draw any right line A H, in which you would 
find the point P. Let this cut the oppoſite lines B D, CD, 
in H, and 7; and, becauſe all the angles of the figure 
are given, the ratio of P to PA. and PA to PS, 
and therefore of P to P will be alſo given. Sub- 
ducting this ratio from the given ratio of PQ x PR 
to PSx PT, the ratio of PRto PT will be given; 
and adding the given ratio's of PI to PR, and PT to 
P H. the ratio of P to P H, and therefore the point 
P will be given. Q. E. J. 

Con. 1. Hence alſo a tangent may be drawn to 
any point D of the locus of all the points P. > 
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the chord P D, where the points P and D meet, that 
is, where AH is drawn thro' the point O, becomes a 
t. In which caſe the ultimate ratio of the eva- 
neſcent lines /P and P H will be found as above. 
Therefore draw CF parallel to AD, meeting B D in 
F, and cut it in E in the fame ultimate ratio, then 
DE will be the tangent; becauſe CF. and the evane- 
ſcent IH are parallel, and ſimilarly cut in E and P. 
Cor. 2. Hence alſo the locus of all the points P 
may be determined. Through any of the points A, B, 
C, D, as A, (Th. 9. Hg. 1.) draw AE touching the 
and through any other point B parallel to the 
tangent, draw BF meeting * locus in F. And 
nd the point F by this lemma. Biſect BF in G, 
and drawing the indefinite line AG, this wilt be the 
poſition of the diameter to which BG, and FG are 
ordinates. Let this AG meet the locus in H, and A H 
will be its diameter or latus tranſverſum, to which the 
latus rectum will be as BG* to AGxGH. If 4G 
no where meets the locus, the line A H being infinite 
the locus will be a parabola ; and its latus rectum cor- 


reſponding to the diameter AG will be 0 But if 
it does meet it any where, the locus will be an hyper- 
bola, when the points A and H are placed on the fame 
ſide the point G; and an ellipſis, if the point G falls 
between the points A and Ii; unleſs perhaps the an- 


gle 46 Bis a right angle, and at the ſame time BG* 
val to the rectangle AG H. in which cafe the locus 


will be a circle. 
And ſo we have given in this corollary a ſolution of 
that famous of the ancients concerning four 


lines, begun by Exclid, and carried on by Apollonins; 
and * 4 analytical calculus, but a geometrical 
compoſition, ſuch as the ancients — 

EMMA 


QA ses 
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LEMMA =. - 


If the two oppoſite angular points A and P 


(Pl.9. Fig. 2.) of any parallelogram ASP 


touch any conic ſection in the points A 
and P; and the fides AQ, AS of one 
| of thoſe angles, indefinitely produced, 
meet the ſame conic ſection in B and C; 
and from the points of concourſe B and 
C to-any fifth point D of the conic ſecti- 
on, two right lines BD, CD are drawn 
meeting the two other ſides PS, PQ 
of the parallelogram, indefinitel 2 1 
ced, in T and R; the parts 5 and 
PT, cut off from the ſides, will always 
be one to the other in a given ratio. And 
vice verſa, if thoſe parts cut off are one 
to the other in a given ratio, the locus 
of the point D will be a conic ſection, 
poſſing through the four points A, B, C, P. 


CASE 1. Join BP, CP, and from the point D 
draw the two right lines DG, DE, of which the 
firſt D G ſhall be parallel to AB, and meet PB, PO, 
CA in , I, G; and the other D E ſhall be paral- 
lel to AC, and meet P C, PS, A3, in F, X, E, and 
(by Lem. 17.) the rectangle DEx DF will be to 
the rectangle DGx DH, in a given ratio. But 
PO is to DE (or IQ) as PB to HB, and con- 
ſequently as PT ro DH, and by permutation, P 2 

is 
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is to PT, as DE to DH. Likewiſe PR is to DF as RC 
to D C, and therefore as ({Gor) PS to DG; and, 

permutation; PR is to P S DF to DG; and, 
by compounding thoſe ratio's, the le PN 
P R will be to the rectangle P Sx PT as the reRan- 
ple DEX DF is to the rectangle DG xD H, and 
conſequently in a given ratio. But PQ and PS are 
given, and therefore the ratio of PR to P is gi- 
ven. Q. E. D. 

CAS 2, But if P Rand PT are ſuppoſed to 
be in a given ratio one to the other, then by going 
back again by a like reaſoning, it will follow that the 
rectangle D ExD F is to the rectangle D G DN in 
a given ratio; and ſo the point D (by lem. 18.) 
will lie in a conic ſection 5 
B. C, P, as its locus. Q. E. D. 

Cor. 1. Hence if we draw BC cutting P © in 

r, and in PT take Pr to Pr in the fame ratio which 
T has to PR: Then Bt will touch the conic 
ſection in the point B. For ſuppoſe the point D 
to coaleſce with the point B, ſo that the chord B D 
vaniſhing, B T ſhall become a tangent, and CD 
and BT will coincide with CB and Be. 
Cor. 2. And vice verſa, if Bt is a tangent, and 
the lines B D, C D meet in any point D of a conic 
ſection; P R will be to PT as Pr to Pr. And on 
the contrary, if PR is to PTasPr to Pr, then 
BD, and CD will meet in ſome point D of a conic 
ion, | 

Cor. 3. One conic ſection cannot cut another co- 
nic ſection in n ore than four points. For, if it is poſ- 
ſible, let two conic ſections paſs thro? the five points 
A. B, C, P, O, and let the right line B D cut them 
in the points D, d, and the right line Cd cut the right 
line P Q ing. Therefore PR is to PT as 1 

ce 


* 
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Whence PR and Pq are equal one to the other, a- 
gainſt the ſuppoſition. 


Een XXL 


If two moveable and indefinite right lines 


BM, CM drawn through given foints 
B, C, as foles, do by their point of con- 
courſe deſcrile a third right line 
MN grven by poſition; and other two 
inde/inite right lines BD, CD are drawn, 
making with the former two at thoſe 
given points B, C, given angles, MBD, 
MCD: I /ay that thoſe two right lines 
BD, CD {ll by their foint of concourſe 
D deſcribe a conic ſetlion pal ny through 
the points B, C. Aud vice verſa, if the 
right lines BD, CD de by their point of 
concourſe D deſcrile a conic ſection 
paſſing through the given points B, C, A, 
and the angle DBM is always equal to 

the given angle ABC, as will as the 

angle DCM always equal to the given 

angle ACB: the print M will lie in 

a right line given ly pofition, as its 

locus. Pl. 9. Fig. 3. 


For in the right line let a point N be 


given, and when the moveable point A falls on the 

immoveable point M. let the moveable point D fall 

on an immoveable point P. Join CN, BN, CP, 
| I 


BP, 


3% 


f 
' 
| 
" 
| 
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BP, and from the point P draw the right lines 
PT, PR meeting BD, CD in T and R, and making 
the angle B PT equal to the given angle BVA, 
and the angle CP R equal to the given angle CA.. 
Wherefore ſince (by ſuppoſition) the angles AB D, 
NBP are equal, as alſo the angles ACD, VC; 
take away the angles VB D and VC O that are 
common, and there will remain the angles NBA. 
and PBT, VCA and PCR equal; and therefore 
the triangles VBN. P BT are ſimilar, as alſo the tri- 
angles VCM, PCR. Wherefore PT is to NAI, 
as PB to NB; and PR to NM, as PC to NC. 
But the points B, C, N, P are immoveable : Wherefore 
PT and PR have a given ratio to NA, and con- 
ſequently a given ratio between themſelves ; and 
therefore, (by lem. 20.) the point D wherein the 
moveable right lines BT and CR perpetually con- 
Cur, will be placed in a conic ſection paſſing through 
the points B, C, T. C. E. I. | 
And vice verſa, if the moveable point D (Pl. 9. Fig. 
4) lies in a conic ſection paſſing through the given 
points B, C, A; and the angle D B A is always equal 
to the given angle ABC, and the angle D CM always 
equal to the given angle AC B, and when the point 
D falls ſucceſſively on any two immoveable points 
„P, of the conic ſection, the moveable point A 
falls ſucceſſively on two immoveable points u, V. 
through theſe points , N, draw the right line N, 
this line a will be the perpetual locus of that 
moveable point A. For if poſſible, let the point 
A1 be placed in any curve line. Therefore the 
point Y will be placed in a conic ſection paſſing 
trough the five points B, C, A. p, P, when the 
point AA is perpetually placed in a curve line. But 


from what was demonſtrated before, the point - 
. wil 
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will be alſo placed in a conic ſection, paſſing 
through the ſame five points B, C, 4, p, P. when 
the point A is perpetually placed in a right line. 
Wherefore the two conic ſections will both paſs 


through the ſame five points, againſt corol. 3. lem. 


20. It is therefore abſurd to ſuppoſe that the point 
M is placed in a curve line. Q. E. D. 


PROrOSIT ION XXII. PROꝶ LEM XIV. 


To deſcribe a trajectory that ſhall paſs 
through five given poiztsr. Pl. 9. Fig. 5. 


Let the five given points be A, B, C, P. D. From 
any one of them as A, to any other two as B, C, 
which may be called the poles, draw the right lines 
AB, AC, and parallel to thoſe the lines 7 PS, PRQ 
through the fourth point P. Then from the two poles 
B, C draw through the fifth point D two indefinite 
Imes BDT, CRV, meeting with the laſt drawn 
lines TPS, PRO (the former with the former, and 
the latter with the latter) in Tand x. Then draw- 
ing the right line r parallel to 7 K, cutting off from 
the right lines PT, PR, any ſcgments Pr, Fr, 
proportional to PT, PR; and if through their ex- 
tremities 7, v, and the poles B, C, the right lines 
Br, Cr are drawn, meeting in d, that point d will 
be placed in the trajectory required. For (by lem. 
20.) that point 4 is placed in a conic ſection paſſing 
through the four points A. B, C, P; and the lines 
Rr, Tt vaniſhing, the point 4 comes to coincide 
with the point BD. Wherefore the conic ſection paſſes 


through the five points A, B, CS P, Do 9. E. D. 


T2 The 


— 
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The ſame otherwiſe. Pl. 9. Fig. 6. 


Of the given points join any three as A. B, C; and 
about two of them B, C, as poles, making the angles 
ABC, ACB of agiven magnitude to revolve, apply 
the legs B A. CA. firſt to the point D, then to the 
point P, and mark the points A, N, in which the o- 
ther legs B L, CL interſect each the other in both 
caſes, Draw the indefinite right line AM and let 
thoſe moveable angles revolve about their poles B, C, 
in ſuch manner that the interſection, which is now 
ſuppoſed to be m, of the legs B L, CL, or B M, CA.. 
may always fall in that indefinite right line AV; 
wn the interſection which is now ſuppoſed to be 
d, of the legs Y A, C A, or B D, CD, will deſcribe 
the trajectory required PAD dh. For, (by lem. 21.) 
the point 4 will be placed in a conic ſection paſſing 
through the points Y, C; and when the point m 
comes to coincide with the points L, A, N. the 
point d will (by conſtruction) come to coincide with 
the points A. D, P. Wherefore a conic ſection will 
be deſcribed that ſhall paſs through the five points 

A. B. C, P, D. O. E. E 
Con. 1. Hence a right line may be readily 
drawn which ſhall be a tangent to the trajectory in a- 
ny given point B. Let the point 4 come to coincide 
with the point B, and the right line Bd will become 
the tangent required. 

Cor. 2. Hence alſo may be found the cen- 
tres, diameters, and latera recta of the trajcctories, as 
in cor. 2. lem. 19. 


H O- 


coutſe 
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The former of theſe conſtructions (Fig. 5.) will be- 
come ſomething more ſimple by joining B P, and in 
that line, produced if need be, taking Bp to BP as 
PR is to PT; and through p drawing the indefi- 
nite right line pe parallel to SP 7; and in that line 
pe taking always pe equal to Pr; and drawing the 
right lines Be, Cr to meet in d. For ſince Pr to 
Pt, PR to PT, pB to PB, pe to Pt, are all in 
the ſame ratio, pe and Pr will be always equal. 
After this manner the points of the trajectory are 
moſt readily found, unleſs you would rather de- 
ſcribe the curve mechanically as in the ſecond con- 
ſtruction, 


Pzoeos[TION XXIII. PROBLEM XV. 
To deſcribe a trajectory that ſhall paſs 


throueh four given points, and touch a 
right ie given by poſition. Pl. 10. Fig, 1. 


Cask 1. Suppoſe that HB is the given tangent, 
B the point of contact, and C, D, , the three o- 
ther given points. Join BC, and drawing PS pa- 
rallel to B H, and PQ parallel to B C compleat the 
parallelogram BSO. Draw BD cutting SP in 
7, and CD cutting PQ in R. Laſtly, drawing a- 
ny line tr parallel to TR, cutting off from P, PS, 
the ſegments Pr, Pt proportional to I Rx, PT re- 
ſpectively; and drawing Cr, Bt, their point of con- 
will (by lem. 20.) always fall on the trajec- 


tory to be deſcribed, 
=: 32 The 
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! ö . PEER . 
Toe ſame 0:5 rwiſe. Pl. 10. Fig. 2. 


Let the angle CB H of a given magnitude revolve 
about the pole B, as alſo the rectilinear radius D C 
both ways produced, about the pole C. Mark the 
points 44, N, on which the leg B C of the angle cuts 
that radius when I the other leg thereof meets the 
fame radius in the points P and D. Then drawing 
the indefinite line ANV, let that radius CP or CD 
and the leg B C of the angle perpetually meet in this 
line; and the point of concourſe of the other leg 
BH with the radius will delineate the trajectory 
required. ; 

For if in the conſtructions of the preceding pro- 
blem the point 4 comes to a coincidence with the 
point I the lines CA and CB will coincide, and the 
line AB, in its laſt ſituation, will become the tan- 
gent BI; and therefore the conſtructions there ſer 
down will become the fame with the conſtructions 
here deſcribed. Whercfore the concourſe of the leg 
B H with the radius will deſcribe a conic ſection 
paſſing throvgh the points C, P, P, end touching 
the line B FI in the point B. O. E. F. 

CASE 2. Suppoſe the four points P, („, P, (Pl. 10. 
Fg. 3.) given, being ſituated without the tangent H 7. 
Join each two by the lines BP, CP, meeting in G, 
and cutting the rangent in # and J. Cur the tan- 
gent in A in ſuch manner that HA may be to 
IA, as the rectangle under a mean proportional be- 
tween CG and G, and a mean proportional between 
BH and I, is to a rectangle under a mean pro- 
portional berween G and 6H, and a mean pro- 
portional bzrween P and 10; and A will be the 
point of contact. For if HA, a parallel to the right 

line 
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line P, cuts the trajectory in any points I and I 
the point A (by the properties of the conic ſections) 
will come to be fo placed, that HA“ will become 
to Al in a ratio that is compounded out of the 
ratio of the rectangle XHTto the rectangle B HD, 
or of the rectangle CG to the rectangle DGB; 
and the ratio of the rectangle B HD to the rectangle 
PIC. But after the point of contact A is found, 
the trajectory will be deſcribed as in the firſt caſe. 
C. E. F. But the point A may be taken either 
between or without the points H and J; upon 
2 account a twofold trajectory may be de- 
ribed. 


PROPOSITION XXIV. PROꝶB LEM XVI. 


To deſcribe a trajeflory that ſhall paſs 
through three given toints, and touch two 
right lines given by pojition. Pl. 10. Fig. 4. 


Suppoſe HI, KL to be the given tangents, and 
B, C, D, the given points. Through any two of 
thoſe points as N, D, draw the indefinite right line 
B D meeting the tangents in the points H. K. Then 
likewiſe through any other two of theſe points as 
C, D, draw the indefinite right line CD, meeting 
the tangents in the points J L. Cut the lines drawn 
in R and S, fo that HR may be to KR, as the 
mean proportional between B HY and HD is to the 
mean proportional between BK and KD; and 18 
to LS, as the mean proportional between C and 
ID is to the mean proportional between CL and 
LD. But you may cut, at pleaſure, either within 

I 4 or 
2 
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or between the points K and H, I and L, or without 
them; then draw RS cutting the tangents in A and 
P, and A and P will be the points of contact. For 
if A and Y are ſuppoſed to be the points of contact, 
ſituated any where elſe in the tangents, and through 
any of the points , I. X, L, as I, ſituated in either 
tangent JJ, a right line [YT is drawn, parallel to the 
other tangent XL, and meeting the curve in & and 
J and in that right line there be taken IZ e- 
qual to a mean proportional between IA and II; the 
rectangle XT or [Z*, will (by the properties of 
the conic ſections) be to LI, as the rectangle 
CID is to the rectangle CL D, that is (by the con- 
ſtruction) as $/* is to FL *, and therefore JZ is 
to LP, as S to SL, Wherefore the points S, J, Z, 
are in one right line. Moreover, ſince the tangents 
meet in 6, the rcctangle XT or IZ. will 
(by the properties of the conic ſections) be to 
IA as GF* is to GA *, and conſequently 17 
will be to JA, as GP to 6A. Wherefore the 
points P, Z, A, lie in one right line, and therefore 
the points S, J, and A are in one right line. And 
the ſame argument will prove that the points R, T, 
and A are in one fight line. Wherefore the points of 
contact A and P lie in the right line RS. But after 
theſe points are found the trajectory may be de- 
ſcribed as in the fi ſt caſe of the preceding problem. 
Q. E. F. : 

In this propoſition, and caſe 2. of the ſoregoing, 
the conſtructions are the ſame, whether the right line 
XY cut the trajectory in & and 7, or not; neither do 
they depend upon that ſection. But the conſtructi- 
ons being demonſtrated where that right line does cut 
the traj:ctory, the conſtructions, where it docs not, 


are 
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are alſo known; and therefore, for brevity's fake, I 
omit any farther demonſtration of them. 


LEMMA XXII. 


To transform figures into other figures of 
the ſame kind. Pl. 10. Fig. 5. 


Suppoſe that any figure HG is to be transform- 
ed. Draw, at pleaſure, two parallel lines AO, BL, 
cutting any third line AB given by poſition, in A 
and B, and from any point G of the figure, draw 
out any right line G D, parallel ro OA, till it meet 
the right line AB. Then from any given point 
O in the line OA, draw to the point D the right 
line OD, meeting BL in 4, and from the point 
of concourſe raiſe the right line 4g containing an 
given angle with the right line B L, and having ſuc 
ratio to Od, as DG has to OD; and g will be the 
point in the new figure hg i, correſponding to the 
point G. And in like manner the ſeveral points of 
the firſt figure will give as many correſpondent 
points of the new figure. If we therefore conceive 
the point G to be carried along by a continual moti- 
on through all the points of the firſt figure, the point 
will be likewiſe carried along by a continual mo- 
tion through all the points of the new figure, and 
deſcribe the ſame. For diſtinction's fake, let us call 
DG the firſt ordinate, dg the new ordinate, AD 
the firſt abſciſſa, ad the new abſciſſa; O the pole, 
OD the abſcinding radius, OA the firſt ordi- 
nate radius, and OA (by which the parallelo- 

gram 
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gram OABa 1s compleated) the new ordinate 

Ius. | 

I fay, then, thar if the point G is placed in a right 
line given by * the point g will be alſo 
placed in a right line given by poſition. If the 

int G is placed in a conic ſection, the point g 
will be likewiſe placed in a conic ſection. * 
here I underſtand the circle as one of the conic ſec- 
tions. Burt farther, if the point G is placed in a line 
of the third analytical order, the point g will alſo be 
placed in a line of the third order, and fo on in cur- 
ve lines of higher orders. The two lines in which 
the points G, g, are placed, will be always of the ſame 
analytical order. For as ad is to OA, ſo are d to 
OD, dg to DG, and AB to AD; and therefore 


O Ax AB, 
and DG equal to 


AD is equal to 
OAxdg - Now if the point G is placed in a right 


a 
line, and therc fore, in any equation by which the 
relation between the abſciſſa AD and the ordinate 
DG is expreſſed, thoſe indetermined lines AD and 
DG riſe no higher than to one dimenſion, by wri- 


1 GAZE, 
ting this equation 3 place of 4D, and 


O Axdg in place of DG, a new equation will be 


ad 
roduced, in which the new abſciſſa 4d and new 


ordinate dg riſe only to one dimenſion; and which 
therefore muſt denote a right line. But if AD and 
DG (or either of them) had riſen to two dimenſions 
in the firſt equation, ad and dg would likewiſe have 
riſen to two dimenſions in the ſecond equation. And 


ſo on in three or more dimenſions. The indeter- 
mined 
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mined lines ad, dg in the ſecond equation, and 
AD, DG, in the firſt will always riſe to the 
ſame number of dimenſions; and therefore the lines 
in which the points G, g. are placed are of the ſame 
analytical order. | 

I fay farther, that if any right line touches the 
curve line in the firſt figure, the fame right line 
transferred the ſame way with the curve into the 
new figure, will touch that curve line in the new 
figure, and vice verſa. For if any two points of the 
curve in the firſt figure are ſuppoſed to approach one 
the other till they come to coincide; the ſame points 
transferred will approach one the other till they come 
to coincide in the new figure; and therefore the right 
lines with which thoſe points are joined will S 
come together tangents of the curves in both figures. 
I might have given demonſtrations of theſe aſſertions 
* 5 more geometrical form; but I ſtudy to be 

ef, 

Wherefore if one rectilinear figure is to be 
transformed into another we need only transfer the 
interſections of the right lines of which the firſt figure 
conſiſts, and through the transferred interſections to 
draw right lines in the new figure. But if a curvili- 
near figure is to be transformed we muſt transfer the 
points, the tangents, and other right lines, by means 
of which the curve line is defined. This lemma is 
of uſe in the ſolution of the more difficult problems. 
For thereby we may transform the propoſed figures 
if they are intricate into others that are more ſim- 
ple. Thus any right lines converging to a point 
are transformed into parallels; by taking for the firſt 
ordinate radius any right line that paſſes through 
the point of concourſe of the converging lines, and that, 
becauſe rheir point of concourſe is by this means made 


to 


| 
| 
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to go off in infinitum, and parallel lines are ſuch as 
rend to a point infinitely remote. And after the 
problem is ſolved in the new figure, if by the inverſe 
operations we transform the new into the firſt figure, 
we ſhall have the ſolution required. 

This lemma is alfo of uſe in the ſolution of ſolid 
problems. For as often as two conic ſections oc- 
cur by the interſection of which a problem may be 
ſolved ; any one of them may be transformed if it is 
an hyperbola or a parabola, into an ellipſis, and 
then this ellipſis may be eaſily changed into a cir- 
cle. So alſo a right line and a conic ſection in the 
conſtruction of plane problems, may be transformed 
into a right line and a circle. 8 


PROPOSITION XXV. ProBLEM XVII. 


To deſcribe a trajectory that fhall paſs 
through two given points, and touch three 
right lines given by poſition. Pl. 10. Fig. 6. 


Through the concourſe of any two of the tangents 
one with the other, and the concourſe of the third 
tangent with the right line which paſſes through the 
two given points, draw an indefinite right line; and 
taking this line for the firſt ordinate radius transform 
the figure by the preceding lemma into a new fi- 

ure. In this figure thoſe two tangents will become 
arallel to each other, and the third tangent will be 
parallel to the right line that paſſes through the two 
given points. Suppoſe bi, k/ to be thoſe two paral- 
jel rangents, & the third tangent, and h a right 


line parallel thereto, paſſing through thoſe points a, &, 


through 
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through v conic e ought to paſs v this 
new figure; complearing the parallelogram +» K, 
let the right lines h, ik, be ſo cur in c, * 
that he may be to the ſquare root of the * 
4 hb, ic to id, and ke to kd, as the ſum of the 
right lines hi and &/ is to the ſum of the three 
lines, the firſt whereof is the right line 4, and the 
other two are the ſquare roots of the rectangles ahb 
and alb; and c, d, e, will be the points of con- 
tat, For by the properties of the conic ſecti- 
ons hc* to the rectangle ahb, and ic* to id*, 
and ke* to Kd“, and e/* to the rectangle alb, - 
are all in the ſame ratio; and therefore hc to 
the ſquare root of ahb, ic to id, ke to kd, 
and el to the ſquare root of alb, are in the 
ſubduplicate of that ratio; and by compoſition 
in the given ratio of the ſum of all the antece- 
dents hi kl, to the ſum of all the conſequents 
y/ahb-\-ik-\-y/ alb. Wherefore from that given ra- 
tio we have the points of contact c, d, e, in the 
new figure. By * inverted operations of the laſt 
lemma, let thoſe points be transferred into the firſt 
figure, and the trajectory will be there deſcribed by 
prob. 14. Q. E. F. But according as the points 
a, b, fall between the points h, I, or without them, 
the points c, d, e, muſt be taken either between the 
points h, iu K, %, or without them. If one of the 
points a, 6, falls between the points h, 4 and the 
other without the points h, l, the problem is im- 
poſſible. 


PR o- 
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PxorosITioN XXVI. POEM. XVIII. 


To deſcribe a trajectory that ſhall paſs 
through a given point, and touch four 
right lines given by poſition. Pl. 11. Fig. 1. 


From the common interſections of any two of 
the tangents to the common interſection of the o- 
ther two draw an indefinite right line; and taking 
this line for the firſt ordinate radius transform the 
figure (by lem. 22.) into a new figure, and the 
two pairs of tangents each of which before concur- 
red in the firſt ordinate radius will now become 


parallel. Let hi and % ik and % be thoſe pairs 


of parallels compleating the parallelogram hi A. And 
let p be the point jo this new figure correſponding to 
the given point in the firſt figure. Through O the 


centre of the figure draw pq, and Oq being equal to 


Op, q will be the other point, through which the 
conic ſection muſt paſs in this new figure. Let 
this point be transferred by the inverſe operation of 
lem. 22. into the firſt figure, and there we ſhall 
have the two points, through which the trajectory 
is to be deſcribed. But through thoſe points that 
tryeRory may be deſcribed by prob. 17. C. E. F. 
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LE MMA XXIII. 


"If two right lines as AC, BD given 
by poſition, and terminating in given 
foints A,B, are in a given ratio one 
to the other, and the right line CD, 
by which the indetermined foints C, D 
are joined, is cut in K in. a given 
ratio; I ſay that the point K Twill 
be placed in a right line given by 
faſtion. Pl. 11. Fig. 2. 


For let the right lines AC, B D meet in E, and 
in BE take BG to AE, as BD is to AG, and 
let FD be always equal to the given line EG; 
and by conſtruction, EC will be to GD, that is, 
to EF, as AC to BD, and therefore in a given 
ratio; and therefore the triangle E FC will be gi- 
ven in kind. Let CF be cut in L fo as CL may 
be to CF in the ratio of CX to CD; and be- 
cauſe that is a given ratio, the triangle E FL will 
be given in kind, and therefore the point L will 
be placed in the right line EL given by poſition. 
Join LX and the triangles CLX, CFD will be 
ſimilar; and becauſe FD is a given line, and LX 
is to FD in a given ratio, LX will be alſo given. 
To this let EV be taken equal, and ELXH will 
be always a parallelogram. And therefore the point 
K is always placed in the fide H&K (given by po- 
ſition) of that parallelogram. Q. E. D. 


Con. 


'* ad 
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Cor, Becauſe the figure EFLC is given in kind, 
the three right lines EF, EL and EC, that is G D, 
HK and EC will have given ratio's to each 
other. ; 


LEMMA XXIV. 


If three right lines, two whereof are 
parallel, and given by poſition, touch 
any conic ſefion; I ſay, that the ſe- 
midiameter of the ſection which is 
parallel to thoſe two is a mean pro- 
portional between the ſegments of 
thoſe two, that are intercepted be. 
tween the points of contact and the 
third tangent. Pl. 11. Fig. 3. 


Let AF, GB be the two parallels touching the 
conic ſection ADB in A and B; EF the third 


right line touching the conic ſection in J, and 


meeting the two former tangents in F and G, and 
let CD be the ſemi- diameter of the figure parallel 
to thoſe tangents; I ſay, that AF, CD, BG are 
continually proportional. 

For if the conjugate diameters AB, DM meet 
the rangent FG in E and H, and cut one the o- 
ther in C, and the parallelogram [KCL be com- 
pleated; from the nature of the conic ſections, 
EC will be to CA as CA to CL, and fo by di- 
viſion, EC—CA to CA—CL or EA to AL; 
and by compoſition, EA to EA | AL or EL, as 
EC to EC CA or EB; and therefore (becauſe 2 
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the ſimilitude of the triangles E. A F, ELV ECH, 
EBG) AF is to LI as CH to BG. Likewiſe 
from the nature of the conic ſections, L (or CK) 
is to CD a8 CD to CH; and therefore (ex quo 
 perturbate) AF is to CD, as CD to BG. 
E. D. | 
2 1. Hence if two tangents FG, PQ meet 
two parallel tangents AF, BG in F and G, P and 
Q. and cut one the other in O; 00.9 
perturbate) will be to B Q, as AP to BG, and 
diviſion, as FP to G „and therefore as FO to O . 
Cor. 2. Whence alſo the two right lines PG, 
FO drawn through the points P and G, Fand Q. 
will meet in the right line A0 B paſſing through 
the centre of the figure and the points of contact. 4 B. 


- - Lamm NV. 


IF four fides of a parallelogram indefi- 
nitely produced touch any. conic ſecti- 
on, and are cit by a fifth tangent ; 
I ſay, that taking thoſe ; ls of a- 
ny two conterminous ſides that termi- 
nate in of pꝛſite angles of the parallelo- 
gram, either ſegment is to the fide 
from hich it is cut off, as that part 
of the other conterminous fide which is 
intercepted between the point of con- 
tat and the third ſide, is to the other 
Jegment. Pl. 11. Fig. 4. 


let the four ſides ML, IK, KL, MI of the 
* the conic ſection in 
A, B, 


* 


: 
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A,B, C, D; and let the fifth tangent FQ cut thoſe 
ſides in F, Q. H and E, and taking the ſegments 
ME, XO of the ſides MI. KI; or the ſegments 
KH, MF of the ſides KL, ML; I fay, that 
ME is to MI as BK to K; and KH to KL, 
as AM to MF. For, by cor. 1. of the pre- 
ceding lemma, ME is to E as (AM or) BK 
to B; and, by compoſition, ME is to AI. as 
BK to K. Q. E. D. Allo KH is to HL a 
(BK or) AM to AF, and by diviſion KH to 
KL, s AM to MF. O. E. D. 
| - Cor. 1. Hence if a parallelogram IX L AA de- 
ſcribed about a given conic ſection is given, the 
_ rectangle KR ME, as alſo the rectangle K Hx MF 
equal thereto, will be given. For, by reaſon of the 
ſimilar triangles K Q H. MFE, thoſe rectangles are 
ual. 


_— 2. And if a fixth tangent eq is drawn 
meeting the tangents KI, MI in q and e; the 
rectangle K ME will be equal to the reangle 
Kqx Me, Ko will be to Me, as Kq to ME, 
and by diviſion as Qq to Ee. 

Con. 3. Hence alſo if Eq, e, are joined and 
: biſected, and a right line is drawn through the points 
f of biſection, this right line will paſs through the 
centre of the conic ſection. For ſince '2q is to 
Ee, as K to Me; the ſame right line will paſs 
through the middle of all the lines Eq, e Q, MK 
(by lem. 22.) and the middle point of the right line 

MR is the centre of the ſection. 


= 8 4 
. ® 
8 
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ProroSITION XXVII. PRO LEM XIX. 


To deſcribe a trajectory that may touch 
five right lines given by poſition. Pl. 
It. Fig. 5. 


| Suppoſing ABG, BCE GCD, FDE, EA to 
be the tangents given by poſition. Biſect in A4 
and NM. AF, BE the diagonals of the quadrilateral 
figure ABFE contained under any four of them; 
and (by cor. 3. lem. 25) the right line MN drawn 
through the points of biſection will paſs through 
the centre of the trajectory. Again, biſeR in P and 

the diagonals (if I may ſo call them) BD, GF 
of the quadrilateral figure BGDF contained un- 
der any other four tangents, and the right line 
PO drawn through the points of biſection will 
paſs through the centre of the trajectory. And 
therefore the centre will be given in the concourſe 
of the biſecting lines. Suppoſe it to be O. Parallel 
to any tangent BC draw KL, at ſuch diſtance that 
the centre O may be placed in the middle be- 
tween the parallels; this XL will touch the tra- 
jectory to be deſcribed. Let this cut any other 
rwo tangents GCD, FDE, in L and K. Through 
the points C and X, Fand L. where the tangents 
not parallel CL, FK meet the parallel —— 
CF, KL, draw CK, FL meeting in R; and the 
right line OR drawn and produced, will cut the 
parallel tangents CF, KL, in the points of con- 
tat. This appears from cor. 3. lem. 24. And 
by the fame method the other points of contact 
may be found, and then the trajeRory may be de- 


ſcribed by prob. 14. Q. E. F. 1 
K 2 | 


ScRo- 


* 


1 
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SCHOLIUM. 


Under the preceding propoſitions are compre- 
hended thoſe problems alot either the 9 
or aſymptotes of the trajectories are given. For 
when points and tangents and the centre are given, 
as many other points and as many other tangents 
are given at an equal diſtance on the other ſide 
of the centre. And an aſymptote is to be con- 
ſidered as a tangent, and its infinitely remote ex- 
tremity (if we may fay ſo) is a point of con- 
tact. Conceive the point of contact of any tan- 

t removed in infinitum, and the tangent will 

enerate into an aſymptote, and the conſtructi- 
ons of the — problems will be changed in- 
to the conſtructions of thoſe problems wherein the 
aſymptote is given. 

After the trajectory is deſcribed, we may find 
its axes and foci in this manner. In the conſtruction 
and figure of lem. 21. (Pl. 12. Fig. 1.) let thoſe legs 
BP, CP, of the moveable angles F BN, P CMV, by the 
concourſe of which the trajectory was deſcribed, be 
made parallel one to the other; and retaining that 

ſition, let them revolve about their poles B, C, 
in that ſigure. In the mean while let the other 

CN, BN, of thoſe angles, by their concourſe 
K or & deſcribe the circle B KG C. Let O be the 
centre of this circle; and from this centre upon 
the ruler AN, wherein thoſe legs CN, B N did 
concur while the trajectory was deſcribed, let fall 
the perpendicular OH meeting the circle in X 
and L. And when thoſe other legs CK, B & meet 
in the point K that is neareſt to the ruler, the firſt 
legs CP, BP will be parallel n 


Plate V. I. 2? 12 2. 


—— — 
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and 22 on the leſſer; and the co 

will happen if thoſe legs meet in the remote 
point L. Whence if the centre of the trajectory 
15 given, the axes will 4 4 and thoſe being 
given, the foci will be readily found. | 

But the ſquares of the axes are one to the other 
as KH to LH, and thence it js eaſy to deſcribe 
a trajectory given in kind through four given points. 
For if two of the given points are made the 
C, B, the third will give the moveable angles P C. 
PBK; but thoſe being given, the circle B GK 
may be deſcribed. Then, becauſe the trajectory is 
2 in kind, the ratio of OH to OK, and there- 
ore OH it ſelf, will be given. About the centre 
O, with the interval O H, deſcribe another circle, 
and the right line that touches this circle and 
paſſes through the concourſe of the legs CK, BK, 
when the firſt CP, BP, meet in the fourth 
given point, will be the ruler A by means of 
whith the trajectory may be deſcribed. Whence 
alſo on the other hand a trapezium given in kind 
(excepting a few caſes that are impoſſible) may be 
inſcribed in a given conic ſection. 

There are alſo other lemma's by the help of 
which trajeRories given in kind may be deſcribed 
through given points, and touching given lines. 
Of ſuch a ſort is this, that if a right line is drawn 
through any point given by poſition, that may cut 
a given conic ſection in two points, and the diſ- 
tance of the interſections is biſected, the point of 
biſection will touch another conic ſection of the 
fame kind with the former, and having its axes 
parallel to the axes of the former. But I haſten 
to things of greater uſe. 


K 3 Lau- 
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I place the three angles of a triangle, 
grven both in kind and magnitude, 
in reſpect of as many right lines 
given by poſition, provided they are 
not all parallel among themſelves, in 
ſuch manner that the ſeveral angles 
may touch the ſeveral lines. Pl, 12. 
Fig. 2. 


Three indefinite right lines AB, AC, BC, are 
iven by poſition, and it is required ſo to place 
S triangle DEF that its angle D may touch the 
line AB, its angle E the line AC, and its angle F 
the line BC. Upon DE, DF and EF, delcribe 
three ſegments of circles DRE, DGF EMF, ca- 
pable of angles equal to the angles BAC, ABC, 
ACB reſpectively. But thoſe ſegments are to be 
deſcribed towards ſuch ſides of the lines DE, DF, 
EF, that the letters DRED may turn round a- 
bout in the ſame order with the letters BACB; 
the letters PG FD in the ſame order with the let- 
ters A CA; and the letters EF E in the fame 
order with the letters AC BA; then compleating 
thoſe ſegments into entire circles, let the two for- 
mer circles cut one the other in G, and ſuppoſe 
P and Q to be their centres. Then joining G, 
P, take Gato AB, as GP is to PO; and a- 
bout the centre G, with the interval Ga deſcribe 
a circle that may cut the firſt circle DGE in 4. 
Join 4D cutting the ſecond circle DFG in 6, as 
well 
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well as 4E cutting the third circle EF in c. 
Compleat the figure AB Cdef ſimilar and equal 
to the figure abc DEF. I ſay the thing is done. 
For drawing Fc meeting 4 D in , and joining 
46, 66, Q, OD, PD; by conſtruction the an- 
gle EaD is equal to the angle CA, and the an- 
le ac F equal to the angle AC B; and therefore 
the triangle auc equiangular to the triangle ABC. 
Wherefore the angle anc or Fu D is equal to the 
angle ABC, and conſequently to the angle FCD; 
and therefore the point » falls on the point 6. 
Moreover the angle GP which is half the an- 
gle GPD at the centre is equal to the angle 
GaD at the circumference; and the angle GP, 
which is half the angle GD at the centre, is e- 
qual to the complement to two right angles of 
the angle GbD at the circumference, and therefore 
equal to the angle Gab. Upon which account 
the triangles G PO, Gab, ae ſimilar, and Ga is 
to ab, as GP to P; that is (by conſtruction) as 
64 to AB. Wherefore ab and AB are equal; 
and conſequently the triangles abc, ABC, which 
we have now proved to be ſimilar, are alſo equal. 
And therefore ſince the angles D, E, F, of the 
— DEF do reſpectively touch the fides 46, 
ac, bc of the triangle abc, the figure ABCdef 
may be compleated ſimilar and equal to the figure 
abcDEF, and by compleating it the problem will 
be ſolved. Q. E. F. f 
Cor. Hence a right line may be drawn whoſe 
parts given in length may be intercepted betwecn 
three right lines given by poſition. Suppoſe the 
triangle DEF, by the acceſs of its point D to 
the tide EF, and by having the ſides DE, DF 
placed in directum to be changed into a right line 
| | | K 4 whoſe 
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whoſe pi DE is to be in be- 
tween gp es wy AB, AC given by poſiti- 
on; and its given part DF is to be in 

between the right lines AB, BC, given by ſi- 
tion; then by applying the preceding conſtruc- 
tion to this caſe the problem will be ſolved. 


ProeosiTION XXVIII. PROBLEM XX. 


To deſcribe a trajefory given both in 
kind and magnitude, given parts of 
which ſhall be . between 
three right lines given by poſition. Pl. 

12. Fig. 3. i 


Suppoſe a trajectory is to be deſcribed that may 
be ſimilar and equal to the curve line DEF, and 
may be cut by three right lines 4B, AC, BC 

ven by poſition, into parts DE and E F, fimi- . 
3 equal to the given parts of this curve 


Draw the right lines DE, EF, DF; and place 
the angles D, E, F, of this triangle DEF, fo as to 
touch thoſe right lines given by poſition (by lem. 
26.) Then about the triangle deſcribe the trajec- 
tory, ſimilar and equal to the curve DEF. 
. E. F. ö - EN IF 4 


Fru. 


Plate XI. Jol. I. Es: 


S. ung. 13 2. 


Fig. 1.27.13 2. 
N 
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LEMMA XXVII. 


To deſcribe a trapezium given in kind, 
the angles whereof may be ſo placed 
in reſpect of faur right lines given by 
tolittion, that are neither all Parallel 
among themſelves nor converge to one 
common paint, that the ſeveral au- 
gles may touch the ſeveral lines. Pl. 
$24 > * ob | 


Let the four right lines ABC, AD, BD,CE, 
be given by poſition; the firſt cutting the ſecond 
in A, the third in B, and the fourth in C; and 
ſuppoſe a trapezium fg hi is to be deſcribed, that 
may be ſimilar to - trapezium FG HH; and 
whoſe angle f, equal to the given angle F, may 
touch the right line ABC; and the other angles 
27 h, i, equal to the other given angles G, H, I, may 
touch the other lines AD, BD, CE, reſpectively. 
Join FH, and upon FG, FH, FI deſcribe as 
many ſegments of circles FSG, FTH, FVI; the 
firſt of which FSG may be capable of an angle 
equal to the angle BAD; the ſecond FT H capa- 
ble of an angle equal to the angle CBD; and the 
third FVI öf an angle equal to the angle ACE. 
But the ſegments are to be deſcribed towards thoſe 
ſides of the lines FG, FH, FI, that the circular 
order of the letters FSG E, may be the ſame as 
of the letters BADB, and that the letters FTHF 
may turn about in the ſame order as the letters 
CBDG, and the leners FJF in the fame or- 
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der as the letters 4 CEA. Compleat the ſeg- 


ments into entire circles, and let P be the centre 
of the firſt circle FSG, © the centre of the ſecond. 
FTH. Join and produce both ways the line 
PN, and in it take QR in the fame ratio to PO, 
as BC has to AB. But QR 1s to be taken to- 
wards that fide of the point Q, that the order of 
the letters P, Q, R may be the ſame, as of the let- 
ters A, B, C;, and about the centre R with the in- 
terval RF deſcribe a fourth circle /F Ne cutting the 
third circle FV in c. Join Fe cutting the firſt 
circle in 4, and the ſecond in . Draw 4G, CH, cl. 
and let the figure AB Cfghi be made ſimilar to the 
figure abeFG HI; and the trapezium fg hi will be 
that which was required to be deſcribed. 6 

For let the two firſt circles FSG, FTH cut 
one the other in K; join PK, QX, RK, ak, 6K, 
6K, and produce Q to L. The angles FaK, 
FbK, Fc K at the circumferences are the halves of 
the angles FPK, FQK, FR K, at the centres, and 
therefore equal to LPK, LQK, LRK the halves 
of thoſe angles. Wherefore the figure PORK is 
equiangular and ſimilar to the figure abc K, and 
conſequently ab is to bc as PO to QR, that is 
as AB to BC. But by conſtruction the angles 
f.Ags fBh, fCi are equal to the angles FAG, FH, 
Fel. And therefore the figure AB Cg hi may 
be compleated ſimilar to the figure abs FGHL 
Which done a trapezium fg hi will be conſtructed 
ſimilar to the trapezium FG Hf, and which by its 
angles f, g, H, i will touch the right lines ABC, 
AD, BD, CE. O. E. F. n 
Con. Hence a right line may be drawn whoſe 
parts intercepted in a given order, between four 
right lines given by poſition, ſhall have a giveri 
| ; pro- 
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ion among themſelves. Let the angles 
FG H, GHI, be ſo far increaſed that the right 
lines FG, GH, H, may lie in directum, and by 
conſtructing the problem in this cafe, a right line 
fgh4i will be drawn, whoſe parts Np gh bi, — 
— — between the ſour right 
CE, will be one to another as the lines FG, GH. 
HI, and will obſerve the ſame order among them+ 
ſelves. But the fame thing may be more readily 
done in this manner, 

Produce AB to K (Pl. 13. Fig. 2.)and BD to 
L, ſo as BK may be to AB, as HI to GH; 
and DL to BD as G to 'FG; and join KL 
meeting the right line CE in i. Produce L to 
M, fo as LM may be to Ls GH to HI; 
then draw N parallel to LB and meeting the 
right line 4D Þ in g, and join gi cutting AB, BD 
in * 5. I ſay the 4 is done. 

Tor let Ag cut the right line 4B in Q, and 
AD the right line XL in S, and draw A paral- 
lel to B D, and meeting i L in P, and g A to Lh 
(gi to hi Mi to Li, GT to HI, AK to BK) 
and AP to BL will be in the fame ratio. Cur 
DL in R, ſo as DL to RL may be in that 
fame ratio; and becauſe gS to g 4, AS to AP, 
and DS to DL are proportional; therefore (ex 
) as gS to Lh, fo will AS be to BL, 
and DS to RL; and mixtly BL—RL to 
Lh—BL, 3s AS—DS to gS—AS. That is, 
BR is to 2. as AD is to Ag, and therefore as 
BD to g. And alternately BR is to BD, as 
Bh to 05 or as fh to fg. Bur by conſtruBti- 
is the fo BL was cut in Þ and R, in the fame 
ratio as the line FI in G and H; and therefore 


BR 


- 


— —— oro” bene — 
+ 1 


1 Y — 


— 


| 
| 
| 
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BR. is to BD as FH to FG, Wherefore fh is 
to fg, as FH to FG. Since therefore gi to hi 
likewiſe is as Mi to Li, that is, as G to HI, 
it is manifeſt that the lines FI, fi, are ſimilarly cut 
in G and H, g and h. Q. E. F. 

In the conſtruction of this corollary, after the 
line LX is drawn cutting CE in i, we may pro- 
duce iE to Y, ſo as EY may be to Ei, as FH 
to H, and then draw V parallel to BD. It 
will come to the ſame, if about the centre i, with 
an interval IH, we deſcribe a circle cutting B D 
in Y and produce i ro V fo as iT may be e- 
qual to I, and then draw I parallel to B D. 
Sir Chriſtopher Wren, and Dr. Wallis have long 
ago given other ſolutions of this problem. 


PROPOSITION XXIX. PROBLEM XXI. 


To deſcribe a trajectory given in kind, 

that may be cut by four right lines 
given by poſition, into parts given 
in order, kind, and proportion. 


Suppoſe a trajeRory is to be deſcribed that may 
be 8 „ 2 ** (Ph 13. 
g. 3.) and whole parts, fſimilar ropor- 
ex. the parts F > GH, HI of * 
may be intercepted between the right lines AB and 
AD, AD and BD, BD and CE given by po- 
ſition, viz. the firſt between the Gill pair of thoſe 
lines, the ſecond between the ſecond, and the third 
between the third. Draw the right lines FG, G H, 
* 1 2 i 
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fg hi that may be ſimilar to the trapezium FG H.. 
and whoſe angles f, g, h i, may touch the right 
lines given by poſition, AB, AD, BD, CE, ſe- 
verally according to their order. And then about 
this trapezium deſcribe a trajectory, that trajeRory 
will be ſimilar to the curve line FG HI. 


SCHOLIU u. 


This problem may be likewiſe conſtructed in the 
following manner. Joining FG, GH, HI, Fl, 
(Pl. 13. Fig. 4.) produce GF to V, and join 
FH, IG, and make the angles CAK, DAL equal 
to the angles FG H, VFH. Let AK, AL meet 
the right line BD in K and L, and thence draw 
KM, LN, of which let K 4 make the angle 
AK equal to the angle G HF, and be it ſelf to 
AK, as HI is to GH; and let LN make the 
angle AL N equal to the angle FH, and be it 
ſelf to AL, as HI to FH. But AK, KM, AL, 
LN are to be drawn towards thoſe ſides of the 
lines AD, AK, AL, that the letters CAKXMC, 
ALKA, DALND may be carried round in 
the ſame order as the letters FG H1F; and draw 
AN meeting the right line CE in i. Make the 
angle 5E P equal to the angle /G F, and let PE 
be to Ei, as FG to 61, and through P draw 
P Of that may with the right line ADE contain 
an angle POE equal to the angle F1G, and may 
meet the right line AB in f. and join fi. But PE 
and PQ are to be drawn towards thoſe ſides of 
the lines CE, PE, that the circular order of the 
letters PE5P and PEQP may be the fame, as of 
the letters FG HIT, ard if upon the line * 


4 5 
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the ſame order of letters, and ſimilar to the trape- 
zium FG Hl, a trapezium fgh# is conſtructed; 
and a trajectory given in kind is circumſcribed about 
it, the problem will be ſolved. | 

So far concerning the finding of the orbits. It 
. remains that we determine the motions of bodies 
in the orbirs ſo found. | 


Plate XIF.Z24.I.P 242. 


Fig apas , 
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we a VI. 


How the motions are to be found in 
given orbits. 


— 


PROPOSITION XXX. PROBLEM XXII., 


To find at any aſſigned time the place 


of a body moving in a given pas a- 
Bolic . N es 


Let S (Pl. 14. Fig. 1.) be the focus, an 4 4 
the principal vertex of the parabola; and ſup poſe 
4ASxXM _ to the parabolic area to be cr it off 
APS, which either was deſcribed by the 1 adius 
SA ſince the bodies departure from the vert x, or 
is to be deſcribed thereby before its arrival there. 
Now the quantity of that area to be cut off is 
known from the time which is proportional to it. 
Biſe& AS in G, and erect the perpendicul r GH 
equal to 3 M, and a circle deſcribed abou t the 
centre H, with the interval HS, will cut th e 
bola in the place P required. For letting / all PO 


paper 
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perpendicular on the axis, and drawing P H. 
there will be AG*-|- G (H AO. 
-| PO—GH|*) = AO*-|-PO*—2GAO—26GH 
--PO-}- AG*-|- G H*. Whence 2G Hx PO 

SAO O- GAO) = AO*-1-4 PO*. For 
AO* write AOx 5 then dividing all the terms 
by 3 PO, and multiplying them by 2 45, we ſhall 
have G Hx AS (= AOxPO--£ ASxPO= 


AO-\ 3 AS AO—2;$S0 
— — xPO= 7 *. xPO= to 


the area APO—SPO)) = to the area APS. But 
G H was; M, and therefore ? G HxAS is4 ASx M. 
Wherefore the area cut off APS is equal to the 
;zrea that was, to be cut off 44S M. ©. E. D. 

Cor. 1. Hence GH is to AS, as the time in 
w'hich the body deſcribed the arc A, to the 
tu ne in which the body deſcribed the arc, between 
the vertex A and the perpendicular erected from 


the! focus S upon the axis. 


(OR. 2. And ſuppoſing a circle ASP, perpe- 
tual ly to paſs ho 2 moving body P, the 
velo city of the point H, is to the velocity which 
the body had in the vertex 4, as 3 to 8; and 
then *fore in the ſame ratio is the lie GH to the 
right: line which the body, in the time of its 
movi ng from 4 to P, would deſcribe with that 
veloc ity which it had in the vertex A. | 

Cc R. 3. Hence alſo on the other hand, the time 
may be found, in which the body has deſcribed 
= 2 l AP. join AP, and 9 _ 

le pc int a perpendicular meeting the rig 
line G H in H. K 


LEMMA 
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LEMMA XXVIII. 


There is no oval figure whoſe area, cut 
off by right lines at pleaſure, can be 
univerſally found by means of equnti- 
ons of any number of finite terms and 
dimenſions. 


Suppoſe that within the oval any point is given, 
about which as a pole a right line is perpetually 
revolving, with an uniform motion, while in that 
right line a moveable point going out from the 
pole, moves always forward with a velocity propor- 
tional to the ſquare of that right line within the 
oval. By this motion that point will deſcribe a 
ſpiral with infinite circumgyrations. Now if a 
portion of the area of the oval cut off by that 
right line could be found by a finite equation, 
the diſtance of the point from the pole, which is 
proportional to this area, might be found by the ſame 
equation, and therefore all the points of the ſpiral 
might be found by a finite equation alſo; and 
therefore the interſection of a right line given in 

ſition with the ſpiral might alſo be found by a 
nite equation. Bur every right line infinitely pro- 
duced cuts a ſpiral in an infinite number of points; 
and the equation by which any one interſection 
of two lines is found, at the ſame time exhibits 
all their interſections by as many roots, and there- 
ſore riſes to as many dimenſions as there are inter- 
ſections. Becauſe two circles mutually cut one 
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another in two points, one of thoſe interſections is 
not to be found but by an equation of two di- 
menſions, by which the other interſection may be 
alſo found. Becauſe there may be four interſecti- 
ons of two conic ſections, any one of them is 
not to be found univerſally but by an equation 
of four dimenſions, by which they may be all 
found together. For if thoſe interſections are ſe- 
verally ſought, becauſe the law and condition of 
all is the ſame, the calculus will be the ſame in e- 
very caſe, and therefore the concluſion always the 
ſame, which muſt therefore comprehend all thoſe 
interſections at once within it ſelf, and exhibit 
them all indifferently. Hence it is that the inter- 
ſections of the conic ſections with the curves of 
the third order, becauſe they may amount to fix, 
come out together by equations of fix dimenſions; 
and the interſect ions of two curves of the third 
order, becauſe they may amount to nine come 
out together by equations of nine dimenſions. If 
this did not neceſſarily happen, we might reduce 
all folid to plane problems, and thoſe higher than 
ſolid to ſolid But here I ſpeak of cur- 
ves irreducible in power. For if the equation by 
which the curve is defined may be reduced to a 
lower power, the curve will not be one ſingle 
curve, but compoſed of two or more; whoſe inter- 
ſections may be ſeverally found by different cal- 


culus's. After the fame manner the two interſec- 


tions of right lines with the conic ſections, come 
out always by equations of two dimenſions; the 
three interſections of right lines with the irreduci- 
ble curves of the third order by equations of three 
dimenſions ; the four interſections of right lines 
with the irreducible curves of the fourth _— 

Y 
N 
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by equations of four dimenſions, and ſo on in 
infinitum. Wherefore the innumerable interſections 
of a right line with a ſpiral, ſince this is but one 
ſimple curve, and not reducible to more curves, 
uire- equations infinite in number of dimenſions 
— roots, by which they may be all exhibited to- 
gether. For the law and calculus of all is the 
ſame. For if a perpendicular is let fall from the 
pole upon that interſecting right line, and that 
perpendicular together with the interſecting line 
revolves about the pole; the interſections of the 
fpiral will mutually paſs the one into the other; 
and that which was firſt or neareſt, after one re+ 
volution, will be the ſecond, after tvo, the third, 
and ſo on; nor will the equation in the mean time 
be changed, but as the magnitudes of thoſe quan- 
tities are changed, by which tlie poſition of the 
interſecting line is. determined. Wherefore ſince 
thoſe quantities after every revolution return to 
their firſt magnitudes, the equation will rerurn to 
its firſt form, and conſequently one and the fame 
equation will exhibit all the interſections, and will 
therefore have an infinite number of roots, by which 
they may be all exhibited: And therefore the in- 
terſection of a right line with a ſpiral cannot be 
univerſally found by any finite equation ; and of 
conſequence there is no oval figure whoſe area, cut off 
by right lines at pleaſure, can be univerſally exhibited 
by. any ſuch equation. 
By the fame argument, if the interval of the 
pole and point by which the ſpiral is deſcribed, is 
taken proportional to that part of the perimeter of 
the oval which is cut off; it may be proved thar 
the length of the perimeter cannot be univerſally 
exhibited by any finite equation. But here I yu 
de, 


in the following manner. 
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of ovals that are not touched by conjugate figures 
running out in infinitum. 

Cox. Hence the area of an ellipſis, deſcribed 
by a radius drawn from the focus to the 
moving body, is not to be found from the time 
given, by a finite equation; and therefore cannot 
be determined by the deſcription of curves geome- 
trically rational. Thoſe curves I call geometrically 
rational, all the points whereof may be determined 
by lengths that are defineable by equations, that is, 
by the complicated ratio's of lengths: Other cur- 
ves (ſuch as ſpirals, quadratrixes, and cycloids) I 
call geometrically irrational. For the lengths which 
are or are not as number to number (according to 
the tenth book of elements) are arithmetically ra- 
tional or irrational. And therefore I cut off an 
area of an ellipſis proportional to the time in which 
it is deſcribed by a curve geometrically irrational, 


PzoeosITION XXXI. PROBLEM XXIII. 
To find the flace of a body moving in a 


Liven elliptic trajetiory at any aof- 
ſianed time. 


Suppoſe A (Pl. 14. Fig. 2.) to be the prin- 
cipal vertex, S the focus, and O the centre of the 
ellipſis A B; and let P be the place of the body to be 
found. Produce OA to G, ſo as OG may be to 
OA as OA to OS. Erect the perpendicular G H; 
and about the centre O, with the interval OG, 
deſcribe the circle GEF; and on the rulet GH, 

28 
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as a baſe, ſuppoſe the wheel GEF to move for- 
wards, revolving about its axis, and in the mean 
time by its point A deſcribing the cycloid ALI. 
Which done, take GK to the perimeter GE FG 
of the wheel, in the ratio of the time in which 
the body, proceeding from A, deſcribed the arc Ap, 
to the time of a whole revolution in the ellipſis. 
Erect the perpendicular X L meeting the cycloid 
in L, then L drawn parallel to XG will meet 
the ellipſis in P the required place of the body. 

For about the centre O with the interval O4 
deſcribe the ſemicircle AO B, and let L, pro- 
duced if need be, meet the arc AQ in O, and 
join SQ, O. Let 00 meet the arc EFG in 
F, and upon OQ let fall the perpendicular S R. 
The area APS is as the area AQS, that is, as 
the difference between the ſector OA and the 
triangle OS, or as the difference of the rectan- 
gles + OQxAQ, and 10 K SR, that is, becauſe 
20 Q is given, as the difference between the arc 
A2 and the right line SR; and therefore (be- 
cauſe of the equality of the given ratio's SR to 
the ſine of the arc AQ, OS ro OA, OA to OG, 
AQ to GF, and by diviſion, AQ—SR to G6 F— 
ſine of the arc AQ) as GK the difference be- 
tween the arc GF and the ine of the arc AQ. 
Q. E. D. 


SCHOLIU u. 


But ſince the deſcription of this curve is diffi- 
cult, aſolution by approxim ation will be pref. rable. 
Firſt then let there be found a certain ange B 
which may be to an angle of 57, 29578 degrees, 
1 which 


— — — 
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which an arc equal to the radius ſubtends, as SI 
(Pl. 14. Fig. z.) the diſtance of the foci, to AB 
the diameter of the ellipſis. Secondly, a certain 
length L, which may be to the radius in the fame 
ratio inverſely. And theſe being found, the pro- 
blem may be ſolved by the following analy ſis. 
By any conſtruction (or even by conjecture) ſup- 
poſe we know P the place of the body near its 
true place p. Then letting fall on the axis of the 
ellipſis the ordinate YA, from the proportion of the 
diameters of the ellipſis, the ordinate & & of the 
circumſcribed circle AQ B will be given; which 
ordinate is the fine of the angle 4O © ſuppoſing 
AO to be the radius, and alſo cuts the dlipfis in P. 
It will be ſufficient if that angle is found by a 
rude calculus in numbers near the truth. Suppoſe 
we alſo know the angle proportional to the time, 
that is, which is to four right angles, as the time 
in which the body deſcribed the arc Ap, to the 
time of one revolution in the <llipfis. - Let this 
angle be N. Then take an angle D, which may 
be to the angle B as the fine of the angle 40 
to the radius; and an\ angle E which may be to 
the angle N— 40 e D, as the length L to the 
ſame length L diminiſhed by the co- ſine of the 
angle 40 Q, when that angle is leſs than a right 
angle, or increaſed thereby when greater. In the 
next place take an angle F that may be to the an- 
gle B, as the fine of the angle 40Q-| E to 
the radius, and an angle G, that may be to the 
angle N—AO -E F, as the length L to the 
ſame length L diminiſhed by the co- ſine of the 
angle 4OQ-\-E, when that angle is leſs than a 
right angle, or increaſed thereby when greater. For 
the third Lime take an angle H, that may be * 
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the angle B as the fine of the angle 40 A. E G 
to the radius; and an angle I to the angle 
N—AOQ—E—G-| F, as the length L is to the 
ſame length L diminiſhed by the co-fine of the 
angle AQ Q-j-E-|-G when that angle is leſs than 
a right angle, or increaſed thereby when greater. 
And ſo we may proceed in infinitum. Laſtly, take 
the angle rhe 7 to the angle AOQ-; E- 
G-|-I-|- &c. from its co- ſine Or and the or- 
dinate pr, which is to its fine qr as the leſſer axis 
of the ellipſis to the greater, we ſhall have p the 
correct place of the body. When the angle 
N- AON -D happens to be negative, the ſign 
-|- of the angle E muſt be every where changed 
into —, and the ſign — into -| . And the fame 
thing is to be underſtood of the ſigns of the an- 
gles G and I, when the angles N—4O 2—E -| F, 
and N-—AO -E = H come out negative. 
But the infinite ſeries 4O Q-|-E-| G-j IL Ge. 
converges fo very faſt, that it will be ſcarcely ever 
needful to proceed beyond the ſecond term E. 
And the calculus is founded upon this theorem, 
that the area APS is as the difference between 
the arc AQ and the right line let fall from the 
focus 5 1 upon the radius O Q. 

And by a calculus not unlike, the problem is 
ſolved in the hyperbola. Let its centre be O, 
(Fl. 14. Bi: 4.) its vertex A, its focus S, and 
aſymptote O K. And ſuppoſe the quantity of the 
area to be cut off is known, as being proportional 
to the time. Let that be A, and b conjecture 


ſuppoſe we know the poſition of a right line 
SP, that cuts off an area 4 PS near the truth. 
Join OP, and from A and P to the aſymptote 
draw AL, PX parallel to the other aſymptote: 
; | L 4 and 


* 2 
—— — — 
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and by the table of logarithms the area AIX 
will be given, and equal thereto the area OPA. 
which ſubducted from the triangle OPS, will 
leave the area cut off A S. And by applying 
2 APS—2A, or 2A—2ATS, the double diffe- 
rence of the area A that was to be cut off, and 
the area A that is cut off, to the line SN that 
is let fall from the focus S, perpendicular upon the 
tangent T7, we ſhall have the length of the chord 
7 . Which chord P-/ is to be inſcribed between 
A and 7, if the area AP that is cut off be 
po than the area A that was to be cut off, 
ut towards the contrary fide of the point P, if 
otherwiſe : and the point © will be the place of the 
body more accurately. And by repeating the com- 
putation the place may be ſound perpetually to 
greater and greater accuracy. 

And by ſuch computations we have a general 
analytical reſolution of the problem. But the parti- 
cular calculus that follows, is better fitted for 
aſtronomical purpoſes. Suppoſing AO, OB, OD 
(Pl. 14. Fig. 5.) to be the ſcmi-axes of the el- 
lipſis, and L its latus rectum, and D the difference 
betwixt the leſſer ſemi-axis O D, and + L the half 
of the latus rectum: let an angle Y be found, 
whoſe ſine may be to the radius, as the” reQangle 
under that difference D and 4O-; OD the half 
ſum of the axes, to the ſquare of the greater axis 
AB. Find alſo an angle Z whoſe ſine may be 
ro the radius, as the double rectangle under the 
diſtance of the foci SH and that difference D, to 
triple the ſquare of half the greater ſemi- axis AO. 
Thoſe angles being once found, the place of the 
body may be thus determined. Take the angle 
T proportional to the time in which the arc B 

ö Was 
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was deſcribed, or equal to what is called the mean 
motion; and an angle V, the firſt equation of the 
mean motion to the angle V, the greareſt firſt e- 

uation, as the fine of double the angle T is to 
the radius; and an angle X, the ſecond equation, to 
the angle Z, the ſecond gteateſt equation, as the 
cube of the ſine of the angle T is to the cube 
of the radius. Then take the angle BH the 
mean motion equated equal to T.. X -V the ſum 
of the angles T. V, X, if the angle T is leſs than 
a right angle; or equal to T-| X -V the diffe- 
rence of the ſame, if that angle T is greater than 
one and leſs than two. right angles; and if H 
meets the ellipſis in P, draw SF, and it will cut 
off the area BS nearly proportional to the time. 

This practice ſeems to be expeditious enough, 
becauſe the angles V and X, taken in ſecond 
minutes if you pleaſe, being very ſmall, it 
will be ſufficient to find two or three of their 
firſt figures. But it is likewiſe ſufficiently accurate 
ro anſwer to the theory of the planets motions. 
For even in the orbit of Mars, where the greateſt 
equation of the centre amounts to ten degrees, 
the error will ſcarcely exceed one ſecond. But 
when the angle of the mean motion equated 
BHP is found, the angle of the true motion 
BSP, and the diſtance SP are readily had by 
the known methods. 

And ſo far concerning the motion of bodies in 
curve lines. But it may alſo come to paſs that a 
moving body ſhall aſcend or deſcend in a right 
line; and I ſhall now go on to explain what belongs 
to ſuch kind of motions. 
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SECTION VII. 


Concerning the rectilincar aſcent and de- 
cent of bodies. 


— — Ly 


PROPOSITION XXXII. PROBLEM XXIV. 


Suppoſing that the centripetal force is 

reciprocally proportional to the' ſquare 
of the diſtance of the places from 
the centre; it is required to define 
- the ſpaces which a body, falling di- 
rely, deſcribes in given times. 


Cask 1. If the body does. not fall perpendicu- 
larly it will (by cor. 1. prop. 13.) deſcribe ſome 
conic ſection whoſe focus is placed in the centre 
of force.” Suppoſe that conic ſection to be ARFB 
(Pl. 15. Fig. 1.) and its focus S. And fyſt, if 
the figure an ellipſis; upon the greater axe 
thereof 4B deſcribe the ſemi-circle ADB, and let 
the right line D PC paſs through the falling body, 

; | making 


Plate XN. ol. 1.254. 


Fg. 2.148. 
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making right angles with the axis; and drawing 
DS, PS, the area ASD will be proportional to 
the area ASP, and therefore alſo to the time. 
The axis AB till remaining the fame, let the 
breadth of the ellipſis be perpetually diminiſhed, 
and the area ASD will always remain proportional 
ro the time. Suppoſe that breadth to be diminiſhed 
in infinitum; and the orbit P B in that caſe coin- 
ciding with the axis AB, and the focus & with the 
extreme point of the axis B, the body will de- 
ſcend in the right line AC, and the area ABD 
will become proportional to the time. Wherefore 
the ſpace AC will be given which the body de- 
ſcribes in a given time by its perpendicular fall 
from the place A, if the area ABD is taken pro- 
portional to the time, and from the point D, the 
right line DC is let fall perpendicularly on the 
right line AB. O. E. I. 

Cas 2. If the figure XP is an hyperbola, (Fig. 
2.) on the ſame principal diameter A deſcribe the 
rectangular hyperbola B ED; and becauſe the areas 
CSP, CBfP, SRB, are ſeverally to the ſeveral 
areas CSD, CBED, SDEB in the given ratio 
of the heights CP, CD; and the area Sf is 
proportional to the time in which the body P will 
move through the arc Pf B, the area SDEB will 
be alſo proportional to that time. Let the latus 
retum of the hyperbola RPB be diminiſhed in 
infinitum, the latus tranſverſum remaining the ſame ; 
and the arc PB will come to coincide with the 
right line CB, and the focus & with the vertex B, 
and the right line SD with the right line B D. 
And therefore the area B DE will be proporti- 
onal to the time in which the body C, by its 


i perpen- 


p —— — ——— 
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icular deſcent, deſcribes the line CB. 


L. E. J. 
Cask 3. And by the like argument if the figure 


RPB is a parabola, (Fig. 3.) and tothe fame principal 
vertex B another parabola B ED is deſcribed, that 
may always remain given while the former parabo- 
la in whoſe perimeter the body P moves, by having 
its latus rectum diminiſhed and reduced to nothing, 
comes to coincide with the line CP; the parabolic 
ſegment B DEH will be proportional to the time, 
in which that body P or C will deſcend to the 


centre S&S or B. C. E. I. 
ProyoSITION XXXIII. TnkOoREM IX. 


The things above found being ſuppoſed, 

Jay that the velocity of a falling 
body in any place C, is to the velo- 
city of a body, deſcritins a circle a- 
bout the centre B at the diſtance BC, 
in the fubduflicate ratio of AC, the 
diſtance ef the body from the re- 
moter vertex A H the circle or refan- 
. gular hyperbole, to AB the principal 
ſemi-diameter of the figure. Pl. 15. 
Fig. 4. 


Let AB the common diameter of bath figures 
RPB, DEB be biſected in O; and draw the 
right line PT that may touch the figure RP in 
P, and likewiſe cut that common diameter AB 
(produced if need be) in 7; and let ST be per- 


pendicular to this line, and 2 Q to this diameter, 
and 
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and ſuppoſe the latus rectum of the figure RPB 
to be L. From cor. 9. prop. 16. it is manifeſt 
that the velocity of a body, moving in the line 
 RPB about the centre S, in any place P, is to 
the velocity of a body deſcribing a circle about the 
ſame centre, at the diſtance SP, in the ſubduplicate 
ratio of the reftangle 4 LxS?P to SE. For by 
the properties of the conic ſections ACB is to 


2CP**xAO 
S AO 't ; 8 h f — — 1 
CP* as 2 0 and therefore FTT 


equal to L. Therefore thoſe velocities are to each 


other in the ſubduplicate ratio of 2 4 


ST*. Moreover by the properties of the conic 
ſections, CO is to BO as FO to TO, and (by 
compoſition or diviſion) as CB to BT. Whence 
by diviſion or compoſition) BO— or CO 
will be to BO, as CT to BT, that is, AC will 


3 

be to A Oas C to B Qʒ and therefore = xXAOxSP 
ACB 

14, BO xACXS? 

is equal to 3 — Now ſuppoſe CP the 


breadth of the figure x PB to be diminiſhed in in- 
finitum, ſo as the point P may come to coincide 
with the point C, and the point S with the point 
B, and the line SP with the line BC, and the 
line ST with the line BY; and the velocity of 
the body now deſcending perpendicularly in the 
line CB will be to the velocity of a body de- 


ſcribing a circle about the centre B at the diſtance 
BC, in the ſubduplicate ratio of BQ*x4 CxSP * 


8 AO BCE 
SY*, that is (neglecting the ratio's of equality of 
: SP 


* 
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SP to BC, and BQ to ST”) in the ſubduplicate 
ratio of AC to AO or AB. Q. E. D. 
Cor. 1. When the points B and & come to 


coincide, 7'C will become to T'S, as AC to 


A O. , 1 > 

Cor. 2. A body revolving in any circle at a 
given diſtance from the centre, by its motion con- 
yerted upwards will afcend to Jouble its diſtance 
from the centre. | 


PRoyoSITION XXXIV. Tyrortm X. 


If the figure BED is a parabola, I ſay 
that the velocity of a fallins body in 
any place C is equal to the vbhocity 
by which a body may uniformly de- 
ſcribe a circle alout the centre B at 


half” the interval BC. Pl. 15. Fig. 5. 


For (by cor. 7. prop. 16.) the velocity of a body 
deſcribing a parabola R P B about the centre S, in any 
place P, 1s equal to the velocity of a body uniformly 
deſcribing a circle about the ſame centre S at half the 
interval S . Let the breadth CP of the parabola be 
diminiſhed in infinitum, ſo as the parabolic arc PfB 
may come to coincide with the right line CB, the 
centre S with the vertex B, and the interval SP with 
the interval BC, and the propoſition will be mani- 


feſt, O. E. D. 


o 
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| The ſame things ſuppoſed, I ſay that 
the area of the figure DES, deſcri- 
bed by the indefinite radius SD, is e- 
qual to the area which a body with 
a radius equal to half the latus rec. 
tum of the- figure DES, by uniformly 
revolving about the centre S, may de- 
ſcribe in the ſame time. Pl. 16. Fig. 1. 


For ſuppoſe a body C in the ſmalleſt moment of 
time deſcribes in falling the infinitely little line Cc, 
while another body & uniformly. revolving about 
the centre & in the circle O Kk, deſcribes the arc 
K Erect the diculars CD, c d, meeting the 
figure DES in P, d. Join SD, Sd, SK, Sk, and 
draw Dd meeting the axis AS in 7, and thereon 
ler fall the perpendicular ST. 

CASE 1. If the figure DES is a circle or a rect- 
angular hyperbola, biſeR its tranſverſe diameter AS 
in O, and. SO will be half the latus rectum. And 
becauſe TC is to TD as Cc to Da, and TD to 
TS as CD to ST; ex equo TC will be to TS, 
as CDxCc to STx Dd, But (by cor. 1. p 
33) TC is to TS as AC to AO, to wit, if in 
the coaleſcence of the points D, d, the ultimate 
ratio's of the lines are taken. Wherefore AC 
is to AO or SKas CDxCc to STx Dd: Far- 
ther, the velocity of the deſcending body in C 
is to the velocity of a body deſcribing a cucle _ 
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the centre S, at the interval SC, in the ſubdupli- 
cate ratio of AC to AO or SK (by prop. 33.) 
and this velocity is to the velocity of a bod 

deſcribing the circle O Xk in the ſubduplicate ra- 
tio of SK to SC (by cor. 6. prop. 4.) and ex 
quo, the firſt velocity to the laſt, that is the 
little line Cc to the arc Xk, in the ſubduplicate 
ratio of AC to SC, that is in the ratio of AC 
to CD: Wherefore C Dx Cc is equal to AC KK, 
and conſequently AC to SK as ACxKk to 
STx Dd, and thence SK* Kk equal to STx Da, 
and * SKxKk equal ro + STx Da, that is; the 
area X SK equal to the area SDd. Therefore in 
every moment of time two equal particles, X Sæ and 
S Da, of areas are generated which, if their mag- 
nitude is diminiſhed and their number increaſed in 
inſinitum, obtain the ratio of equality, and conſe- 
quently (by cor. lem. 4.) the whole areas toge- 

generated are always equal. Q. F. D. 

Cask 2. But if the figure DES (Eig. 2.) is a parabo- 
la, we ſhall find as above C Dx Ce to ST« Dd as 
TC to Ts, that is, as 2 to 1; and that therefore 
+CDxCc is equal to 3 STx Dd, But the velo- 
city of the falling body in C is equal to the ve- 
locity with which a circle may be uniformly de- 
ſcribed at the interval 3 S C, (by prop. 34-) And 
this velocity to the velocity with which a circle 
may be deſcribed with the radius S that is, the 
little line Cc to the arc Kk, is (by cor. 5. 5 4.) 
in the ſubduplicate ratio of SK to SC; that is, 
in the ratio of SK to : CD. Wherefore + SKx Kk 
is equal to 1 CDx Cc, and therefore equal to 
+STx Dd; that is, the area XSk is equal to the 
area S Dd as above. Q. E. D. 
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PxoeOSITION XXXVI. PROBLEM XXV. 


75 determine the times of the de- 
ſcent of a body falling from a given 
place A. Pl. 16. Fig. 3. | 


Upon the diameter AS, the diſtance of the 
body from the centre at the beginning, deſcribe 
the ſemi-circle 4 DS, as likewiſe the ſemi-circle 
ORA equal thereto, about the centre S. From 
any place C of the body, erect the ordinate CD. 
Join S D, and make the ſector OS K equal to the 
area ASD. It is evident by prop. 3 5. that the 
body in falling will deſcribe the ſpace AC in the 
ſame time in which another body, uniformly re- 
5 volving about the centre S, may deſcribe the arc 

OK. N. E. F. | 


ProPOSITION XXXVII. PROBLEM XXVI. 


To define the times of the aſcent or deſcent 
of a body projefled upwards or down- 
wards from a given place. Pl. 16. Fig. 4. 


Suppoſe the body to go off from the given 
dhce G, in the direction of the line GS, te 
ny velocity. In the duplicate ratio of this velo- 
ciry to the uniform velocity in a circk, with 
which the „ about the cen- 

8 dre 
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tre S at the given interval SG, take GA to 2 AS, 
If that ratio is the fame as of the number 2 to 
1 the point A is infinitely remote; in which caſe 
a par is to be deſcribed with any latus rectum 
to the vertex S, and axis SG; as appears by prop. 
54. But if that ratio is leſs or greater than the 
ratio of 2 to 1, in the former caſe a circle, in the 
latter a rectangular hyperbola, is to be deſcribed on 
the diameter SA; as appears by prop. 33. Then 
about the centre S, with an interval equal to half the 
latus rectum, deſcribe the circle H&K, and at the 
place G of the aſcending or deſcending body, and 
at any other place C, ere& the perpendiculars G 7, 
CD; meeting the conic ſection or circle in I and D. 
Then joining SZ, SD, let the ſectors HSK, HSk 
be made equal to the ſegments S EIS, SE DS, and 
by prop. 3 5- the body G will deſcribe the ſpace G C in 
the fame time in which the body & may deſcribe 
the arc K K. Q. E. F. 


PROPOSITION XXXVIII. TukOREN XII. 


Suppoſing that the centripetal force is 
proportional to the altitude or diſtance 
of places from the centre, I ſay, that 
the times and velocities of falling bo- 
dies, and the ſpaces which they de- 
ſcribe, are reſpetiively proportional to 
the arcs, and the right and verſed fines of 
the arcs. Pl. 17. Fig. 1. 


Suppoſe the body to fall from any place A in 
the right line AS; and about the centre wy 
| wit 


— — — — 
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with the interval 4, deſcribe the quadrant of a cir- 
cle AE; and let CD be the right fine of any arc 
AD; and the body 4 will in the time AD in fal- 
ling deſcribe the ſpace 4 C, and in the place C 
will acquire the velocity C D. | 

n from prop. 
10. as prop. 32. was demonſtrated from prop. 
11. 

Cox. 1. Hence the times are equal in which 
one body falling from the place A arrives at the 
centre S, and another body revolving deſcribes the 
quadrantal arc ADE. 

Cor. 2. Wherefore all the times are equal in 
which bodies falling from whatſoever places arrive 
at the centre. For all the periodic times of re- 


volving bodies are equal, by cor. 3. prop. 4+. 


ProeostTION XXXIX. PROBLEM XXVII. 


Suppoſing à centripeta! force of any kind, 
and granting the quadratures of cur- 
vilinear figures; it is required to find 
the velocity of a body, aſcending or 
deſcending in a right line, in the ſe- 
veral places through which it paſſes , 
as. alſo the time in which it will 
arrive at any place; And vice ver- 


Ja. 


' Suppoſe the body E (Pl. 17. Fig. 2.) to 
fill from any place A in the right line ADEC; 


and from its place E i a perpendicular E G 
| M 2 always 


—y—— — Pe —— K — 


6 n_—_ wa 
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always erefted, proportional to the centripetal force 


in that place tending to the centre C; and let 
BFG be a curve line, the locus of the point G. 
And in the beginning of the motion ſuppoſe EG 
to coincide with the perpendicular AB; and the 
velocity of the body in any place E will be as a 


right line whoſe power 1s the curvilinear area AB GE. 


E. J. 

In EG take EA reciprocally proportional to a 
right line whoſe power is the area ABGE, and 
let LM be a curve line wherein the point A 
is always placed, and to which the right line AB 


produced is an aſymptote, and the time in which 


the body in falling deſcribes the line AE, will 
be as the curvilinear area ABTV ME. Q. E. I. 
For in the right line AE let there be taken 
the very ſmall line DE of a given length, and 
let DLF be the place of the line EG. when 
the body was in D; and if the centripetal force 
be ſuch, that a right line whoſe power is the area 
ABGE, is as the velocity of the deſcending bo- 
dy, the area it ſelf will be as the ſquare of that 
velocity; that is, if for the velocities in D and E 
we write V and V-| I, the area A5 FD will 
be as VV, and the area AB G E as V V-; 2V1-| IT; 
and by diviſion the area DFGE as z VIII, 


DFGE . 2VI II 
and therefore DE * 9 — that 
is, if we take the firſt ratio's of thoſe quantities 
when juſt naſcent, the length DF is as the quan- 


tity — and therefore alſo as half that quantity 


IV 


DE But the time, in which the body in 
falling 
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falling deſcribes the very ſmall line DE is as that 
line directly and the velocity V inverſely, and the 
force will be as the increment I of the velocity 
directly and the time inverſely, and therefore if we 
take the firſt ratio's when thoſe quantities are juſt 


57 that is as the length DF. There- 


fore a force proportional to DF or EG will 
cauſe the body to deſcend with a velocity that 
is as the right line whoſe power is the area 
ABGE, C. E. D. 

Moreover ſince the time, in which a very ſmall 
line DE of a given length may be deſcribed, is 
as the velocity inverſely, and therefore alſo inverſe- 
ly as a right line whoſe ſquare is equal to the 
area AB FD; and fince the line DL, and by con- 
ſequence the naſcent area DLME, will be as the 
ſame right line inverſely : the time will be as the 
area DLMF, and the ſum of all the times will 
be as the ſum of all the area's; that is (by cor. 
lem. 4.) the whole time in which the line AE 
is deſcribed will be as the whole area ATV ME. 
Q. E. D. | 

Cor. 1. Let P be the place from whence a 
body ought to fall, ſo as that when urged by 
any known uniform centripetal force (ſuch as 
gravity is vulgarly ſuppoſed to be) it may acquire 
in the place D a velocity, equal to the velocity 
which another body, falling by any force what- 
ever, hath acquired in that place D. In the per- 
pendicular DF let there be taken DR, which 
may be to DF as that uniform force to the o- 
ther force in the place D. Compleat the rectan- 
gle PDR, and cut * the area ABFD equal 

3 to 


naſcent as 
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to that rectangle. Then A will be the place from 
whence the other body fell. For completing the 
rectangle DRS E, ſince the area ABFD is to the 
area DFGE as VV to 2VI, and therefore as 
2 V to I, that is, as half the whole velocity 
to the increment of the velocity of the body 
falling by the unequable force; and in like man- 
ner the, area PC RD to the area DRSE, as half 
the whole velocity to the increment of the velo- 
= of the body falling by the uniform force; 

ſince thoſe increments (by reaſon of the e- 
quality of the naſcent times) are as the genera- 
ting forces, that is, as the ordinates DF, DR, and 
conſequently as the naſcent area's DFG FE, DRSE; 
therefore ex qua the whole areas ABFD, PR 
will be to one another as the halves of the whole 
velocities, and therefore, becauſe the velocities are 
equal, they become equal alſo. 

Cor. 2. Whence if any body be projected ei- 
ther upwards or downwards with a given velocity 
from any place D, and there be given the law of 
centripetal force acting on it, its velocity will be 
found in any other place as e, by erecting the or- 
dinate eg, and taking that yglocity to the velocity 
in the place D, as a right line whoſe power is the 
rectangle PQ RD, either increaſed by the curvi- 
linear area D Fee, if the place e is below the place 
D, or diminiſhed by the ſame area DFge if it be 
higher, is to the right line whoſe power is the rectan- 
gle PO RD alone, 

Cor. 3. The time is alſo known by ereRing 
the ordinate e reciprocally proportional to the ſquare 
root of PORD-\- or —DFge, and taking the 
time in which the body has deſcribed the line De, to 
the time in which another body has fallen with an 

| uni- 
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uniform force from P, and in falling arrived at B, 


in the proportion of the curvilinear area D Lme 
to the rectangle 2 PDxDL. For the time in 
which a body falling with an uniform force hath 
| deſcribed the line PD, is to the time in which 
the ſame body has deſcribed the line PE, in the 
ſubduplicate ratio of PD to PE; that is (the ve- 
ry ſmall line DE being juſt naſcent) in the ratio of 
PD to FD DE, or 2 PD to 2 PD-|- DE, 
and by diviſion to the time in which the body hath 
deſcribed the ſmall line DE, 8 2 PD to DE, and 
therefore as the rectangle 2 PDxDL to the area 
DL ME; and the time in which both the bodies 
deſcribed the very ſmall line DE is to the time 
in which the body moving unequably hath de- 
ſcribed the line De, as the area DLM E ta the area 
DLme; and ex equo the firſt mentioned of theſe 
times is to the laſt as the rectangle 2 P Dx D to the 
area D L me. 


M 4 SECTION 
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SgcCTION VAL 


Of the invention of orbits wherein bodies 
will revolve, being affed upon by 
any ſort of cen!ripetal force. 


— 


= — 


PROPOSITION XL. TukoREM XIII. 


If a body, afled upon by any centripe- 
tal force, is any how moved, and 
another body aſcends or deſcends in a 
right line; and their velocities be e- 
qual in any one caſe of equal alti- 
tudes, their veloctties will be alſo equal 
at all equal altitudes. 


Let a body deſcend from A (Pl. 17. Fig. z.) 
through D and E, to the centre C; and let ano- 
ther Ba move from in the curve line YV1XKk. 
From the centre C, with any diſtances, deſcribe the 
concentric circles DI, EX, meeting the right line 
AC in D and E, and the curve VIX K. 

raw 
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Draw /C meeting XE in V. and on ITX let fall 
the perpendicular NT; and let the interval DE or 
IN, between the circumferences of the circles 
be very ſmall; and imagine the bodies in D 
and 1 to have equal velocities Then becauſe the 
diſtances CD and CI are equal, the centripetal 
forces in D and J will be alſo equal. Let thoſe 
forces be expreſs'd by the equal lineolæ DE and 
TIN; and let the force TV (by cor 2. of the laws 
of motion) be reſolved into two others, VT and 
IT. Then the force VT acting in the direction 
of the line VT perpendicular to the path TTX 
of the body, will not at all affect or change the 
velocity of the body in that path, but only draw 
it aſide from a rectilinear courſe, and make it de- 
fle& perpetually from the tangent of the orbit, 
and proceed in the curvilinear path 77 Kk. That 
whole force therefore will be ſpent in producing 
this effect; but the other force 7T, acting in the 
direction of the courſe of the body, will be all 
employed in accelerating it; and in the leaſt given 
time will produce an acceleration proportional to it 
ſelf, Therefore the accelerat ions of the bodies in 
D and I produced in equal times, are as the lines 
DE, IT; (if we take the firſt ratio's of the naſcent 
lines DE, IN, IX, IT. NT;) and in unequal 
times as thoſe lines and the times conjunctly. But 
the times in which DE and IX are deſcribed, are, 
by reaſon of the equal velocities (in D and J) as 
the ſpaces deſcribed DE and IK, and therefore 
the accelcrations in the courſe of the bodies through 
the lines DE and IK, are as DE and 17, and 
DE and IX conjunctly; that is, as the ſquare of 
DE to the rectangle JT into TK. But «8 rect- 
angle TT IX is equal to the ſquare of IM that 

ä 15 
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is equal to the ſquare of DE, and therefore the 
accelerations generated in the paſſage of the bodies 
from D and J to E and X are equal. Therefore 
the velocities of the bodies in E and & are alſo e- 
qual: and by the fame reaſoning they will always 
be found equal in any ſubſequent equal diſtances. 

„E. D. 

9 By the fame reaſonihg, bodies of equal velocities 
and equal diſtances from the centre will be equally re- 
tarded in their aſcent to equal diſtances. O, E. D. 

CoR. 1. Therefore if a body either oſcillates by 
hanging to a ſtring, or by any poliſhed and per- 
ſectly ſmooth impediment is forced to move in a 
curve line; and another body aſcends or deſcends in 
a right line, and their velocities be equal at any 
one equal altitude; their velocities will be alſo equal 
at all other equal altitudes. For, by the ſtring of 
the ulous body, or by the impediment of a 
veſſel perfectly ſmooth, the ſame thing will be cf- 
feed, as by the tranſverſe force NT. The body 
is neither accelerated nor retarded by it, but only is 
obliged to quit its rectilinear courſe. 

Cor. 2. Suppoſe the quantity P to be the 
greateſt diſtance from the centre to which a body 
can aſcend, whether it be oſcillating, or revolvi 
in a trajectory, and ſo the ſame projected — 
from any point of a trajetory with the velocity 
it has in that point. Let the quantity A be the 
diſtance of the body from the centre in any other 
point of the orbit; and ler the centripetal force be 
always as the power Ari of the quantity A, the 
index of which power #—1, is any number » di- 
miniſhed by uniry. Then the velocity in every 
altitude A will be as V As, and therefore 
will be given. For by prop. 39. the velocity 2 

a 
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3 body aſcending and deſcending in a right ling 
is in that very ratio. 


PROrOSsTTIoN XLI. PROBLEM XXVII. 


Suppoſing a centripetal force of any kind, 
- an4 granting the quadratures of cur- 
vilinear figures, it is required to find, as 
wwell the trajectories in which bodies 
will move, as the times of their motions 
in the trajectories found. 


Let any centripetal force tend to the centre C, 
(Pl. 17. Fig. 4.) and let it be required to find the 
trajectory Y IKk, Let there be given the circle 
VR, deſcribed from the centre C with any interval 
CY; and from the fame centre deſcribe any other 
circles ID, XE cutting the trajectory in I and &, 
and the right line CV in D and FE. Then draw 
the right line CVI cutting the circles K E, VR 
in M and A, and the gh line CXT meeting the 
circle FR in J. Let the points I and & be in- 


definitely near; and let the body go on from 


through 7 and K to &, and let the point A be 
the place from whence another body is to fall, ſo 
as in the place D to acquire a velocity equal to the 
velocity of the firſt body in /. And things re- 
maining as in prop. 39. the lineola 7K, deſcribed 
in the leaſt given time will be as the velocity, and 
therefore as the right line whoſe power is the area 
ABF, and the triangle IC X proportional to the 
time will be given, and therefore KN will be re- 
ciprocally 


—NQ— ß— ʒ—ꝓ—ũ—ä—ñ—' —— —:' — 


—— — —— — — — 


* 
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ciprocally as the altitude I C; that is (if there be given 
any quantity Q and the altitude 7C be called 4) 
as . This quantity = call Z, and ſuppoſe the 
magnitude of Q to be ſuch that in ſome caſe 
ABF D may be to Z as IK to KN, and then 
in all caſes SABFD will be to Z as IX to KN, 
and AB FD to ZZ as IK* to KN", and by 
diviſion ABFD—ZZ to ZZ as IN* to KN”, 


and therefore YABFD—ZZ to Z or = as IN 


to KN, and therefore Ax XN will be equal to 


IN 
— Therefore ſince T.Xx.XC is to 
/ ABFD—LYT 
Ax KN as CA to AA the rectangle XTx XC 


„iW 
to — =. 
n AAVABFD—ZZ "2 


in the perpendicular D F let there be taken con- 


inuall b wal t o TT 
6 2/ABFD—ZL 
QxCX* 


——— = reſpectively, and lt the 
2AAJ/ABFD—ZLL 


curve lines ab, ac, the toci of the points 6 and 
c, be deſcribed: and from the point V, let the 
perpendicular Va be erected to the line AC, cutting 
off the curvilinear area's Db a, Y'Dca, and let the 
- ordinates E , E x, be erected alſo. Then becauſe the 
rectangle Dx IN or Dbz EF is equal to half the 
rectangle AX KN or to the triangle IC X; and the 
. rectangle Dex IN or Dex E is equal to half the 
rectengle TXx XC or to the triangle C; that is, 
becauſe the naſcent particles Dbz E, ICK of the 

area's 
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area's VD, VIC me always equal; and the 
naſcent particles Dex E, XCY of the area's Y'Dca, 
VCX are always equal; therefore the generated 
area VD will be equal to the generated area 
VIC, and therefore proportional to the time; and 
the generated area / Dc is equal to the generated 
ſector VCA. If therefore — time be given du- 
ring which the body has been moving from V, 
there will be alſo given the area proportional to ir 
VDba; and thence will be given the altitude of 
the body CD or CI; and the area YDca, and 
the ſector C equal thereto, together with its 
angle VCI. But the angle Y C7, and the altitude 
CT being given, there is alſo given the place J, in 
which the body will be found at the end of that 
time. Q. E. I. | 

Co. 1. Hence the greateſt and leaſt altitudes of 
the bodies, that is the apſides of the trajectories, 
may be found very readily. For the apſides are 
thoſe points in which a right line IC drawn thro' 
the centre falls perpendicularly upon the trajectory 
VIK; which comes to paſs when the right lines 
IK and NK become equal; that is, when the area 
ABFD is equal to ZZ. 

Cox. 2. So alſo, the angle IN in which the 
trajectory at any place cuts the line IC. may be 
readily Found by the given altitude IC of the 
body : to wit, by making the fine of that angle 
to radius as KN to IX; chat is as Z to the ſquare 
root of the area ABFD. 

Con. 3. If to the centre C (Pl. 17. Fig. 5.) 
and the principal vertex there be deſcribed a 

conic ſection YRS; and from any point thereof 
' as R, there be drawn the tangent RT meeting 
the axe CF indefinitely produced, in the _ 
| | ö 
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f; and then, joining CR, there be drawn the 
right line CP, equal to the abſciſſa CT, making 
an angle YCP proportional to the ſector VCR; 
wed if a centripetal force, 4 „ proporti- 
onal to the cubes of the diſtances of the places 
from the centre, tends to the centre C; and from 
the place Y there ſets out a body with a juſt ve- 
locity in the direction of a line perpendicular to 
the right — * * _ body wall proceed in a 
ttajectory V Q, whi point P will always touch; 
and therefore if the conic ſection Fs be an 
hyperbola, the body will deſcend to the centre ; 
but if it be an ellipſis it will aſcend perpetually, 
and go farther and farther off in infinitum; And 


' * 5 
obliquely in the trajectory Y'PQ, which is found 
by taking the angle YCP proportional to the el- 
liptic ſector VR C, and the length CP equal to 


the len ; 2s before. All theſe things follow 


from the "Toregoing propoſition, by the quadrature 
of a certain curve, the invention of which, as 


+being eaſy enough, for brevity's fake I omit. 


Pn o- 


_ 


SecT. VIII. of Natural Philoſophy. 175 


PROrOSTION XLII. PROBLEM XXIX. 


The lato of centripetal force being given, 
it is required to find the motion of a 
body ſetting out from a given place, 
with a given velocity, in the direction 
of a given right line. 


Suppoſe the ſame things as in the three precedin 
— and let the body go off from x 
lace J, (Pl. 17. Fig. 6.) in the direction of the 
ittle line IX, with the ſame velocity as another 
body, by falling with an uniform centripetal force 
from the place P, may acquire in D; and let this 
uniform force be to the force with which the bo- 
dy is at firſt urged in J, as DR to DF. Let the 
body go on towards &; and about the centre C 

with the interval Ck, deſcribe the circle ke, meeti 

the right line PD in e, and let there be erect 
the lines eg, ev, ew, ordinately applied ro the 
curves B Fg, abv, acw. From the given rectan- 
gle PDR & and the given law of centriperal force, 
by which the firſt body is ated on, the curve line 
Bg is alſo given, by the conſtruction of prob. 
27. and its cor. 1. Then from the given angle 
CIK is given the proportion of the naſcent lines 
IK, KN; and thence by the conſtruction of prob. 
28. there is given the quantiry Q, with the curve 
lines abv, acw; and therefore, at the end of any 
time Dbve, there is given both the altitude of the 


body Ce or Ck, and the area Dewe, with the _ 
—..-_ 


' 

1 

# 
: j 
[ 
11 
| 
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equal to it TCy, the angle /Ck, and the place , 
in which the body will then be found. C. E. J. 


We ſuppoſe in theſe propoſitions the centripetal 
force to vary in its receſs from the centre accor- 


ding to ſome law, which any one may imagine at 


where the ſame. 

I have hitherto conſidered the motions of bodies 
in immoveable orbits. It remains now to add ſome- 
thing concerning their motions in orbits which re- 
volve round the centres of force. 


leaſure ; but at equal diſtances from the centre to 
be every 


SECTs 


j 


_ Plate VI. ILL E 


4 
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OLE 


SECTION IX. 


Of the motion of bodies in moveable 
orbits; and of the motion of the 


apſidet. 


—— 


PROrOSTTION XLIII. PrxoBLEM XXX. 


It is required to make a body move, in 
a trajeFtory that revolves about the cen- 


tre of force, in the ſame manner 
as another body in the ſame trajectory 


at reſt, 1 


In the orbit /PK (Pl. 18. Fig. 1.) given by 
poſition, let the body P revolve, 2 from 
V towards 4 From the centre C —_— = 
continuall wn Cp, equal to CP, maki 
angle YV pA proportional to the angle VCP; and 
the area which the line Cp deſcribes, will be to 
the area YC which the line CP deſcribes at the 
ſame time, as the * the deſcribing line Cy, 
to 


| 
| 
| 


178 Mathematical Princitles Book 1. 


to the velocity of the deſcribing line CP; that 
is, as the angle /Cp to the angle Y CP, there- 
fore in a given ratio, and therefore proportional 
to the time. Since then the area deſcribed by 
the line Cp in an immoveable plane is proporti- 
onal to the time, it is manifeſt that a body, be- 
ing acted upon by a juſt quantity of centripe- 
tal force, may revolve with the point p in the 
curve line which the ſame point p, by the me- 
thod juſt now explained, may be made to de- 
ſcribe in an immoveable plane. Make the angle 
VC equal to the angle P Cy, and the line Cu 
equal ro CV, and the figure #Cp equal to the 
figure VCP, and the body being always in the 
point p, will move in the perimeter of the re- 
volving figure Cp, and will deſcribe its (re- 
volving) arc up in the ſame time that the other 
body P deſcribes the ſimilar and equal arc V 
in the quieſcent figure YR. Find then by cr. 
5. prop. 6. the centripetal force by which a body 
may be made to revolve in the curve line 
which the point p deſcribes in an immoveable 
plane, and the problem will be ſolved. Q. E. F. 


ProeOSI TION XLIV. TrHrorem XIV. 
The difference of the forces, by which 


two bodies may be made to move equal- 
ly, one in a quieſcent, the other in the 
ſame orbit revolvino, is in a tri- 
plicate ratio of their common altitudes 

inverſely. 
Let the parts of the quieſcent orbit V, PX, 
(TI. 18. Fig. 2.) be ſimilar and equal to the 
parts 
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parts of the revolving orbit «p, pk; and let the 
diſtance of the points P and & be ſuppoſed of the 
utmoſt ſmallneſs. Let fall a perpendicular kr from 
the point K to the right line pC, and produce it 
to m, ſo that mr may be to kr as the angle / Cp 
to the angle Y CP. Becauſe the altitudes of the 
bodies, PC and pC, KC and & C, are always equal, 
it is manifeſt that the increments or decrements of 
the lines PC and p C are always equal; and there- 
fore if each of the ſeveral motions of the bodies 
in the places P and p be reſolved into two, (by 
cor. 2. of the laws of motion) one of which is 
directed towards the center, or according to the 
lines PC, pC, and the other, tranſverſe to the for- 
mer, hath a direction perpendicular to the lines 
PC and pC; the motions towards the centre will 
be equal, and the tranſverſe motion of the body 
p will be to the tranſverſe motion of the body P, 
as the angular motion of the line pC to the angu- 
lar motion of the line PC; that is, as the angle 
VCp to the angle Y CP. Therefore at the ſame 
time that the body P, by both its motions, comes 
to the point X, the body p, having an equal mo- 
tion towards the centre, will be equally moved 
from p towards C, and therefore that time being 
expired, it will be found ſomewhere in the line 
mr, which, paſſing through the point &, is per- 
pendicular to the line pC; and by its tranſverſe 
motion, will acquire a diſtance from the line pC, 
that will be ro the diſtance which the other body 
P acquires from the line PC, as the tranſverſe 
motion of the body p, to the tranſverſe motion 
of the other body P. Therefore ſince ky is e- 
qual to the diſtance which the body P acquires 
from the line PC, and wr is to kr as the an- 

| N 2 gle 
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gle VCp to the angle C, that is as the tranſ- 
verſe morion of the body p, to the tranſverſe mo- 
tion of the body P; it is manifeſt that the body p, 
at the expiration of chat time, will be found in the 
place m. Theſe things will be ſo, if the bodies p 
and P are cqually moved in the directions of the 
lines pC and PC, and are therefore urged with 
equal forces in thoſe directions. But if we take 
an angle pC that 1s to the angle pCk as the an- 
gle VCp to the an le YCP, and »C be equal 
to KC, in that caſe the body p at the expiration 
of the time will really be in »; and is therefore 
urged with a greater force than the body P, if 
the angle Cy is greater than the angle Cp, that 
is, if the orbit # pk, move either in conſequentia, or 
in antecedentia with a celerity greater than the 
double of that with which the line CP moves in 
conſequentia ; and with a leſs force it the orbit moves 
flower in antecedentia. And the difference of the 
forces will be as the interval n of the places 
through which the body would be carried by the 
action of that difference in that given ſpace of time. 
About the centre C with the interval CA or Ck 
ſuppoſe a circle deſcribed cutting the lines mr, m 
produced in s and t, and the rectangle m 
will be equal to the rectangle mhx ms, and there- 
mkhxms 

mt 
triangles pk, pCn, in a given time, are of a 
iven magnitude, kr and mr, and their difference 
n E, and their ſum ms, are reciprocally as the alti- 


But ſince the 


fore mx will be equal to 


' tude pC, and therefore the rectangle mkxms is 


reciprocally as the ſquare of the altitude pC. But 
moreover mt is diicaly as 1 mr, that is, as the al- 


titude 
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titude C. Theſe are the firſt ratio's of the naſcent 
lines; and hence = that is, the naſcent line» 
ola mn, and the difference of the forces propor- 
tional thereto, are reciprocally as the cube of the 
altitude pC. Q. F. D. 

Cor. 1. Heace the difference of the forces in 
the places P and p, or K and &, is to the force 
with which a body may revolve with a circular 
motion from R to X, in the ſame time that the 
body P in an immoveable orb deſcribes the arc 
PK, as the naſcent line n to the verſed fine of 


the naſcent arc RK, that is as — to 


=, or as mkx ms to the ſquare of rh; that is, 
if we take given quantities F and G in the ſame 
ratio to one another as the angle VC bears to 
the angle YCp, as GG—FF to FF. And there- 
fore it from the centre C with any diſtance CP 
or Cp, there be deſcribed a circular ſector equal 
to the whole area YPC, which the body revol- 
ving in an immoveable orbit, has by a radius 
drawn to the centre deſcribed in any Certain time; 
the difference of the forces, with which the body 
P revolves in an immoveable orbit and the body 
p in a moveable orbit, will be to the centripetal 
force, with which another body by a radius drawn to 
the centre can uniformly deſcribe that ſector in 
the ſame time as the arca VC is deſcribed, as 
GG—FF to FF. For that ſector and the area 
p Ck are to one another as the times in which they 


are deſcribed. 
N 3 Cor. 


2 — 


4 wod x = A 


Z — PTR ue — „ , . *. — _—_— 


reer 
—— — —— 
* 
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Cor. 2. If the orbit / K be an ellipſis having 
its focus ( and irs higheſt apſis V, and we ſuppoſe 
the ellipſis Ap & ſimilar and equal to it, fo that pC 
may be always equal to PC, and the angle / Cp be 
to the angle Y CP in the given ratio of G to P; 
and for the altitude PC of pC we put A, andzR 
for the latus rectum of the ellipſis; the force with 
which a body may be made to revolve in a move- 


5 FF, RGG—RFF 
able clips will be as = * and 
vice verſa. Let the force with which a body may 


revolve in an immoveable ellipſis, be expreſſed by 


the quantity * and the force in V will be 


FF 
3 
revolve in a circle at the diſtance CY, with the 


But the force with which a body may 


fame velocity as a body revolving in an ellipſis has 


in V, is to the force with which a body revol- 
ving in an ellipſis is ated upon in the apſis V, 
as half the latus rectum of the ellipſis, to the 
ſemi- diameter CV of the circle, and therefore is as 


REF and the force which is to this as GG—FF 


C 

to FF, is as — . and this force (by 
cor. 1. of this prop.) is the difference of the 
forces in V, with which the body P revolves in 
the immoveable ellipſis I X, and the body p in 
the moveable ellipſis #pk; Therefore ſince by this 
prop. that difference at any other altitude A is to 


the 
fame 


it ſelf at the altitude CY as 7 to s, 
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ſame difference in every altitude A will be as 
RGG—RFF, 

— 

by which the body may revolve in an immove- 


able ellipſis TP add the excels — 


Therefore to the force => , 
AA 


A 
and the ſum will be the whole force * 
. F 
.- LE SL by which a body may revolve 


in the ſame time in the moveable ellipſis apl. 

Cor. 3. In the fame manner it will be found 
that if the immoveable orbit / PK be an ellipſis 
having its centre in the centre of the forces C; 
and there be ſuppoſed a moveable ellipfis p ł, ſimi- 
lar, equal, and concentrical to it; and 2 & be the 
principal latus rectum of that ellipſis, and 2 T the 
latus tranſverſum or greater axis; and the angle C 
be continually to the angle VC as G to F; the 
forces with which bodies may revolve in the im- 
moveable and moveable ellipſis in equal times, will 
bo FFA EA , RGG—REFF 

as "FT an TT — * * : relpe- 
ctively. 

CoR. 4. And univerſally, if the greateſt altitude 
CV of: the body be called T, and Hrs of the 
curvature which the orbit / PK has in V, that is, 
the radius of a circle equally curve, be called R, 
and the centripetal force with which a body may 
revolve in any immoveable trajectory VK at the 


place V, be called Ay „and in other places P be 


indefinitely ſtiled X; and the altitude CP be called 
N 4 A, 


184 Mathematical Principles Book I. 


A, and G be taken to E in the given ratio of the 
angle YEp to the angle YCP: the centripetal 
force with which the fame body will perform the 
ſame motions in the ſame time in the ſame traje- 


| Etory up revolving with a circular motion, will 


beastheſumof the force X- LC . — . 

Cor. 5. Therefore the motion of a body in an 
immoveable orbit being given, its angular motion 
round the centre of the forces may be increaſed 
or diminiſhed in a given ratio, and thence new 
immoveable orbits may be found in which bodies 
may revolve with new centripetal forces. 

Cor. 6. Therefore if there be erected (Pl. 18. Fig. 


3.) the line YP of an indeterminate length, per- 


pendicular to the line CV given by poſition, and 
CP be drawn, and Cp equal to it, making the an- 
gle YCp having a given ratio to the angle C; 
the force with which a body may revolve in the 
curve line Ypk, which the point p is continually 
deſcribing, will be reciprocally as the cube of the 
altitude Cp. For the body P, by its vis inertiz 
alone, no other force impelling it, will proceed 
uniformly in the right line VP. Add then a force 
tending to the centre C reciprocally as the cube of 
the altitude C or Cp, and (by what was juſt de- 
monſtrated) the body will deflect from the rectilinear 
motion into the curve line V, But this curve 
Vp lis the ſame with the curve found in cor. 
z. 7 41. in which, I ſaid, bodies attracted with 
ſuch forces would aſcend obliquely. 


P R o- 
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ProroSITIoON XLV. ProBLEM XXXI. 
To find the motion of the apſides in 


orbits approaching very near to Cit- 
cles, 


This problem is ſolved arithmetically by redu- 
cing the orbit, which a body revolving in a move- 
able ellipſis (as in cor. 2 and 3 of the above prop.) 
deſcribes in an immoveable plane, to the figure of 
the orbit whoſe apſides are required; and then 
ſeeking the apſides of the orbit which that body 
deſcribes in an immoveable plane. But orbits ac- 
quire the ſame figure, if the centripetal forces with 
which they are deſcribed, compared between them- 
ſelves, are made proportional at equal altitudes. Let 
the point Y be the higheſt apſis, and write T for 
the greateſt altitude CY, A for any other altitude 
CP or Cp, and X for the difference of the altitudes 
CY —C?P ; and the force with which a body moves 
in an ellipſis revolving about its focus C (as in cor. 2.) 
kid; FF | *RGG—RFF 
and hic ID COT. 2. . > ＋ * , 
4 LEED REP by ſubſtituting 


| >G--REF-)TFF--F 

T--X for A 3 1 nh a = 
In like manner any other centripetal force is to be 
reduced to a fraction whoſe denominator is A? 


and the numerators are to be made analogous by 
10 ; col» 


that is, 
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collating together the homologous terms. This 
will be made plainer by examples. 
ExAM. 1. Let us ſuppoſe the centripetal force 
3 
to be uniform, and therefore as on vriting 1X 
Lr eee 
A 


Then collating 


for A in the numerator, as 


T —3TTX Ens 
A 
together the correſpondent terms of the nu- 
merators, that is, thoſe that conſiſt of given quan- 
tities, with thoſe of given quantities, and thoſe of 
quantities not given, with thoſe of quantities. not 
given, it will become RGG—RFF-\-TFF 
to T as —FFX to —3TTX-j-3TXX—X? 
or as — FF to —-=3TT-| 3 TX — XX. Now 
ſince the orbit is ſuppoſed extreamly near to a cir- 
cle, ler it coincide with a circle, and becauſe in 
that caſe R and T become equal, and X is in- 
finitely diminiſhed, the laſt ratio's will be, as R GG 
to Ti fo —FFto — 3 TT, or as GG oTT 
ſo FF to 3 TT, and again as GG to FF fo 
TT to z TT, that is, as 1 to 3; and therefore 
G is to F, that 1s, the angle YCp to the angle 
VCP as 1 to / ;. Therefore ſince the body, in 
an immoveable ellipſis, in deſcending from the up- 
per to the lower * deſcribes an angle, if I may 
ſo ſpeak, of 180 deg. the other body in a move- 
able ellipſis, and therefore in the immoveable orbit 
we are treating of, will, in its deſcent from the 
upper to the lower apſis, deſcribe an angle YCp of 


180 


5 deg. And this comes to paſs by reaſon of 


the 
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the likeneſs of this orbit which a body acted up- 
on by an uniform centriperal force deſcribes, and 
of that orbit which a body performing its circuits 
in a revolving ellipſis will deſcribe in a quieſcent 
plane. By tis collation of the terms, theſe orbits 
are made ſimilar ; not univerſally indeed, but then 
only when they approach very near to a circular 
figure. A body therefore revolving with an uni- 
form centripetal force in an orbit nearly circular, 


will always deſcribean angle of = deg. or 103 deg, 


55 m. 2 þ ſec. at the centre; moving from the 
upper apſis to the lower apſis when it has once 
deſcribed that angle, and thence returning to the 
upper apſis when it has deſcribed that angle again; 
ann ſo on in infinitum. 

Exam. 2. Suppoſe the centripetal force to be 
as any power of the altitude A, as for example 


Av or . where »—3 and » ſignify any 


indices of powers whatever, whether integers or 
fractions, rational or ſurd, afhrmative or negative. 


That numerator Ar or T—X|" being reduced to 
an indeterminate ſeries by my method of conver- 
ging ſeries, will become T — XT 


— XIT . c. And conferring theſe 


2 

terms with the terms of the other numerator 
RGG—REFF--TFF—FFX, it becomes as 
RGG—RFF-|- TFFro T”" ſo —FF to 


— r — 14 — xx ·— Sc. And ta- 
king the laſt ratio's where the orbits approach to 


circles, 
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circles, it becomes as RGG to T fo —FF to 
— T — , or s GG to T fo FF to 
»T*—* and again GG to FF fo T*—*" to 
»T”—", that is, as 1 to =; and therefore G is 
to F, that is the angle / Cp to the angle YCP as 
1 to /. Therefore ſince the angle VC, de- 
ſcribed in the deſcent of the body from the up- 
per apſis to the lower apſis in an ellipſis, is of 
180 deg. the angle Cp, deſcribed in the deſcent 
of the body from the upper apſis to the lower 
apſis in an orbit nearly circular which a body de- 
ſcribes with a centripetal force proportional to the 
power A®*—?, will be equal to an angle of 


| = deg. and this angle being repeated the body 


will return from the lower to the upper apſis, and 

ſo on in infinitum. As if the centripetal force be 

as the diſtance of the body from the centre, that 
4 

is, as Ay or =, vil be equal to 4, and / 

equal to 2; and therefore the angle between the 


, 180 
upper and the lower apſis will be equal to _ 


deg. or 90 deg. Therefore the body havin * 
— a * part of one — will _ 
at the lower apſis, and having performed another 
fourth part, will arrive at the upper apſis, and ſo 
on by turns in infinitum. This appears alſo from 
prop. 10. For a body acted on by this centripe- 
tal force will revolve in an immoveable ellipſis, whoſe 
centre is the centre of force. If the centripe- 
tal force is reciprocally as the diſtance, that is, 
I 8 * 
dsh as A or Ah. will be equal to 2, and 


there · 
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therefore the angle between the upper and lower 


apſis will be — deg. or 127 deg. 16 min. 45 


ſec. and therefore a body revolving with ſuch a 
force, will, by a perpetual repetition of this angle, 
move alternately from the upper to rhe lower, and 
from the lower to the upper apſis for ever. So 
alſo if the centripetal force be reciprocally as the 
biquadrate root of the eleventh power of the al- 


titude, that is reciprocally as 7 and therefore 


AZ : : 

* or as A „ will be equal to 4, 
and 5 deg. will be equal to 360 deg. and there- 
fore the body parting from the upper apſis, and 
from thence ually deſcending will arrive at 
the lower apſis when it has compleated one en- 
tire revolution; and thence aſcending perpetually, 
when it has compleated another entire revolution 
it will arrive again at the upper apſis; and ſo alter- 
nately for ever. 

Exam. 3. Taking m and » for any indices of 
the powers of the altitude, and 6 and c for any 
given numbers, ſuppoſe the c-nrripetal force to he as 
bam | cA® - . c into T X 
that 1858 — — A 4 


or (by the method of converging ſeries aboye-mention- 
ed) s cT* —wbXTn=—=" acXT*n=" 

OR I —— 
XX. ο xx T 
2 


gc. and comparing the terms of the numerators, 
| there 


directly as 


— ——— — 
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there will ariſe RGG—RFF-|-TFF to 
T* | cT *as —FF to — T5 — 1. = 


it xtr -— |. —eXT "=: G7, 


And taking the laſt ratio's that ariſe when the or- 
birs come to a circular form, there will come 
forth GG to 5T'*="-|cT>=" a FF to 
mbT—'.| acT*— ", and again GG to FF 
I eee of 8 habe 
This proportion, by expreſſing the greateſt alritude 
CY or T arithmetically by unity, becomes, GG 
to FF as b-|-c to = nc, and therefore as 1 


ZE. Whence G becomes to F. that i 
the angle /Cp to the angle YCP as 1 to 


/ mb -\- 
' = . And therefore fince the angle V CP 


between the upper and the lower apſis, in an im- 
moveable ellipſis, is of 180 deg. the angle YCp 
between the ſame apſides in an orbit which a bo- 
dy deſcribes with a centripetal force, that is as 


ARA 
— will be equal to an angle of 
1804 deg. And by the ſame reaſoning 


mb-|-nc 
if the centriperal force be us = 
if the centripetal force be as * 
1 the apſides will be found equal to 
180% — deg. Aſter the ſame manner the 


mb—nc 
problem is ſolved in more difficult caſes. The 
quantity to which the centripetal force is propor- 


tional, muſt always be reſolved into a converging 
ries 


the angle. 
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ſeries whoſe denominator is A*. Then the gi- 
ven part of the numerator arifing from that © 
ration is to be ſuppoſed in the ſame ratio to that 
part of it which is not given, as the given part 
of this numerator R GG—RFF-|- TFF —FFX 
is to that part of the ſame numerator which is 
not given, And taking away the ſuperfluous quan- 
tities and writing unity for T, the proportion of 
G to F is obtained. 


Cor. 1. Hence if the centripetal force be as any | 


power of the altitude, that power may be found 
from the motion of the apſides; and fo contrary- 
wiſe. That is, if the whole angular motion, with 
which the body returns to the ſame apſis, be to 
the angular motion of one revolution, or 360 deg. 
as any number as m to another as u, and the altitude 
called A; the force will be as the power 


A——; of the altitude A; the index of which 


power is . This appears by the ſecond ex- 


amples. Hence tis plain that the force in its receſs 
from the centre cannot decreaſe in a greater than a 
triplicate ratio of the altitude. A body revolving 
with ſuch a force and parting from the apſis, if it 
once begins to deſcend can never arrive at the 
lower apſis or leaſt altitude, but will deſcend to the 
centre, deſcribing the curve line treated of in cor. 
3. prop. 41. But if it ſhould, at its parting from 
the lower apſis begin to aſcend never fo little, it 
will aſcend in infinitum and never come to the up- 
per apſis; but will deſcribe the curve line ſpoken 
of in the ſame cor. and cor. 6. prop. 44. So that 
where the force in its receſs from the centre * 

creaſes 


ns — — 
LA 
—— — 12 


— — — ee 


8 F <A; ACS CcuG.4 . — 


— 
— — — 


192 Mathematical Principles Book I. 
creaſes in a greater than à triplicate ratio of the 
altitude, the body at its parting from the apſis, will 
either deſcend to the centre or aſcend in infinitum, 
according as it deſcends or aſcends at the begin- 
ning of its motion. But if the force in its receſs 
from the centre either decreaſes in a leſs than a tri- 
plicate ratio of the altitude, or increaſes in any ra- 
tio of the altitude whatſoever; the body will 
never deſcend to the centre, but will at ſome time 
arrive at the lower apſis; and on the contrary, if 
the body alternately aſcending and deſcending from 
one apſis to another never comes to the centre, 
then either the force increaſes in the receſs from 
the centre, or it decreaſes in a leſs than a. tripli- 
cate ratio of the altitude; and the ſooner the body 
returns from one apſis to another, the farther is 
the ratio of the forces from the triplicate ratio. 
As if the body ſhould return to and from the 
upper apſis by an alternate deſcent and aſcent in 8 
revolutions, or in 4, or 2, or 1+; that is if m ſhould 
be to » as 8 or 4 or 2 or 1+ to 1, and there- 
fore —— be &, — 3, or £4 3, or 43, or 
+—3; then the force will be as A z, or 

11 — 5 Or 4A4—, Or A#—3; that 18, it will 
be reciprocall 8 A — As Or A5 — Eo or A3— 25 
or A-. "if the body after each revolution re= 
turns to the ſame apſis, and the apſis remains un- 
moved, then m will be to u as 1 to 1, and there- 


” DINED 
fore Am will be equal to A or N 


and therefore the decreaſe of the forces will be in 
a duplicate ratio of the altitude; as was demon- 
ſtrated above. If the body in three fourth parts, 


or 
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or two thirds, or one third; or one fourth part 
of an entire revolution, return to the ſame apſis; 
m will be to » as + or 4 or 4 or 4 to t, and 


„A 3 


2 — 
therefore A 3 is equalto A 
or A-, or A'*=3; and therefore the force is 


44 1 
either reciprocally as A or A“ or directly as 
A“ or A”, Laſtly, if the body in its progreſs 
from the upper apſis to the ſame upper apſis again, 
goes over one entire revolution and three deg. more, 
and therefore that apſis in each revolution of the 
body moves three | = in conſequentia; then m 
will be to » as 363 deg. to 360 deg. or as 121 


to 120, and therefore A223 will be equal to 
— 4444 
A ad therefore the centripetal force will 
| 244 
be reciprocally as A n or reciprocally as 


n | 
| * very nearly. Therefore the centripetal 
force decreaſes in a ratio ſomething greater than the 
duplicate; but approaching 59: times nearer to 
the duplicate than the triplicate. 

Cor: 2. Hence alſo if a . urged by a cen- , 
tripetal force which is reciprocally as the of 
the altitude, revolves in an ellipſts whoſe focus is 
in the ceritre of the forces; and a new and 
foreign force ſhould be added to or ſubducted 
from this centripetal force, the motion of the ap- 
ſides ariſing from that foreign force _ (by 
the third examples) be known; and fo on the con- 
trary. As if the force with which the body re- 
volves in the ellipfis be as II. and the foreign 

© farce 


— —— — m 
5 — 79 


———— — — 


— 
. Ä —— —— T— — 
— — — — — — 
1 - _— 


59 
9 


EC ²˙ A ²—XX OY o—_. = ITY r 
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force ſubducted as cA, and therefore the remaining 
— A 

force as — then (by the third exam.) 6 

will be equal to 1, equal to 1, and equal to 

43 and therefore the angle of revolution between the 


12 


apſides is equal to 180% deg. Suppoſe that 


1— | 
foreign force to be $97: 45 parts leſs than the other 
force with which the body revolves in the ellipſis; 
that is c to be ,432,, A or T being equal to 1; 


and then 180,/=—— will be 180/3141 or 


180. 7623, that is, 180 deg. 45 min. 44 ſec. 
Therefore the body parting from the upper apſis, 
will arrive at the lower apſis with an angular mo- 
tion of 180 deg. 45 min. 44 ſec. bu this an- 
gular motion. being repeated will return to the up- 
per apſis; and therefore the upper apſis in each re- 
volution will go ſorward 1 deg. 3 1 m. 28 ſec. The 
apſis of the Moon is about twice as ſwiſt. 

So much for the motion of bodies in orbits 
whoſe planes paſs through the centre of force. 
It now remains to determine thoſe motions in ec- 


* centrica] planes. For thoſe authors who treat of the 


motion of heavy bodies uſe to confider the aſcent 
and deſcent of ſuch bodies, not only in a perpen- 
dicular direct ion, but ar all degrees of obliquity upon 
any given planes; and for the fame reaſon we are 
to conſider in this place the motions of bodies 
tending to centres by means of any forces what- 
ſoever, when thoſe bodies move in eccentrical planes. 
Theſe planes are ſuppoſed to be perfectly ſmoorh 
and poliſhed ſo as not to retard the motion of the 
bodies in the leaſt. Moreover in theſe demonſtra- 

tions 


MW 
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tions inſtead of the planes upon which thoſe bodies 
roll or flide, and which are therefore tangent planes 
ro the bodies, I ſhall uſe planes parallel ro them, 
in which the centres of the bodies move, and by 


that motion deſcribe orbits. And by the fame 


method I afterwards determine the motions of bodies 
performed in curve ſuperficies. 4 


O 2 SEGTION 


Sr CTION A 


Of the motion of bodies in given ſuper- 
ies, and of the reciprocal motion of 


funependulous bodies. 


— 
* 


PRO OSTTION XLVI. PROBLEM XXXII. 


eAny kind of centripetal force being ſup- 
poſed, and the centre of force, and a- 
ny plane whatſoever in which the bo- 
dy revolves, being given, and the qua- 
* of curvilinear figures Leing al- 
lowed; it is roy to determine the 
motion of a body going off from a 

given place, with a given velocity, in 
the direction of a given right line in 
that plane. 


Let S (Pl. 18. Fig. 4.) be the centre of force, 
COTE WEEN Goa 
| a Plane, 


f 
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plane, P a body iſſuing from the place P in the 
direction of the right line PZ, & the fame body 
revolving in its trajectory, and POR the trajecto- 
- ry it ſelf which is required to be found, deſcribed 
in that given plane. Join C, QS, and if in QS 
we take SF 43 to the centripetal force * 
with which the body is attracted towards the cen- 
tre S, and draw VT parallel to CO, and meeti 
SC in 7: then will the force V be reſoly 
into two, (by cor. 2. of the laws of motion) the 
force ST, and the force TY; of which ST at- 
tracting the body in the direction of a line per- 
pendicular to that plane, does not at all change its 
motion in that plane. But the action of the o- 
ther force TY, coinciding with the poſition of 
the plane it ſelf, attracts the body directly toward 
the given point C in that plane; and erefore\ 
cauſes the body to move in this plane in the ſame 
manner as if the force ST were taken away, and 
the body were to revolve in free ſpace about the 
centre C by means of the force TY alone. But 
there being given the centripetal force 7 with 
which the body Q revolves in free ſpace about 
the given centre ( there is given (by prop. 42.) 
the trajectory POR which the body elerites ; 
the place Q: in which the body will be found 
at any given time; and laſtly, the velocity of the 
body in that place Q. And ſo e contre, O. E. J. 


O 3 PA o- 
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ProrosITION XLVII. THrorem XV. 


Suppoſing the centritetal force to be pro- 
—— to the 22. — of the body 
from the centre; all bodies revolving 
in any planes whatſoever will de- 
ſcribe ellipſes, and compleat their re- 
volutions in equal times; and thoſe 
which move in right lines, running 
backwards and forwards alternately, 
will compleat their ſeveral periods of 
going and returning in the ſame 
Himes. 


For letting all things ſtand as in the foregoin 
propoſition, the force” 57, with which the body 
Q revolving in any plane POR is attracted to- 


. wards the centre S, is as the diſtance SQ; and 


therefore becauſe SY” and SQ, TY and C arg 

rtional, the force TY with which the body 
is attracted towards the given point C in the 
plane of the orbit is as the diſtance C. There- 
fore the forces with which bodies found in the 
plane P R are attracted towards the point C, are 
in proportion to the diſtances equal to the forces 
with which the ſame bodies are attracted every 
way towards the centre S; and therefore the bodies 
will move in the ſame times, and in the fame 
figures in any plane POR about the point C, as 
of would do in free ſpaces about the centre S; 

therefore (by cor. 2. prop. 10. and cor. 2. 
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prop. 38) they will in equal times either deſcribe 
ellipſes in that plane about the centre C, or move 
to and fro in right lines paſſing through the cen- 
tre C in that plane; compleating the fame periods 
of time in all caſes. Q. E. D. 


SCHOLIUM. 


The aſcent and deſcent of bodies in curve ſu- 

ficies has à near relation to theſe motions we 
ave been ſpeaking of, Imagine curve lines to 
be deſcribed on any plane, and to revolve about 
any given axes paſſing through the centre of 
force, and by that revolution to deſcribe curve ſu- 
perficies; and that the bodies move in ſuch 
ſort that their centres may be always found in 
thoſe ſuperficies. If thoſe bodies reciprocate to 
and fro with an oblique aſcent and deſcent; their 
motions will be performed in planes paſling 
through the axis, and therefore in the curve lines 
by whoſe revolution thoſe curve ſuperficies were 
generated, In thoſe caſes therefore it will be 
— to conſider the motion in thoſe curve 
nes. 


ProrosITION XLVIII. TurxoaEM XVI. 
IF a wheel ſtands upon the aut zſide of 


a globe at right angles thereto, and 
revolving about its own axis goes for- 
ward in a great circle; the length of 
the curvilinear path which any point, 
given in the perimeter of the toheel, 

O4 hath 


3 5. _ ACRES — — —— ES 
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hath deſcribed ſince the time that it 
touched the globe, (which curvilinear 


h we may call the cycloid or ei- 


2 will be to double the verſed 


e of half the arc which ſince that 
time has touched the globe in faſling 


over it, as the ſum of the diameters 


of the globe and the wheel, to the ſemi- 
diameter of the globe. 


ProPOsITION XLIX. THEOREM XVII. 
Ff a wheel ſtand upon the inſide of a 


concave globe at right angles thereto, 
and revolving about its oe axis g0 
forward in one of the great circles of 
the globe, the length of the curvili- 
near fath which any point, given in 
the perimeter of the wheel, hath de- 
ſcribed ſince it touched the globe, till 
be to the doulle of the verſed ſine of 


| half the arc which in all that time 


has touched the globe in paſſing over 
it, as the difference of the diameters 
of the globe and the wheel, to the ſe- 
midiameter of the globe. | 


Let ABL (Fl. 19. Fig. 1. 2.) be the globe, C 


its centre, BV the wheel inſiſting thereon, E 
the centre of the wheel, B the point of contact, 
and P the given point in the perimeter of 


the 


wheel. 
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wheel. Imagine this wheel ro proceed in the 
great circle AL from A through B towards 
L, and in its progreſs to revolve in ſuch a manner 
that the arcs AB, PB may be always equal the 
one to the other, and the given point P in the 
perimeter of the wheel may deſcribe in the mean 
time the curvilinear path AP. Let AP be the 
whole curvilinear path deſcribed ſince the wheel 
touched the globe in A. and the length of this 
path AP will be ro twice the verſed fine of the 
arc 2 PB, as 2CE to CB. For let the right line 
CE (produced if need be) meet the wheel in 7, 
and join CP, BP, E P, VP; produce CP, and let 
fall thereon the perpendicular VF. Let P H, YH, 
meeting in H, touch the circle in P and V, and 
let PH cut VF in G, and to V let fall the per- 
iculars G1, HK. From the centre C with any 
interval let there be deſcribed the circle nm, cut- 
ting the right line CP in u, the perimeter of the 
wheel BP in 0, and the curvilinear path AP in 
m; and from the centre / with the interval Yo 
let there be deſcribed a circle cutting V produ- 
ced in . 8 . 
Becaulſe the wheel in its progreſs always revolves 
about the point of contact E, it is manifeſt that 
the right line BP 1s perpendicular ro that curve 
line AP which the point P of the wheel deſcribes, 
and therefore that the right line V will touch 
this curve in the point P. Let the radius of the 
circle nom be gradually increaſed or diminiſhed fo 
that at laſt it become equal to the diſtance CP; 
and by reaſon of the ſimilitude of the evaneſcent 
figure Pnomg, and the figure PFGVl. the ulti- 
- tmate ratio of the evaneſcent lineolæ Pm, Pn, Fo, 
Pq that is, the ratio of the momentary mutations 


of 
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of the curve AP, the right line CP, the circular 


arc BP, and the right line VP, will be the ſame as 
of the lines PV, PF, PG, PI. reſpectively. But 
ſince VF is perpendicular to CF, and VH to CV, 
and therefore the angles HG, Vc equal; and 
the angle VH (becauſe the angles of the quadri- 
lateral figure YEP are right in V and P) is e- 
qual to the angle CEP, the triangles HG, CEP 
will be ſimilarſ; and thence it will come to paſs that 
as EP is to CE ſo is HG to HV or HP, and 
ſo KI to KP, and by compoſition or diviſion as 
CBtoCE ſo is PI to PK, and doubling the con- 
ſequents as CB to 2CE fo PI to PY, and fo is 
Pq to Pm, Therefore the decrement of the line 
V, that is the increment of the line BY —YP- 
to the increment of the curve line A is in 2 
iven ratio of CB to 2 CE, and therefore (by cor. 
4.) the lengths BY —FP and AP generated 
by thoſe increments, are in the fame ratio. But if 
BF be radius, V is the coſine of the angle BY P 
or BE, and therefore 5 is the verſed 
fine of the fame angle; and therefore in this wheel 
whoſe radius is 15 F, BY/— YP will be double 
the verſed fine of the arc * BP, Therefore 4P 
is to double the verſed fine of the arc 3 BP as 2CE 


to CB. Q. E. D. 


The line 4”? in the former of theſe propoſitions 
we ſhall name the cycloid without the globe, the o- 
ther in the litter propoſition the cycloid within the 
globe, for diſtinction ſake. 

Cor. 1. Hence if there be deſcribed the entire 
cycloid ASL and the fame be biſected in S, the 
length of the part PS will be to the length PV 
(which is the double of the fine of the angle 
| VBP 
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VBP, when ER is radius) as 2 CE to CB, and 
therefore in a given ratio. 

Cor. 2. And the length of the ſemi-perimeter 
of the cycloid AS will be equal to a right line 
which is to the diameter of the wheel BF ;s 
2CE to CB. 


PROrOSITION L. Pao EM ELIE 


To cauſe a pendulous body to ofcillate in 
a given cycioid, © 


Let there be given within the globe (V/ F, 
(Pl. 19. Fig. 3.) deſcribed with the centre C, 
the cycloid © RS, biſected in R, and meeting the 
ſupertcies of the globe with its extreme points & 
and & on either hand. Let there be drawn 
CR biſecting the arc G in O, and let it be produ- 
ced ro A in ſuch fort that CA may be to CO 
as CO to CR. About the centre C, with rhe in- 
terval C A, let there be deſcribed an exterior globe 
DAF, and within this globe; by a wheel whoſe 
diameter is AO, let there be defcribed two ſemi-cy- 
cloids A2, AS, touching the interior globe in Q 
and S, and meeting the exterior globe in A. From 


that point A, with a thread 47 T in length equal 


to the line AR, let the body T depend, and oſcil- 
late in ſuch manner between the two ſemi-cycloids 
AQ, AS that as often as the pendulum parts from 
the perpendicular A R, the upper part of the thread 
AP may be applied to that ſemi-cycloid 4PS 
towards which the motion tends, and fold it ſelf 


round that curve line, as if it were ſome ſolid ob- 
Ntacle, 
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ſtacle; the remaining part of the fame thread PT 
which has not yet touched the ſemi - cycloid con- 
tinuing ſtraight. Then will the weight T ofcil- 
late in the given cycloid Q RS. Q. E. F. 

For let the thread PT meet the cycloid RS 
in 7: and the circle QOS in V and let CY be 
drawn; and to the rectilinear part of the thread PT 
from the extreme points P and 7 let there be e- 
rected the perpendiculars BP, T, meeting the 
right line CV in B and V. It is evident from 
the conſtruction and tion of the ſimilar fi- 

AS, SR, that thoſe perpendiculars P B, TW, 

cut off from CV the lengths VB, V equal to the 
diameters of the wheels OA, OR. Therefore T 
is to V (which is double the fine of the angle Y P 
when B Vis radius) as B to B H or AO OR 
to AO, that is (ſince CA and CO, CQ and CR, 
and by diviſion 4O and OR are proportional) as 
CA CO to C4, or, if BY be biſected in E, as 
2CE to CB. Therefore (by cor. 1. prop. 49) 
the length of the rectilinear part of the thread PT 
is always equal to the arc of the cycloid PS, and 
the whole thread AT is always equal to the 
half of the cycloid 4 PS, that is (by cor. 2. prop. 
49.) to the length AR. And therefore contrary- 
wiſe, if the ſtring remain always equal ks 
length AR the point T will always move in the 
given cyeloid © RS. O. E. D. 
Con. The ſtring AR is __ to the ſemi-cy- 
cloid AS, and therefore has the ſame ratio to AC 
the ſemi-diameter of the exterior globe as the like 
ſemi-cycloid S & has to CO the ſemi · diameter of 
the interior globe. 


PRo- 
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PROrOSHTION LI. THEOREM XVIII. 


If a centripetal force tending on all ſides 
to the centre C of a globe (Pl. 19. 
Fig. 4.) be in all flaces as the diſ- 
tance of the place fiom the centre, 
and by this force alone acting upon it, 
the body T oſcillate (in the manner 


alove deſcriled) in the perimeter of 


the cycloid QRS; I ſay, that all the 
REPS how unequal ſoever in them- 
elves will be performed in equal 
times. 


For upon the tangent TW infini ced 
let fall the 5 CX and —— 
the centripetal force with which the body T is im- 
pelled towards C is as the diſtance CT, let this 
(by cor. 2. of the laws) be reſolved into the parts 
C TX of which C impelling the body direct- 
ly from P ſtretches the thread PT, and by the 
reſiſtance the thread makes to it is totally employ- 
ed, producing no other effect; but the other part 
T, impelling the body tranſverſely or towards I, di- 

accelerates the motion in the cycloid. 

Then it is plain that the acceleration of the body, 
proportional to this accelerating force, will be every 
moment as the length TX, that is, (becauſe CV, 
WY, and TX, TW proportional to them are given) 
as the length 7 that is (by cor. 1. prop. 49.) 
as the length of the arc of the r If 
ere; 


—— 
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| therefore two pendulums A PT, Apt be unequal- 


y drawn aſide from the icular AR, and 
ler fall rogether, their accelerations will be always 
2s the arcs to be deſcribed TR, , R. But the parts 
deſcribed at the beginning ef the motion are as the 
accelerations, that is, as the wholes that are to be 
deſcribed at the beginning, and therefore the parts 
which remain to be defcribed and the ſubſequenr 
accelerations proportional to thoſe parts, are alſo as 
the wholes, and ſo on, Therefore the accelerations, 
and conſequently the velocities generated, and the, 
parts deſcribed with thoſe velocities, and the parts 
to be deſcribed, are always as the wholes; and 
therefore the parts to be deſcribed preſerving a gi- 
ven ratio to each other will vaniſh together, 12 
is, the two bodies oſcillating will arrive together 
at the icular AR. And ſince on the other 
hand the aſcent of the pendulums from the low- 
eſt place R through the ſame cycloidal arcs with 
3 retrograde motion, is retarded in the ſeveral places 
they paſs through by the ſame forces by which 
their deſcent was accelerated, tis plain that the ve- 


Iocities of their aſcent and deſcent through the ſame 


arcs are equal, and conſequently performed in equal 
times; and therefore ſince the two parts of the cy- 
cloid/ RS and RQ lying on either fide of the per- 
pendicular are ſimilar and equal, the two pendulums 
will perform as well the wholes as the halves of their 
ofcillations in the ſame times. Q. E. D. 

Cor. The force with which the body T' is ac- 
celerated or retarded in an 2 Tof the cycloid, 
is to the whole wei he of ſame body in the 
higheſt place S or ©, as the are of the cycloid TR 
is to the arc SR or QR. 1 

o- 
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* 


PROrosrriox LII. PrROBLEM XXXIV. 


To define the velocities of the pendu- 

* lums in the ſeveral places, and the 
times in which both the entire ofcil- 
lations, and the ſeveral parts of them 
are performed, 


About any centre G (PL. 20. Fg. 1.) with the 
interval G M equal to the arc of the cycloid RS, 
deſcribe a ſemi-circle H K M biſected by the ſemi- 
diameter GX. And if a centripetal force proporti- 
onal to the diſtance of the places from the centre 
tend to the centre G, and it be in the perimeter 
HIK equal to the centripetal force in the perimeter 
of the globe QOS tending towards its centre, and 
at the fame time that the pendulum 7 is ler fall 
from the higheſt place S, a body as L is let fall 
from = to ** ; then becauſe — or 3 
upon t ies are equal at the beginning, and al- 
i proportional to the ſpaces to be deſcribed TR, 
LG, and therefore if TR and LG are equal, are 
alſo equal in the places 7 and L, it is plain that 
thoſe bodia deſcribe at the beginning equal ſpaces 


ST, HL, and therefore are ftill acted upon 
equally, and continue ro deſcribe equal ſpaces, 
Therefore by prop. 38. the time in which the bo- 
dy deſcribes the arc ST” is to the time of one 
oſcillation, as the arc H the time in which the 


body 


| 
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body H arrives at L, to the ſemi-periphery HXA. 
the time in which the body H will come to AA. 
And the velocity of the pendulous body in the 

T is to its velocity in the loweſt place &, 
that is, the velocity of the body 7 in the place 
L to its velocity in the place G, or the momen- 
tary increment of the line HL to the moment - 
ry increment of the line HG, (the arcs H HRK 
increaſing with an equable flux) as the ordinate 
LI to the radius GK, or as /SR*—T&* to SR. 
Hence ſince in unequal oſcillations there are deſcribed 
in equal times arcs proportional to the entire arcs of 
the oſcillations ; -there. are obtained from the times 
given, both the velocities and the arcs deſcribed 
in all oo oſcillations univerſally. Which was firſt 

uned, 7 

„ now any pendulous bodies oſcillate in dif- 
ferent cycloids deſcribed within different globes, 
whoſe abolure forces are alſo different; and if the 
abſolute force of any globe OS be called V, 
the accelerative force with which the pendulum is 
acted on in the circumference of this globe, when 
it begins to move directly towards its centre, will 
be as the diſtance of the pendulous body from 
that centre and the abſolute force of the globe 
conjunctly, that is, as COx V. Therefore the 
lineola H which is as this accelerative force COx V 
will be deſcribed in à given time; and if there 
be erected the icular TZ meeting the cir- 
cumference in Z, the naſcent arc HZ will denote 
that given time. But that naſcent arc H is in 
the ſubduplicate ratio of the rectangle G HT, and 


therefore as / G CU. Whence the time of 
an entire oſcillation in the cycloid Q (it being 
25 
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as the ſemi-periphery HRK M which denotes that 
entire oſcillation, directly; and as the arc H which 
in like manner denotes a given time inverſely) will 
be as GH directly and / G HxCOxV inverſely, 


SR 
that is, becauſe G H and & R are equal, as %., 


COxV 


or (by cor. prop. 50.) 28% 5 Therefore 
the oſcillations in all globes and cycloids, performed 


with what abſolute forces ſoever, are in à ratio 
compounded of the ſubduplicate ratio of the length 
of the ſtring directly, and the ſubduplicate ratio 
of the diſtance between the point of ſuſpenſion and 
the centre of the globe inverſely, and the ſubduplicate 
ratio of the abſolute force of the globe inverſely alſo. 
E. J. | 
* 1. Hence alſo the times of oſcillating, fal- 
ling. and revolving bodies may be 
themſelves. For if the diameter of the wheel wi 
which the cycloid is deſcribed within the globe is 
ſuppoſed equal to the ſemi-diameter of the globe, the 
cycloid will become a right line paſſing 1 
centre of the globe, and the oſcillation will be c 
into a deſcent and ſubſequent aſcent in that right 
line. Whence there is given both the time of the 
deſcent from, any place ro the centre, and the time 
equal to it in which the body revolving uniform- 
by about the centre of the globe at any diſtance 
eſcribes an arc of a quadrant. For this time (by 
caſe 2.) is to the time of half the oſcillation in any 


cycloid QRS as 1 to — 


Cox. 2. Hence alſo follow what Sir Chriſtepher 
Men and M. Huygens have diſcovered 2 
"= IM 
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the vulgar cycloid. For if the diameter of the globe 
be infinitely increaſed, its ſpherical ſuperficies will 
be changed into a plane, and the centriperal 
force will act uniformly in the direction of lines 
perpendicular to that plane, and this cycloid of ours 
will become the fame with the common cycloid. 
But in that caſe the length of the arc of the cy- 
cloid between that plane and the deſcribi int, 
will become equal to four times the verſed fine of 
half the arc of the wheel between the ſame plane 
and the deſcribing point as was diſcovered by Sir 
Chriſtopher Wren. And a pendulum between two 
ſuch cycloids will oſcillate in a ſimilar and equal 
cycloid in equal times as M. Hungen demonſtra- 
ted. The deſcent of heavy bodies alſo in the time 
of one oſcillation will be the fame as M. Huygens 
exhibited, 

The propoſitions here demonſtrated are adapted ro 
the true conſtitution of the Earth, in ſo far as wheels 
moving in any of its yu circles will deſcribe b 
the motions of nails fixed in their perimeteis, cycloida 
without the globe; and pendulums in mines and 
deep caverns of the Earth muſt oſcillate in cycloids 
Aichin the globe, that thoſe oſcillations may * per- 
ſormed in equal times. For gravity (as will be ſhewn 
in the third book) decreaſes in its progreſs from the 
ſuperficies of the Earth ; upwards in a duplicate ratio 
of the diſtances from the centre of the earth; down- 
wards in a ſimple ratio of the ſame. 
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ProeosITiON LIII. PaOLEM XXXV. 


Granting the quadratures of curvili- 


near figures, it is required to find 
the forces with which bodies moving 
in given curve lines may ahvays per- 
form their oſcillations in equal times. 


Let the body T (Pl. 20. Eg. 2.) oſcillate in 
any curve line STR , whoſe axis is AR paſſing 
through the centre of force C. Draw TX touch- 
ing that curve in any place of the body 7, and 
in that tangent TAT take TT equal to the arc TR. 
The length of that arc is known from the com- 
mon methods uſed for the quadratures of figures. 
From the point I draw the right line T perpen- 
dicular to the rangent. Draw CT meeting that 
perpendicular in Z, and the centripetal force 
will be proportional ro the right line 7. 

. J. 

Eren if the force with which the body is at- 
trated from T towards C be expreſſed by the right 
line TZ taken proportional to it, that force will be 
reſolved into two forces TY TZ, of which TZ 
drawing the body in the direction of the length of 
the thread PT; does not at all change its motion 
whereas the other force TT directhy accelerates or 
retards its motion in the curve STR. Where- 
fore ſince that force is as the ſpace to be deſcribed 
TR, the accelerations or retardations of the body in 
deſcribing two proportional parts (a greater a- a 

P 3 ) 


212 Mathematical Principles Book A 


leſs) of two oſcillations, will be always as thoſe parts, 
and therefore will cauſe thoſe parts to be deſcribed 
together. But bodies which continually deſcribe t 

er parts proportional ro the wholes, will deſcrite 
the wholes together alſo. Q. E. D. 

Cor. 1. Hence if the body 7 (Pl. 20. Fig. z.) 
hanging by a rectilinear thread AT from the cen- 
tre 4, Seferide the circular arc STR Q, and in the 
mean time be acted on by any force tending down- 
wards with parallel directions, which is to the uni- 
form force of gravity as the arc TR to its fine TN, 
the times of the ſeveral oſcillations will be equal. 
For becauſe TZ, AR are parallel, the triangles 
ATN, ZTY are ſimilar; and therefore TZ will 
be to AT as TY to TN; that is, if the uniform 
force of gravity be expreſſed by the given length 
AT the — TZ by which the oſcillations be- 
come iſochronous, will be to the force of gravity 
AT, as the arc TR equal to TT is to T the fine of 
that arc. | 

Cor. 2. And therefore in clocks, if forces were 
impreſſed by ſome machine upon the pendulum 
which preſerves the motion, and ſo compounded 
with the force of gravity, that the whole force 
tending downwards ſhould be always as a line pro- 
duced by applying the rectangle under the arc TR 
and the radius AR to the fine TN, all the oſcillati- 
ons will become iſochronous. 


| 
; 
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PrRoeosI TION LIV. PROBLEM XXXVI. 


Granting the quadratures of carvilinear 
figures, it is required to find the times, 
in which bodies by means of any 
centripetal force Twill deſcend or aſ- 
cend in any curve lines deſcribed in 
a plane paſſing through the centre of 


force, 


Let the body deſcend from any place S (Pl. 
20. Fig. 4.) and move in any curve ST. & given in 
a plane paſſing through the centre of force C. 
Join CS, and let it be divided into innumerable | 
equal parts, and let Dd be one of thoſe parts. 
From the centre C, with the intervals CD, Cd, 
let the circles DT, dt be deſcribed, meeting the 
curve line S T R in T and t. And becauſe the law 
of centripetal force is given, and alſo the altitude CS 
from which the body at firſt fell; there will be 
given the velocity of the body in any other alti- 
tude CT (by prop. 39.) But the time in which 
the body deſcribes the lineola 77 is as the length 
of that lineola, that is, as the ſecant of the angle 
TC directly, and the velocity inverſely, Let t 
ordinate DN, proportional to this time, be made 

ndicular to the right line CS at the point D, 
and becauſe Dd is given, the rectangle Ddx DN 
that is, the area DV d. will be proportional to the 
ſeme time. Therefore if PV be a curve line in 
which the point N is perpetually found, and its 

P 3 aſymptote 
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aſymptote be the right line $2 ſtanding upon the 

line CS at right angles, the S SOPND will be 

proportional to the time in which the body in its 

deſcent hath deſcribed the line $7; and there» 

8 that area being found the time is alſo given. 
E. J. 


ProeosITION LV. Tü ROREM XIX. 


If a body move in any curve ſuferficies 
whoſe axis paſſes through the centre 
of force, and from the lody a per- 
pendicular be let fall upon the axis; 
and a line parallel and equal therę- 
to be drawn from any given point of 
the axis; I ſay, that this parallel line 
will deſcribe an area froportional to 
the time. 


Let BKL (Pl. 20. Fg. 5.) be a curve ſu- 
ficies, T a body revolving in it, STR a tra- 
jectory which the body deſcribes in the fame, S 
the beginning of the trajectory, OMX the axis 
of the curve ſuperficies, TN a right line let fall 
perpendicularly from the body to the axis; OP 
a line parallel and equal thereto drawn from the 
given point O in the axis; AP the orthographic 
projection of the trajectory deſcribed by the point 
P in the plane 40 in which the revolving 
line OP is found; A the beginning of that pro- 
jection anſwering to the point S; TC a right line 
drawn from the body to the centre ; 3 — 
ereo 


» 
— 
. 
þ 

; 
4 

1 
— 
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thereof 8 to the cengripetal*force with 


which the body tends towards tue centre C; TA. 
a right line perpendicular to the curve ſuperficies; 
TI a part thereof proportioral to the force of 


preſſure with which the body urges the ſuperficies, 


and therefore with which it is again repelled by 
the ſuperficies towards ; 7TF a Tight line 
parallel to the axis and paſſing through the body, 
and GF, IH right lines let fall perpendicularſy- 
from the points G. and 7 upon that bald 
PHTF. I fay now that the area 40, de- 
ſcribed by the radius OP from the beginning of 
the motion, is proportional to the time. For t 

force TG (hy cor. 2. of the laws of motion) 1 
reſolved into the forces TF, FG; and the force 
TI into the forces TH, HI; but the forces T, 


"TH, acting in the direction of the line PF per- 


pendicular to the plane A O, introduce no change 
in the motion of the body but in a direction 
perpendicular to that plane. Therefore its motion 
ſo far as it has the ſame direction with the po- 
ſition of the plane, that is, the motion of the 
point P, by which the projection AP of the 
trajectory is deſcribed in that plane, is the ſame as 
if the forces TF, T were taken away, and the 
body were acted on by the forces FG, HI a- 
lone; that is, the ſame as if the body were to 
deſcribe in the plane 4OP the curve AP by 
means of a centriperal force tending to the centre 
O, and equal to the ſum of the forces FG and 
HI. But with ſuch a force as that (by prop. 1.) 
the area AOP will be deſcribed proportional to the 
time. O. E. D. | 
Cor. By the ſame reaſoning if a body, acted 
on by forces tending to two or more centres in 


P 4 any 


r 7 RI r 
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any the ſame right line CO, ſhould deſcribe in a 
free ſpace any curve line S7; the area AOP 
would be always proportional to the time. 


ProeosITION LVI. PROBLEM XXXVII. 


Granting the quadratures of curvilinear 
_ figures and ſuppoſing that there are 
given both the law of centripetal force 
tending to a given centre, and the 
curve ſuperficies whoſe axis paſſes 
through that centre; it is required- to 
find the trajectory which a 50 will 
deſcribe in that ſuperficies, when going 
off from a given place with a given 
velocity, and in a piven direction in 


that ſuperficies. 


The laſt conſtruction remaining, let the body 
T go from the given place & (Pl. 20. Fig. 6.) in 
the direction of a line given by poſition, and turn 
into the trajectory ſought STR whoſe —_ hic 
projection in the plane BLO is AP. An 7 nom 
the given velocity of the body in the altitude 
SC, its velocity in any other altitude 7'C will be alſo 
given. With that velocity in à given moment 
of time let the body deſcribe the particle 77 of 
its trajectory, and let Pp be the projection of that 
particle deſcribed in the plane 4OP. 2 Op, 
and a little circle being deſcribed _= the curve 
ſuperficies about the centre 7 with the interval Te, 
let the projection of that little circle in the _ 

AOP 
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40 be the ellipſis p. And becauſe the magni- 
tude of that little circle Tr, and TN or PO its di- 
ſtance from the axis CO is alſo given, the ellipſis pQ 
will be given both in kind and magnitude, as alſo 
its poſition to the right line PO. And ſince the 
area F Op is proportional to the time, and therefore 

iven becauſe the time is given the angle P Op will, 
be given. And thence wall be N the common 
interſection of the ellipſis and the right line Op, to- 
gether with the angle O Pp in which the projection 
APp of the trajectory cuts the line OP, But from 
thence (by conferring prop. 41. with its 2d cor.) 
the manner of determining the curve APp eaſily 
appears. Then from the ſeveral points P of that pro- 
jection r be the plane 4O P the perpendiculars 
PT meeting the curve ſuperficies in T, there will be 


given the ſeyeral points Tof the trajectory. Q. E. J. 
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SECTION Xl. 


Of the motions of bodies tending to 
each other with centripetal forces. 


I have hitherto been treating of the attractions 
of bodies towards an immoveable centre; tho” very 
robably there is no ſuch thing exiſtent in nature. 
For attractions are made towards bodies; and the acti- 
ons of the bodies attracted and attracting, are al- 
ways reciprocal and equal by law 3. fo that if there 
are two bodies, neither the attracted nor the at- 
tracting body is truly at reſt, but both (by cor. 
4. of the laws of motion) being as it were mutu- 
ally attracted, revolve about a common centre of 
gravity- And if there be more bodies, which are 
either attracted by one ſingle one which is attra- 
Red by them again, or which, all of them, attract 
each other mutually ; theſe bodies will be ſo moved 
themſelves, as that their common centre of 

ravity will either be at reſt, or move uniformly 
— in a right line. I ſhall therefore at pre- 
ſent go on to tieat of the motion of bodies mu- 
tually attracting each other; conſidering the cen- 
tripetal forces as attractions; though perhaps in a 
phyſical ſtrictneſs they may more truly be called 
impulſes. 
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impulſes, But theſe propoſitions are to be cone 
ſidered as purely mathematical; and therefore laying 
aſide all phyſical conſiderations, I make uſe of 2 
familiar way of ſpeaking, to make my ſelf the 
more eaſily underſtood by a mathematical reader. 


PROrOSITION LVII. TrHreOktem XX. 


Two bodies attrafting each other mu- 
tually, deſcribe ſimilar figures about 
their common centre of gravity, and 
about each other mutually. 


For the diſtances of the bodies from their com- 
mon centre of gravity are reciprocally as the bo- 
dies; and therefore in a given ratio to each other; 
and thence by compoſition of ratio's, in a given 
ratio to the whole diſtance between the bodies. 
Now theſe diſtances revolve about their common 
term with an equable angular motion, becauſe ly- 
ing in the fame right line they never change theic 
inclination to each other mutually. But right lines 
that are in a given ratio to each other, and revolve 
about their terms with an equal angular motion, de- 
ſcribe upon planes, which either reſt with thoſe 
terms, or move with any motion not angular, fi- 

res entirely ſimilar round thoſe terms. Therefore the 
— deſcribed by the revolution of theſe diſtances 
are ſimilar. Q. E. D. 


PRO r- 
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PROrosrriox LVIII. Theorem XXI. 


IF two bodies attract each other mutu- 
ally with forces of any kind, and in 
the mean time revolve al out the com- 
mon centre of gravity; I ſay that by 
the ſame forces there may be de- 
ſcribed round either body unmoved, a 
figure ſimilar and equal to the figures 
which the bodies 55 moving deſcribe 
round each other mutually. | 


Let the bodies & and P (Pl. 20. Fig. 7.) re- 
volve about their common centre of gravity C, 
proceeding from S to 7, and from P to Q. 
From the given point 2, let there be continually 
drawn 5p, 4%, equal and parallel to SP, TQ; and 
the curve pqv, which the point p deſcribes in its 
revolution round the immoveable point 5s, will be 
ſimilar and equal to the curves, which the bodies 
S and P deſcribe about each other mutually ; and 
therefore by theor. 20. ſimilar to the curves ST 
and P which the fame bodies deſcribe about 
their common centre of pravity C; and that be- 
cauſe the proportions of the lines SC, CP, and SP 
or 5p, to each other, are given. 

CasE 1. The common centre of gravity C (by 
cor. 4. of the laws of motion) is either at reſt, or 
moves uniformly in a right line. Let us firſt 
ſuppoſe it at reſt, and in s and p let there be 
placed two bodies, one immoveable in , the other 
move- 
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moveable in p, fimilar and equal to the bodies S 
and P. Then let the right lines PR and pr touch 
the curves PQ and pq in P and p, and produce 
CO and 5q to R and r. And becauſe the figures 
CPR, ir are ſimilar, X will be to rq as 
CP to 5p, and therefore in a given ratio, Hence 
if the force with which the body P is attracted to- 
wards the body S, and by conſequence towards 
the intermediate point the centre C, were to the 
force with which the body p is attracted towards 
the centre M in the ſame given ratio; theſe forces 
would in equal times attract the bodies __ the 
tangents PR, pr to the arcs PQ, pg, h 
1 4 to * ©, rq * 
therefore this laſt force (tending to :) would make 
the body p revolve in the curve pqv, which would 
become ſimilar to the curve P. in which the 
firſt force obliges the body P to revolve; and 
their revolutions would be compleated in the fame- 
times. But becauſe thoſe forces are not to each 
other in the ratio of CP to , but (by reaſon of 
the ſimilarity and equality of the bodies & and 3, 
P and p, and the equality of the diſtances SP, 5p) 
mutually equal; the bodies in equal times will be 
equally drawn from the tangents; and therefore 
that the body p may be attracted through the 
greater interval rq, there is required a greater time, 
which will be in the ſubduplicate ratio of the in- 
tervals; becauſe by lemma 10. the ſpaces deſcribed 
at the very beginning of the motion are in a du- 
plicate ratio of the times. Suppoſe then the velo- 
city of the body p to be to the velocity of the 
body P in a ſubduplicate ratio of the diſtance 25 
to the diſtance CP, ſo that the arcs pq, PQ, 
which are in a ſimple proportion to each other, 
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tnay be deſcribed in times that are in a ſubdupli- 
cate ratio of the diſtances; and the bodies P, p, 
always attracted by equal forces will deſcribe round 
the quieſcent centres C and s ſimilar figures PQ, 
Pqv, the latter of which pq» is ſimilar and equal 
to the figure which the body P deſcribes round 
the moveable body S. O. E. D. 

Cask 2. Suppoſe now that the common centre 
of gravity together with the ſpace in which the 
bodies are moved among themſelves, proceeds uni- 
formly in a right line; and (by cor. 6. of the laws 
of motion) all the motions in this ſpace will be 
performed in the ſame manner as before; and there- 
ſore the bodies will deſcribe mutually about each 
other the ſame figures as before, which will be there- 
fore ſimilar and equal to the figure pgv. Q. E. D. 

Cor, 1. Hence two bodies attracting each other 
with forces proportional to their diſtance, deſcribe 
(by prop. 10.) both round their common centre 
of gravity, and round each other mutually, con- 
centrical ellipſes; and vice vers if ſuch figures are 
deſcribed, the forces are proportional to the di- 
ſtances. 8 

Con. 2. And two bodies, whoſe forces are re- 
ciprocally proportional to the ſquare of their di- 
ſtance, deſcribe, (by prop. 11, 12, 13.) both round 
their common centre of gravity and round each o- 
ther mutually, conic ſections having their focus in 
the centre about which the figures are deſcribed. 
And vice versa, if ſuch figures are deſcribed, the 
centripetal forces are reciprocally proportional to the 
{quares of the diſtance, 

Co. 3. Any two bodies revolving round their com- 
mon centre of gravity, deſcribe areas proportional — 
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the times, by radij drawn both to that centre and to 
other mutually. 


ProeosI TION LIX. THEOREM XXII. 


The periodic time of two bodies 8 and 
P revolving round their common cen- 
tre of gravity C, is to the periodic 
time of one of the bodies P revolving. 
round the other 8 remaining unmoved, 
and deſcribing a figure ſimilar and 
equal to thoſe whith the bodies de- 
ſcribe about each other mutually, in 
a ſubduplicate ratio of the other body 
S to the ſum of the bodies SP. 


For by the demonſtration of the laſt propo- 
ſition, the times in which any fimilar arcs PQ 
and ＋ are deſcribed, are in a ſubduplicate ratio 
of the diſtances CP and SP or 5p, that is in a 
ſubduplicate ratio of the body & to the ſum of 
the bodies S- -P. And by compoſition of ratio's, 
the ſums of the times in which all the ſimilar 
arcs P Q and pq are deſcribed, that is, the whole 
times in which the whole ſimilar figures are de- 
ſcribed, are in the ſame ſubduplicate ratio. Q. E. D. 


PR- 
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PROroSsITION LX. THEOREM XXIII. 


If two bodies S and P, attracting each 
other with forces reciprocally propor- 
tional to the ſquares of their diſtance, 
revolve about their common centre of 
gravity; I ſay that the principal axis 
of the ellipfis which either of the 
bodies as P deſcribes by this mo- 
tion about the other 8, will be to 
the principal axis of the ellig is, which 
the ſame body P may deſcrile in the 
ſame periodical time about the other 
body S quieſcent, as the ſum of the 
to bodees S-|-P to the firſt of tw» 
mean proportionals between that ſum 


and the other body S. 


For if the ellipſes deſcribed were equal to each 
other, their periodic times by the laſt theorem 
would be in a ſubduplicate ratio of the body S 
to the ſum of the — S-|-P. Let the periodic 
time in the latter ellipſis be diminiſhed in that 
ratio, and the periodic times will become equal; 
but by prop. 15. the principal axis of the ellipſis, 
will be diminiſhed in a ratio ſeſquiplicate to the 
former ratio; that is in a ratio, to which the ratio 
of S to S-|-P is triplicate; and therefore that axis 
will be to the principal axis of the other ellipſis, 
as the firſt of two mean proportionals —_ 

| S-|-P 


— — — — 


— 


—— — — —— 
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S-|-P and S to S. And inverſely the prin- 

cipal axis of the ellipſis deſcribed about the move- 

able body, will be to the principal axis of that de- 

ſcribed round the immoveable, as S P to the firſt 

8 two mean proportionals between S -P and S. 
E. D. 


PROrOSITION LXI. TugO REM XXIV. 


F two bodies attrafting each other 
with any kind of forces, and not o- 
therwiſe agitated or olſtructed, are 
moved in any manner whatſoever ; 
thoſe motions will be the ſame, as 
if they did not at all attract each 
ether mutually, but were both at- 
tracted with the ſame forces by a 
third body placed in their common 
centre of gravity; and the law of 
the attracting forces will be the 
ſame in reſpect of the diſtance of 
the bodies from the common centre, as 
in reſpect of the diſtanuce between the 
too bodies. 


For thoſe forces with which the bodies attract 
each other mutually, by tending to the bodies tend 
alſo to the common centre o ity lying di- 
rectly between them; and * are the ſame 
as if they proceeded from an intermediate body. 

D. . | 


2 F. 
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And becauſe there is given the ratio of the di- 
ſtance of either body from that common centre to 
the diſtance between the two bodies, there is gi- 
ven of courſe the ratio of any power of one 4 
ſtance to the ſame 3 of the other diſtance; 

a 


and alſo the ratio of any quantity derived in any 
manner from one of the diſtances compounded any 
how with given quantities, to another quantity, de- 
rived in like manner from the other diſtance, and 
as many given quantities having that given ratio 
of the diſtances ro the firſt. Therefore if the 
force with which one body is attracted by ano- 
ther be directly or inverſely as the diſtance of the 
bodies from each other, or as any power of that 
diſtance ; or laſtly as any quantity derived after a- 
ny manner from that diſtance compounded with 
given quantities; then will the fame force with 
which the fame body is attracted to the common 
centre of gravity, be in like manner directly or 
inverſely as the diſtance of the attracted body from 
the common centre, or as any power of that di- 
ſtance, or laſtly as a quantity derived in like fort 
from that diſtance compounded with analogous 
given quantities. That is, the law of attracting 
force will be the ſame with reſpect to both di- 
ſtances. Q. E. D. 


PRo- 
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PrxoeosITION LXII. PROBLEM XXXVIII. 


To determine the motions of two bodies 
which attract each other with forces 
reciprocally proportional to the ſquares 
of the diſtance between them, and are 
let fall from given places. 


The bodies, by the laſt theorem, will be moved 
in the fame manner as if they were attracted b 
a third placed in the common centre of their 
pravity' and by the hypotheſis that centre will 

quieſcent at the beginning of their motion, 
and therefore (by cor. 4. of the laws of motion) 
will be always quieſcent. The motions of the 
bodies are therefore to be determined (by prob. 
25.) in the ſame manner as if they were im- 
pelled by forces tending to that centre; and then 
we ſhall have the motions of the bodies attracting 
each other mutually: Q. E. J. 


PROOSITION LXIII. PROBLEM XXXIX. 


To determine the motions of two bodies 
attratting each other with forces reci- 


procally proportional to the ſquares of 


their diſlance; and going off from given 
places in given directions, with given 
velocities. 


The motions of the bodies at the beginning be- 
ing given, there is given alſo the uniform motion 
Q z 
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of the common centre of gravity, and the moti- 
on of the ſpace which moves along with this 
centre. uniformly in a right line, and alſo the very 
firſt, or beginning motions of the bodies in re- 
ſpect of this ſpace. Then (by cor. 5. of the 
laws, and the laſt theorem) the ſubſequent motions 
will be performed in the ſame manner in that ſpace, 
as if that ſpace rogether with the common centre 
of gravity were at reſt, and as if the bodies did 
not attract each other, but were attracted by a 
third body placed in that centre. The motion 
therefore in this moveable ſpace of each body g- 
ing off from a given place, in a given direction, 
with a given velocity, and acted upon by a cen- 
tripetal force tending to that centre, is to be de- 
termined by prob. 9. and 26. and at the ſame 
time will be obtained the motion of the other 
round the ſame centre. With this motion com- 
pound the uniſorm progreſſive motion of the en- 
tire ſyſtem of the ſpace and the bodies revolving 
in it, and there will be obtained the abſolute 


motion of the bodies in immoveable ſpace. Q. E. I. 


ProrosITION LXIV. PROBLEM XL. 


Suppoſing forces with wwhich bodies um- 
tually attract each other to increaſe in 
a ſimple ratio of their diſlances from 
the centres; it is required to find the 
motions of ſeveral bodies among them- 


ſelves. 


Suppoſe the two firſt bodies 7 and L (Pl. 2r. 


Fig. 1.) to have their common centre of gravity 
| in 
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in D. Theſe by cor. 1. theor. 21. will deſcribe 
ellipſes having their centres in D, the magnitudes 
of which ellipſes are known by prob. f. 

Let now a third body & attract the two for- 
mer T and L with the accelerative forces ST, SL. 
and let it be attracted again by them. The force 
ST (by cor. 2. of the laws of motion) is reſolved 
into the forces SD, DT; and the force SL into 
the forces SD and DL. Now the forces DT, DL, 
which are as their ſum TL, and therefore as the 
accelerative forces with which the bodies 7” and 
L attract each other mutually, added to the forces 
of the bodies T and L, the firſt to the firſt, and 
the laſt to the laſt, compoſe forces proportional to 
the diſtances DT” and DL as hefore, but only 
greater than thoſe former forces ; and therefore (by 
cor. I. prop. 10. and cor. 1. and 8. prop. 4.) 
they will cauſe thoſe bodies to deſcribe ellipſes as 
before, but with a ſwifter motion. The remaining 
accclerative forces SD and SD, by the motive 
forces, S Dx and SDx L which are as the bo- 
dies, attracting thoſe bodies equally, and in the 
direction of the lines TI, LX parellel to DS, do 
not at all change their ſituations with reſpect to 
one another, but cauſe them equally to approach to 
the line IX; which muſt be imagined drawn 
through the middle of the body S, and paar 
cular to the line DS. But that approach to the 
line /X will be hindered by cauſing the ſyſtem 
of the bodies T and L on one fide, and the body 
S on the other with proper velocities to revolve 
round the common centre of gravity C. With 
ſuch a motion the body S, becauſe the ſum of 
the motive forces SDxT and SDxL is proporti- 
onal to the diſtance CS, tends to the centre C, 


Q3 will 


_ 
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will deſcribe an ellipſis round the ſame centre C; 
and the point D, becauſe the lines CS and CD are 

portional, will deſcribe a like ellipſis over-againſt 
it. But the bodies 7 and L, attracted by the 
motive forces SDxT and SDx L, the firſt by the 
firſt, and the laſt by the laſt, equally and in the di- 
rection of the parallel lines TI and LK as was 
ſaid before, will (by cor. 5. and 6. of the laws 
of motion) continue to deſcribe their ellipſes round 
the moveable centre D as before. O. E. J. 

Let there be added a fourth body Y; and by 
the like reaſoning it will be demonſtrated that this 
body and the point C will deſcribe ellipſes about 
the common centre of gravity B; the motions of 
the bodies 7, L, and S round the centres D and 
C remaining the ſame as before; but accelerated, 
And by the fame method one may add yet more 
bodies at pleaſure. ©. E. J. 

This would be the caſe, though the bodies 7 
and L attract each other mutually with accelera- 
tive forces either greater or Jeſs than thoſe with 
which they attract the other bodies in proportion 
to their diſtance. Let all the mutual accelerative 
attractions be to each other as the diſtances multiplyed 
into the attracting bodies; and from what has gone 
before it will eaſily be concluded that all the bodies 
will deſcribe different ellipſes with equal periodical 
times about their common centre of gravity B, in 
an immoyeable plane. Q. E. J. 
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ProeosITION LXV, THEOREM XXV. 


Bodies, whoſe forces decreaſe in a du- 
plicate ratio of their diſrances from 
their centres, may move among them- 
ſelves in ellipſes ; and by radij dratwon 
to the foci may deſcribe area's propor- 
tional to the times very nearly. 


In the laſt propoſition we demonſtrated that 
caſe in which the motions will be performed ex- 
actly in ellipſes. The more diſtant the law of the 
forces is from the law in that caſe, the more will 
the bodies diſturb each others motions; neither is 
it poſſible that bodies attracting each other mutu- 
ally according to the law ſuppoſed in this propo- 
ſition ſhould move exactly in ellipſes unleſs b 
keeping a certain proportion of diſtances from Bl 
other, However in the following cafes the orbits 
will not much differ from ellipſes. 

CasE 1. Imagine ſeveral leſſer bodies to revolve 
about ſome very great one at different diſtances 
from ir, and ſuppoſe abſolute forces tending to eve- 
ry one of the bodies, proportional to each. And 
becauſe (by cor. 4. of the laws) the common cen- 
tre of gravity of them all is either at reſt or 
moves uniformly forward in a right line, fuppoſe 
the leſſer bodies ſo ſmall that the great body may 
be never at a ſenſible diſtance from that centre ; 
and then the great body will, without any ſenſible 
Q 4 error 
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error, be either at reſt or move uniformly forward 
in a right line; and the leſſer will revolve abour 
that great one in ellipſes, and by radij drawn there- 
to will deſcribe areas proportional to the times; if 
we except the errors that may be introduced by the 
receding of the great body from the common 
centre of gravity, or by the mutual actions of the 
leſſer bodies upon each other. Bur the leſſer bo- 
dies may be ſo far diminiſhed, as that this re- 
ceſs and the mutual actions of the bodies on 
each other may become leſs than any aſſignable; 
and therefore ſo as that the orbits may become 
ellipſes, and the areas anſwer to the times, without 
any error that is not leſs than any aſſignable. 
E. O. 

2 2. Let us imagine a ſyſtem of leſſer bo- 
dies revolving about a very great one in the man- 
ner juſt deſcribed, or any other ſyſtem of two 
bodies revolving about each other to be moving 
uniformly forward in a right line, and in the mean 
time to be impelled ſide-ways by the force of a- 
nother vaſtly greater body fituate at a great diſtance. 
And becauſe \ 4 equal accelerative forces with which 
the bodies are impelled in parallel directions do not 
change the ſituation of the bodies with reſpect to 
each other, but only oblige the whole ſyſtem to 
change its place while the parts ſtill retain their 
motions among themſelves; it is maniſeſt, that no 
change in thoſe motions of the attracted bodies can 
ariſe from their attractions towards the greater, un- 
leſs by the inequality of the accelerative attractions, 
or by the inclinations of the lines towards each o- 
ther, in whoſe directions the attractions are made. 
Suppoſe thereſore all the accelerative attractions 
made towards the great body to be among them- 

ſelves 
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ſelves as the ſquares of the diſtances reciprocally; 
and then, by increaſing the diſtance of the 
body till the differences of the right lines drawn from 
that to the others in reſpect of their length, and the in- 
clinations of thoſe lines to each other, be leſs than any 
given, the motions of the parts of the ſyſtem 
will continue without errors that are not leſs than a- 
ny given. And becauſe by the ſmall diſtance of 
thoſe parts from each other, the whole ſy ſtem 
is attracted as if it were but one body, it 
will therefore be moved by this attraction as if it 
were one body; that is, its centre of gravity will 
deſcribe about the great body one of the conic 
ſections (that is, a parabola or hyperbola when the 
attraction is but languid, and an ellipſis when it is 
more vigorous) and by radij drawn thereto it will 
deſcribe area's proportional to the times, without 
any errors but thoſe which ariſe from the diſtan- 
ces of the parts, which are by the ſuppoſition 
exceeding ſmall, and may be diminiſhed ar pleaſure. 
Q. F. O. 

By a like reaſoning one may proceed to more com- 
pounded caſes in infinitum. 

Cor. 1. In the ſecond caſe, the nearer the very 
great body approaches to the ſyſtem of two or more 
revolving bodies, the greater will the perturbation 
be of the motions of the parts of the ſyſtem a- 
mong themſelves; becauſe the inclinations of the 
lines drawn from that great body to thoſe parts 
become greater; and the incquality of the propor- 
tion 15 alſo greater. 

Co. 2. But the perturbation will be greateſt of 
all, if we ſuppoſe the accelerative attractions of 
the parts of the ſyſtem towards the greateſt body 
of all are not to each other reciprocally as the 

{quares 
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— of the diſtances from that great body; 
pecially if the inequality of this proportion be 
greater than the 1 of the proportion of 
the diſtances from the great body. For if the 
accelerative force, acting in parallel directions and 
equally, cauſes no perturbation in the motions of 
the of the ſyſtem, it muſt of courſe, when 
it So unequally, cauſe a perturbation ſomewhere, 
which will be greater or leſs as the inequality is 
greater or leſs. The exceſs of the greater impulſes 
acting upon ſome bodies, and not _ upon o- 
thers, muſt neceſſarily change their ſituation a- 
themſelves. And this perturbation, added 
to the perturbation ariſing from the inequality 
and inclination of the lines, makes the whole per- 
turbation greater. | 
Cor. 3. Hence if the parts of this ſyſtem 
move in ellipſes or circles without any remark- 
able V it is manifeſt, that if they are 
at all impelled by accelerative forces tending to 
any other bodies, the impulſe is very weak, or 
elſe is impreſſed very near equally and in parallel 
directions upon all of them. | | 


ProeoSITION LXVI. ThHEOkEm XXVI. 
IF three bodies ꝛchoſe forces decreaſe 


in a duflicate ratio of the diſtances, 
attract each other mutually; and the 
accelerative attraftions of any two 
towards the third be between them- 
ſelves reciprocally as the ſquares of 
the diſtances; and the two leaſt re- 

| volve 
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volve about the greateſt, I ſay that 
the interior of the tos revolving bodies 
will, by radij drawn to the innermoſt 
and greateſ;, deſcribe round that bo» 
dy, area's more proportional to the 
times, and a figure more approaching 
to that of an ellipſis having its focus 
in the point of concourſe of the ra- 
dij, if that great body be agitated b 

thoſe attractions, than it would h 
if that great Lody were not at- 
trafted at all by the leſſer, but re- 
mained at reſi; or than it would if 
that great lody were very much more 
or very much leſs attrafted, or very 
much more or very much leſs agitated 
by the attractions. 


This appears plainly enough from the demon- 
ſtration of the ſecond corollary of the foregoing 
propoſition; but it may be made out after this 
manner by a way of reaſoning more diſtinct and 
more univerſally convincing; 

CASE 1. Let the leſſer bodies P and & (PL. 21. 
Fig. 2.) revolve in the fame plane about the 
greateſt body 7, the body P deſcribing the in- 
terior orbit P AB, and & the exterior orbit ESE. 
Let S&K be the mean diſtance of the bodies P 
and S; and let the accelerative attraction of the 
body P towards S, at that mean diſtance, be ex- 
preſſed by that line SK. Make SL to S&K as 
the ſquare of SK to the ſquare of SP, and = 

w 
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will be the accelerative attraction of the body P 
towards S at any diſtance SP. Join PT, and 
draw LM parallel to it meeting ST in A; and 
the attraction SL will be reſolved (by cor. 2. of 
the laws of motion) into the attractions S 14, L AI. 
And ſo the body P will be urged with a three- 
fold accelerative force. One of theſe forces tends 
towards 7, and ariſes from the mutual attraction of 
the bodies T and P. By this force alone the bo- 
dy P would deſcribe round the body 7, by the 
radius PT, areas proportional to the times, and an 
ellipſis whoſe focus is in the centre of the body 
T; and this it would do whether the body 7 
remained unmoved, or whether it were agitated by that 
attraction. This appears from prop. 11. and cor. 
2 & 3 of theor. 21. The other force is that of 
the attraction L M. which becauſe it tends from 
P to T, will be ſuper-added to and coincide with 
the former force; and cauſe the area's to be ſtill 
wu 11g to the times, by cor. 3. theor. 21. But 

cauſe it is not reciprocally proportional ro the 
ſquare of the diſtance PT, it will compoſe when 
added to the former, a force varying from that 
proportion; which variation will be the greater, by 
how much the proportion of this force to the 
former is greater, ceteris paribus. Therefore ſince 
by prop. 11. and by cor. 2. theor. 21. the force 
with which the ellipſis is deſcribed about the focus 
T ought to be directed to that focus; and to be 
reciprocally proportional ro the ſquare of the di- 
ſtance PT; that compounded force varying from 
that proportion will make the orbit A vary 
from the figure of an ellipſis that has its focus 
in the point T; and ſo much the more by how 
much the variation from that proportion 1s ä 

an 


SEcT. XI. of Natural Philoſophy. 237 


and by conſequence by how much the proportion 
of the ſecond force LA to the firſt force is 
greater, ceteris paribus. But now the third force . 
S114, attracting the body P in a direction pa- 
rallel to ST; compoſes with the other forces a new 
force which is no longer directed from P to 7; 
and which varies ſo much more from this direc- 
tion, by how much the proportion of this third 
force to the other forces is greater ceteris paribus; 
and therefore cauſes the body FP to deſcribe, by 
the radius TP, area's no longer proportional to the 
times; and therefore makes the variation from 
that proportionality ſo much greater by how much 
the proportion of this force to the others is greater. 
But this third force will increaſe the variation of 
the orbit P AB from the elliptical figure be- 
fore mentioned upon two accounts; firſt becauſe 
that force is not directed from P to 7; and 
ſecondly becauſe it is not reciprocally proportio- 
nal to the ſquare of the diſtance PT; Theſe things 
being premiſed, it is manifeſt, that the area's are 
then moſt nearly proportional to the times, when 
that third force is the leaſt poſſible, the reſt pre- 
ſerving their former quantity; and that the orbir 
P A B does then approach neareſt to the elliptical 
figure aboye-mentioned, when both the ſecond and 
third, but eſpecially the third force, is the leaſt poſ- 
ſible; the firſt force remaining in its former quantity. 
Let the accelerative attraction of the body 7 
towards S be expreſſed by the line SN; then if the 
accelerative attractions S A and SN were equal, 
theſe, attracting the bodies T and P equally and 
in parallel directions, would not at all change their 
ſituation with reſpect to each other. The motions 
of the bodies between themſelves would 1 
ame 
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fathe in that caſe as if thoſe attractions did not act 
at all, by cor. 6. of the laws of motion. And by 
2 like reaſoning if the attraction SM is leſs than 

the attraction SA, it will take away out of the 
attraction S. A the part SN, fo that there will re- 
main only the part (of the attraction) MAN, to 
diſturb the proportionality of the area's and times, 
and the elliptical figure of the orbit. And in like 
manner if the attraction S MV be greater than the 
attraction S AA. the perturbation of the orbit and 
proportion will be produced by the difference MN 
alone. After this manner the attraction SN re- 
duces always the attraction S. A to the attraction 
AN, the firſt and ſecond attractions remaining 
perfectly unchanged; and therefore the area's and 
times come then neareſt to proportionality, and the 
orbit P A B to the above-mentioned elliptical figure, 
when the attraction M. is either none, or the 
leaſt that is poſſible; that is, when the accelerative 
attractions of the bodies P and T approach as ncar 
as poſſible to equality; that is, when the attraction 
SN is neither none at all, nor leſs than the leaſt of 
all the attractions S A, but is as it were a mean 
between the greateſt and leaſt of all thoſe attractions 
SA, that is, not much greater nor much leſs than 
the attraction SK. ©. E. D. 

Cask. 2. Let now the leſſer bodies P, S, re- 
volve about a greater 7 in different planes; and 
the force LM, acting in the direction of the line 
PT ſituate in the plane of the orbit P AB, will 
have the ſame effect as before; neither will it 
draw the body P from the plane of its orbit. 
But the other force VA acting in the direction 
of a line parallel to S (and which therefore when 
the body & is without the line of the nodes is in- 


clined 
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clined to the plane of the orbit P.4B) beſides 
the perturbation of the motion juſt now ſpoken 
of as to longirude, introduces another perturbation 
alſo as to latitude, attracting the body P out of 
the plane of its orbit. And this perturbation, in 
any given ſituation of the bodies P and 7 to each 
other, will be as the generating force MV; and 
therefore becomes leaſt when the force MM is leaſt, 
that is, (as was juſt now ſhewn) where the attrac- 
tion SN is not much greater nor much leſs than the 
attraction SK. Q. E. D. 

Cox. 1. Hence it may be eaſily collected, that 
if ſeveral leſs bodies P, Ky R, Ce. revolve about a 
very great body 7; the motion of the innermoſt 
revolving body P will be leaſt diſturbed by the 
attractions of the others, when the great body is 
as well attracted and agitated by the reſt (accor- 
ding to the ratio of the accelerative forces) as the 
reſt are by each other mutually. 

Cor. 2. In a ſyſtem of three bodies 7, F, 5, 
if the accelerative attractions of any two of them 
towards a third be to each other reciprocally as 
the ſquares of the diſtances; the body P, by the 
radius PT, will deſcribe its area ſwifter near the 
conjunction A and the ſition B, than it will 
near the quadratures C and D. For every force 
with which the body P is ated on and the bo- 
dy T is not, and which does not act in the di- 
reion of the line PT, does either Accelerate or 
retard the deſcription of the area, according as it is 
directed, whether in conſequentia or in antecedentia. 
Such is the force NM. This force in the paſſage 
of the body P from C to A is directed in con- 
ſequentia to its motion, and therefore accelerates it; 
then as far as D in antecedentia, and _ 

t 
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the motion; then in conſequentia as far as B; 
and laſtly in antecedentia as it moves from 
to C. 

Con. 3. And from the ſame reaſoning it ap- 
pears that the body P, — moves more 


ſwiftly in the conjunction and oppoſition than in 
the quadratures. 

Cor. 4. The orbit of the body P, ceteris pari- 
bus, is more curve at the quadratures than at the 
conjunction and oppoſition. For the ſwiſter bo- 
dies move, the leſs they deflect from a rectilinear 
path. And beſides the force KL, or N44, at the 
conjunction and oppoſition, is contrary to the force 


with which the body T attracts the body P; and 


therefore diminiſhes that force; but the body P 


will defle& the leſs from a rectilinear path the leſs 
it is impelled towards the body 7. 

Con. 5. Hence the body P ceteris paribus goes 
ſarther from the body T at the quadratures than 
at the conjunction and oppoſition. This is ſaid 
however, ſuppoſing no regard had to the motion 
of eccentricity. For if the orbit of the body P 
be eccentrical, its eccentricity (as will be ſhewn 
preſently by cor. 9.) will be greateſt when the ap- 
ſides are in the ſyzygies; and thence it may ſome- 
times come to paſs, that the body P in its near 
approach to the farther apſis, may go farther 
from the body T at the ſyzygies, than at the 


quadratures. 


Cor. 6. Becauſe the centripetal force of the 
central body 7, by which the body P is retained 
in its orbit, is increaſed at the quadratures by the 
addition cauſed by the force L 44, and diminiſhed 
at the ſyzygies by the ſubduction cauſed by the 


force KL; and by reaſon the force KL is * 
than 
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than L is more diminiſhed than increaſed; and 
moreover ſince that centripetal force (by cor. 2. 
prop. 4.) is in a ratio compounded of the ſimple 
ratio of the radius TP duredtly, and the duplicate 
ratio of the periodical time 1averſely ; it is plain 
that this compounded ratio is diminiſhed by 
the action of the force KL; and therefore that 
the periodical time, ſuppoſing the radius of 
the orbit JT to remain the fame, will be in- 
creaſed, and that in the ſubduplicate of that ra- 
tio in which the centripetal force is diminiſhed; 
and therefore ſuppoſing this radius increaſed or di- 
miniſhed, the periodical time will be increaſed more 
or diminiſhed leſs than in the ſeſquiplicate ratio of 
this radius, by cor. 6. prop. 4. If that force of 
the central _ ſhould gradually decay, the body 
P being leſs and leſs attracted would go farther and, 
farther from the centre 7; and on the contrary if 
it were increaſed it would draw nearer to it. 
Therefore if the action of the diſtant body S, by 
which that force is diminiſhed, were to increaſe and 
decreaſe by turns; the radius 7 will be alſo in- 
crealed and diminiſhed by turns; and the perio- 
dical time will be increaſed and diminiſhed in a 
ratio compounded of the ſeſquiplicate ratio of the 
radius, and of the ſubduplicate of that rati@ in 
which the centriperal force of the central body T 
is diminiſhed or increaſed, by the increaſe or de- 
creaſe of the action of the diſtant body S. 

Co. 7. It alſo follows from what was before 
laid down, that the axis of the ellipſis deſcribed by 
the body F, or the line of the apſides, does as 
to its angular motion go forwards and backwards 
by turns, but more forwards than backwards, and 
by the excels of its direct motion, is in the whole 

| carried 
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carried forwards, For the force with which the 
body P is urged to the body T at the quadratures, 
where the force AN vaniſhes, is compounded of 
the force LA and the centripetal force with which 
the body T” attracts the body P. The firſt force 
L AA, if the diſtance PT be increaſed, is increaſed 
in nearly the ſame proportion with that diſtance, 
and the other force decreaſes in the duplicate ratio 
of that diſtance; and therefore the ſum of theſe 
two forces decreaſes in a leſs than the duplicate 
ratio of the diſtance PT, and therefore by cor. 1. 
prop. 45. will make the line of the apſides, or, 
which is the fame thing, the upper apſis, to go 
backward. But at the conjunction and oppoſition 
the force with which the body P is urged to- 
wards the body 7. is the difference of the force 
KL, and of the force with which the body T 
attracts the body ; and that difference, becauſe 
the force KL is very nearly increaſed in the ra- 
tio of the diſtance PT, decreaſes in more than the 
duplicate ratio of the diſtance PT; and therefore 
by cor. 1. prop. 45. cauſes the line of the apſides 
to go forwards. In the places between the ſyzy- 
gies and the quadratures, the motion of the line 
of the apſides depends upon both theſe cauſes con- 
junctly, ſo that it either goes forwards or back- 
wards in proportion to the exceſs of one of theſe 
cauſes above the other. Therefore ſince the force 
KL in the ſyzygies is almoſt twice as great as the 
force LM in the quadratures, the exceſs will be on 
the ſide of the force XL, and by conſequence the 
line of the apſides will be carried forwards. The 
truth of this and the foregoing corollary will be 
more eaſily underſtood by conceiving the ſyſtem 
of the two bodics T and 7, to be ſurrounded on 

every 
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every fide by ſeveral bodies S, S, S, Cc. diſpoſed 
about the orbit ESE. For by the actions of theſe 
bodies the action of the body T will be dimi- 
niſhed on every fide, and decreaſe in more than 
a duplicate ratio of the diſtance. 

Cor. 8. But ſince the progreſs or regreſs of the 
apſides depends upon the decreaſe of the centripetal 
orce, that is, upon its being in a greater or leſs 
ratio than the duplicate ratio of the diſtance TP, 
in the paſſage of the body from the lower apſis 
to the upper; and upon a like increaſe in its re- 
turn to the lower apſis again; and therefore be- 
comes greateſt where the proportion of the force 
at the upper apſis to the force at the lower apſis 
recedes fartheſt from the duplicate ratio of the di- 
ſtances inverſely ; it is plain that when the apſides 
are in the ſyzygies, they will, by reaſon of the 
ſubducting force KL or NM -L A, go forward 
more ſwiftly; and in the quadratures by the ad- 
ditional force LA go backward more ſlowly. 
When the velocity of the progreſs or ſlowneſs 
of the regreſs is continued for a long time, this 
inequality becomes exceeding great. 

Cor. 9. If a body is obliged, by a force reci- 
procally proportional to the ſquare of its diſtance 
from any centre, to revolve in an ellipſis round 
that centre; and afterwards in its deſcent from 
the upper apſis to the lower apſis, that force by 
a perpetual acceſſion of new force is increaſed in 
more than a duplicate ratio of the diminiſhed di- 
ſtance; it is manifeſt that the body being impelled 
always towards the centre by the perperual acceſ- 
ſion of this new force, will incline more towards 
that centre than if it were urged by that force 
alone which decreaſes in a duplicate ratio of the 

R 2 dimi- 
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diminiſhed diſtance; and therefore will deſcribe 
an orbit interior to that elliptical orbit, aud at the 
lower apſis approaching nearer to the centre than 
before, Thaclore the orbit by the acceſſion of 
this new force will become more eccentrical. If 
now, while the body is returning from the lower 
to the upper epſis, it ſhould decigaſe by the ſame de- 
grees by which it increaſed before, the body would 
return to its firſt diſtance; and therefore if the 
force decreaſes in a yet greater ratio, the body, be- 
ing now leſs attracted than before, will aſcend to a 
ſtill greater diſtance, and ſo the eccentricity of the 
orbit will be increaſed ſtill more. Theretore if the 
ratio of the increaſe and decreaſe of the centripetal 
force be augmented each revolution, the eccentri- 
city will be augmented alſo; and on the contrary, 
if that ratio decreaſe it will be diminiſhed, 

Now thercſore in the ſyſtem of the bodies 7, P, S, 
when the apſides of the orbit P AB are in the 
quadratures, the ratio of that increaſe and decreafe 
is leaſt of all, and becomes greateſt when the ap- 
ſides are in the ſyzygies. If the apſides are placed 
in the quadratures, the ratio near the apſides is leſs, 
and near the ſyzygies greater, than the duplicate 
ratio of the diſtances, and from that greater ratio 
ariſes a direct motion of the line of the apſides, 
as was juſt now ſaid. But if we conſider the ra- 
tio of the whole increaſe or decreaſe in the pro- 
greſs between the apſides, this is leſs than the du- 
plicate ratio of the diſtances. The force in the 
lower is to the force in the upper apſis, in leſs than 
a duplicate ratio of the diſtance of the upper ap- 
fis from the focus of the ellipſis to the diſtance 
of the lower apſis from the ſame focus; and contrary- 
wiſe, when the apſides are placed in the tte the 
a orce 
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force in the lower apſis is to the force in the up- 
per apſis in a greater than a duplicate ratio of : © 
diſtances. For the forces L in the quadratures 
added to the forces of the body T compoſe forces 
in a leſs ratio, and the forces XL in the ſyzygies 
ſubducted from the forces of the body T leave the 
forces in a greater ratio. Therelore the ratio of 
the whole increaſe and decreaſe in the paſſage be- 
tween the apſides, is lealt at the quadratures and 
greateſt at the ſyzygies; and therefore in the paſ- 
ſage of the apſides ſiom the quadratures to the 
ſyzygies it is continually augmented, and increaſes 
the eccentricity of the ellipſis; and in the paſſage 
from the ſyzygies to the quadratures it is perpe- 
tually decreaſing, and diminiſhes the eccentri- 
city. 

Con- 10. That we may give an account of the 
errors as to latitude, let us ſuppoſe the plane of the 
orbit EST to remain immoveablc; and from the 
cauſe of the errors above explained it is maniſeſt, 
that of the two forces NVA, ML which are the 
only and entire cauſe of them, the force ML 
acting always in the plane of the orbit PAB ne- 
ver diſturbs the motions as to latitude; and that 
the force VA, when the nodes are in che ſyzygies, 
acting alſo in the ſame plane of the orbit, does 
not at that time affect thoſe motions, But when 
the nodes are in the quadratures, it diſturbs them 
very much, and attracting the body P perperually 
out of the plane of its orbit, it aiminiſhes the in- 
clination of the plane in the paſſage of the body 
from the quadratures to the ſyzygies, and again 
increaſes the ſame in the paſſage from the ſyzygies 
to the quadratures. Hence it comes to paſs that 
when the body is in the ſyzygies the — is 

3 twnen 
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then leaſt of all, and returns to the firſt magni- 
tude nearly, when the body arrives at the next 
node. But if the nodes are ſituate at the octants 
after the quadratures, that is between C and 4, 
D and B, it will appear from what was juſt now 
ſhewn that in the paſſage of the body P from 
either node to the ninetieth degree from thence, the 
inclination of the plane is perpetually diminiſhed; 
then in the paſſage through the next 45 degrees, 
to the next quadrature, the inclination is increaſed ; 
and afterwards again, in its paſſage through another 
45 degrees to the next node, it is diminiſhed, 
Therefore the inclination is more diminiſhed than 
increaſed, and is therefore always leſs in the ſubſe- 
quent node than in the preceding one. And by a 
like reaſoning, the inclination is more increafed 
than diminiſhed, when the nodes are in the other 
octants between A and D, B and C. The incli- 
nation therefore is the greateſt of all when the 
nodes are in the ſyzygies. In their paſſage ſrom 
the ſyzygies to the quadratures the inclination is 
diminiſhed at each appulſe of the body to the 
nodes; and becomes leaſt of all when the nodes 
are in the quadratures, and the body in the ſyzy- 
gies; then it increaſes by the ſame degrees by 
which it decreaſed before; and when the nodes 
come to the next ſyzygies returns to its former 

magnitude. 5 ; 
Cox. 11. Becauſe when the nodes are in the 
uadratures the body P is perpetually attracted 
— the plane of its orbit; and becauſe this attrac- 
tion is made towards F in its paſſage from the 
node C through the conjunction A to the node 
D; and to the contrary part in its paſſage from the 
node D through the oppoſition B to the node C; 
, , 1 1 it 
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ie is manifeſt that in its motion from the node 
C, the body recedes continually from the former 
lane CD of its orbit till it comes to the next 
node; and thereſore at that node, being now at its 
greateſt diſtance from the firſt plane CD, it will 
paſs through the plane of the orbit EST” not in 
D, the other node of that plane, bur in a point 
that lies nearer to the body S, which therefore 
becomes a new place of the node in antecedentia 
to its former place. And by a like reaſoning, the 
nodes will continue to recede in their paſſage from 
this node to the next. The nodes therefore when 
ſituate in the quadratures recede perpetually, and 
at the ſyzygies, where no perturbation can be pro - 
duced in the motion as to latirude, are quieſcent; 
in the intermediate places they partake of both 
conditions, and recede more ſlowly ; and therefore 
being always either retrograde or ſtationary, they 
will be carried backwards, or in antecedentia, each 
revolution. 

Con. 12. All the errors deſcribed in theſe co» 
rollaries are a little greater at the conjunction of 
the bodies P, S, than at their oppoſition ; becauſe 
the generating forces V and ME are greater. 

Cor. 13. And fince the cauſes and proportions 
of the errors and variavions mentioned in theſe co- 
rollaries do not depend upon the magnitude of the 
body S, it follows that all things before demon- 
ſtrated will happen, if the magnitude of the body 
S be imagined fo great as that the ſyſtem of the 
two bodies P and T may revolve about it. And 
from this increaſe of the body 5, and the conſe- 
quent increaſe of its centripetal force from which 
& errors of the body P ariſe, it will follow that 
all theſe errors, at equal diſtances, will be greater 
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in this caſe, than in the other where the body 
S revolves about the ſyſtem of the bodies P 


and 7: 


Cor. 14. But ſince the forces VV, 21 I, when 
the body FS is exceedingly diſtant, are vcry nearly 
as the force S K and the ratio of PT to $7 con- 
junctly; that is, if both the diſtance PT, and the 
abſolute force of the body & be given, as ST? re- 
ciprocally ; and ſince thoſe forces VA, NL are 
the cauſes of all the errors and effects treated of in 
the foregoing corollaries;- it is manifeſt, that all 
thoſe effects, if the ſyſtcm of bodics 7 and P 
continue as before, and only the diſtance T and 
the abſolute force of the body S be changed, 
will be very nearly in a ratio compounded of the 
direct ratio of the abſolute force of the body S, 
and the triplicate inverſe ratio of the diſtance ST. 
Hence if the ſyſtem of bodies T and P revolve 
about a diſtant body S; thoſe forces N14, M1 L 
and their effects will be (by cor. 2 and 6. prop. 
4.) reciprocally in a duplicate ratio of the periodi- 
cal time. And thence allo if the magnitude of the 
body & be proportional to its abſolute force, thoſe 
forces NM, ML, and their effects, will be dircct- 
by as the cube of the apparent diameter of the 

iſtant body & viewed from T, and fo vice vers. 
For theſe ratio's are the fame as the compounded ra- 
tio above-mentioned, | 

Cor. 15. And becauſe if the orbits ESE and. 
PAB, retaining their figure, proportions end in- 
clination to each other, ſhould alter their magni- 
tude; and rhe forces of the bodics & and T ſhould 
either remain, or be changed in any given ratio; 
theſe forces (that is, the force of the body 7 
which obliges the body P to deflect from a recti- 


lincar 
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linear courſe into the orbit P AB, and the force 
of the body S, which cauſes the body P to de- 
viate from that orbit) would a& always in the 
ſame manner, and in the ſame proportion; it fol- 
lows that all the effects will be ſimilar and pro- 
portional, and the times of thoſe effects proporti- 
onal alſo; that is, that all the linear errors will be 
as the diameters of the orbits, the angular errors 
the ſame as before; and the times of ſimilar linear 
errors, or equal angular errors as the periodical times 
of the orbits. 

Con. 16. Thereſore if the figures of the orbits 
and their inclination to each other be given, and 
the magnitudes, forces, and diſtances of the bodies 
be any how changed; we may, from the errors 
and times of thoſe errors in one caſe, collect ve- 
ry nearly the errors and times of the errors in any 
other caſe. But this may be done more expedi- 
tiouſly by the following method. The forces 
NM, MI, other things remaining unaltered, are 
as the radius 77; and their periodica] effects (by 
cor. 2. lem. 10.) are as the forces, and the ſquare 
of the periodical time of the body P conjunctly. 
Theſe are the linear errors of the body P; and 
hence the angular errors as they appear from the 
centre T (that is the motion of the apſides and of 
the nodes, and all the apparent errors as to longitude 
and latitude) are in each revolution of the body 
P, as the ſquare of rhe time of the revolution 
very nearly. Let theſe ratio's be compounded with 
the ratio's in cor. 14. and in any ſyſtem of bo- 
dies T, P, S, where P revolves about T very near 
to it, and T revolves about S at a great diſtance, 
the angular errors of the body P, obſerved from 


the centre 7, will be in each revolution of the 
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body P as the ſquare of the periodical time of the 
body P directly, and the ſquare of the periodical 
time of the body T inverſely. And therefore the 
mean motion of the line of the apſides will be in 
a given ratio to the mean motion of the nodes; 
— both thoſe motions will be as the periodical 
time of the body P directly, and the ſquare of the 
periodical time of the body T inverſely. The increaſe 
or diminution of the eccentricity and inclination of 
the orbit P A5 makes no ſenſible variation in the 
motions of the apſides and nodes, unleſs that in- 
creaſe or diminution be very great indeed. 

Cor. 17. Since the line L becomes ſome- 
times greater and ſometimes leſs than the radius PT; 
let the mean quantity of the force L M be ex- 

ſſed by that radius PT; and then that mean 
orce will be to the mean force S K or SN (which 
may be alſo expreſſed by ST”) as the length PT 
to the length ST. But the mean force S N or 
ST, by which the body T is retained in the or- 
bit it deſcribes about S, is to the force with which 
the body P is retained in its orbit about 7, in a 
ratio compounded of the ratio of the radius ST 
to the radius P7 and the duplicate ratio of 
the periodical time of the body P about T to the 
periodical time of the body T about S. And ex 
#quo, the mean force L is to the force by 
which the body P is retained in its orbit about 7 
(or by which the ſame body P might revolve at 
the diſtance PT in the fame periodical time about 
any immoveable point 7) in the ſame duplicate 
ratio of the periodical times. The periodical times 
therefore being given, together with the diſtance 
PT, the mean force LM is alfo given; and that 
force being given, there is given alſo the force A1 

very 
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Cor. 18. By the fame laws by which the 
body P revolves about the body 7, let us ſuppoſe 
many fluid bodies to move round F at. equal di- 
ſtances from it; and to be ſo numerous that they 
may all become contiguous to each other, ſo as to 
form a fluid annulus or ring, of a round figure 
and concentrical to the body 7; and the ſeveral 
parts of this annulus, performing their motions by 
the ſame law as the body P, will draw nearer to 
the body T and move ſwifter in the conjunction 
and oppoſition of themſelves and the body S, than 
in the quadratures. And the nodes of this annulus, 
or its interſections with the plane of the orbit of 
the body S, or T, will reſt at the ſyzygies; but 
out of the ſyzygies they will be carried backward, 
or in antecedentia; with the greateſt ſwiftneſs in 
the quadratures, and more ſlowly in other places. 
The inclination of this annulus alſo will vary, and 
its axis will oſcillate each revolution, and when the 
revolution is compleated will return to its former 
ſituation, except only that it will be carried round a 
little by the præceſſion of the nodes. 

CoR. 19. Suppoſe now the ſphærical body 7, 
conſiſting of ſome matter not fluid, to be enlarged, 
and to extend it ſelf on every ſide as far as that 
annulus, and that a channel were cut all round its 
circumference containing water; and that this ſphere 
revolves uniformly about its own axis in the fame 
periodical time. This water. being accelerated and 
retarded by turns (as in the laſt corollary) will be 
ſwifter at the ſyzygies, and ſlower at the quadra- 
tures than the ſurface of the globe, and fo will 
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ebb and flow in its channel after the manner of the Sea, 
If the attraction of the body & were taken away; 
the, water would acquire no motion of flux and 
reflux by revolving round the quieſcent centre of 
the globe. The caſe is the ſame? of a globe 
moving uniformly forwards in a right line, and 
in the mean time revolving about its centre, (by 
cor. 5. of the laws of motion) and of a globe 
uniformly attracted from its rectilinear courſe (by 
cor. 6. of the ſame laws.) But let the body $ 
come to aft upon it, and by its unequable at- 
traction the water will receive this new motion. 
For there will be a ſtronger attraction upon that part 
of the water that is neareſt to the body, and a 
weaker upon that part which is more remote. 
And the force L M will attract the water down- 
wards at the quadratures, and depreſs it as far as 
the ſyzygies; and the force KL will attract it 
upwards in the ſyzygies, and withhold its deſcent, 
and make it riſe as far as the quadratures; except 
only in fo far as the motion of flux and reflux 
may be directed by the channel of the water, 
and be a little retarded by friction. 

Cor. 20. If now the annulus becomes hard, and 
the globe is diminiſhed, the motion of flux and 
reflux will ceaſe; but the oſcillating motion of the 
inclination and the preceſſion of the nodes will 
remain. Let the globe have the fame axis with 
the annulus and perform its revolutions in the ſame 
times, and at its ſurface touch the annulus within, and 
adhere to it; then, the globe partaking of the mo- 
tion of the annulus, this whole compages will of- 
cillate, and the nodes will go backward. For the 
globe, as we ſhall ſhew preſently, is perfectly indit- 
ferent to the receiving of all impreſſions. The 

greateſt 
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teſt angle of the inclination of the annulus 
ſingle, is when the nodes are in the ſy zy gies. Thence 
in the progreſs of the nodes to the quadratures, 
it endeavours to diminiſh its inclination and by 
that endeavour impreſſes a motion upon the whole 
globe. The globe retains this motion impreſſed, till 
the annulus by a contrary endeavour deſtroys that 
motion and impreſſes a new motion in a contrary di- 
rection. And by this means the greateſt motion 
of the decreaſing inclination happens when the 
nodes are in the quadratures; and the leaſt angle 
of inclination in the octants after the quadratures; 
and again, the greateſt motion of reclination happens 
when the nodes are in the ſyzygies; and the greateſt 
angle of reclination in the octants following. And 
the caſe is the ſame of a globe without this an- 
nulus, if it be a little higher or a little denſer in the 
æquatorial than in the polar regions. For the exceſs 
of that matter in the regions near the æquator 
ſupplies the place of the annulus. And though we 
ſhould ſuppoſe the centripetal force of this globe 
to be any how increaſed ſo that all its parts were 
to tend downwards, as the parts of our Earth gra- 
vitate to the centre, yet the phænomena of this 
and the preceding corollary would ſcarce be al- 
tered; except that the places of the greateſt and 
leaſt height of the water will be different. For 
the water is now no longer ſuſtained and kept in its 
orbit by its centrifugal force, but by the channel in 
which it lows. And beſides the force L Mattracts the 
water downwards moſt in the quadratures, and the force 
KL or N- L attracts it upwards moſt in 
the ſyzygies. And theſe forces conjoined ceaſe to 
attract the water downwards, and begin to attract 
it upwards in the octants before the ſyzygies; and 
ceaſe 
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ceaſe to attract the water upwards, and begin to 
2 the water — in — er 
the ſyzygies. And thence the eight o 
the — may happen about the octants after the 
ſyzygies; and the leaſt height about the octants af- 
ter the quadratures; excepting only ſo far as the 
motion of aſcent or deſcent impreſſed by theſe 
forces may by the vis inſita of the water continue 
a little longer, or be ſtopt a little ſooner by impe- 
diments in its channel. 

Cor. 21. For the ſame reaſon that redundant 
matter in the æquatorial regions of a globe cauſes 
the nodes to go backwards, and therefore by the 
increaſe of that matter that retrogradation is increaſed, 
by the diminution is diminiſhed, and by the re- 
moval quite ceaſes; it follows, that if more than 
that redundant matter be taken away, that is, if 
the globe be either more depreſſed, or of a more 
rare conſiſtence near the æquator than near the 
poles, there will ariſe a motion of the noces in 
conſequentia. 

Cor. 22. And thence from the motion of the 
nodes is known the conſtitution of the globe. That 
is if the globe retains unalterably the ſame poles, 
and- the motion (of the nodes) in antecedentia, 
there is a redundance of the matter near the equator; 
but if in conſequentia, a deficiency. Suppoſe an 
uniform and exactly ſpherical globe to be firſt at 
reſt in a free ſpace; then by ſome impulſe made 
obliquely upon its ſuperficies to be driven from its 
place, and to receive a motion, partly circular and 
partly right forward. Becauſe this globe is per- 
fectly indir ifferent to all the axes that paſs through 
its centre, nor has a greater propenſity to one axis 
or to one ſituation of the axis than to any other, 
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it is manifeſt that by its own force it will never 
change its axis, or the inclination of it. Let now 
this globe be impelled obliquely by a new impulſe 
in the ſame part of its ſuperficies as before; and 
ſince the effect of an impulſe is not at all _ 
by its coming ſooner or later, it is manifeſt t 

theſe two impulſes ſucceſſively impreſſed will pro- 
duce the ſame motion, as if they were impreſſed at 
the ſame time; that js, the ſame motion as if the 
globe had been impelled by a ſimple force com- 
pounded of them both (by cor. 2. of the laws) 
that is a ſimple motion about an axis of a given 
inclination. And the caſe is the ſame if the ſe- 
cond impulſe were made upon any other place of 
the æquator of the firſt motion; and alſo if the 
firſt impulſe were made upon any pou in the 
æquator of the motion which would be generated 
by the ſecond impulſe alone; and therefore alſo 
when both impulſes are made in any places what- 
ſoever; for thele impulſes will generate the ſame 
circular motion, as if they were impreſſed together 
and at once in the place of the interſections of the 
æquators of thoſe motions, which would be gene- 
rated by each of them ſeparately. Therefore a ho- 
mogeneous and perfect globe will not retain ſeveral 
diſtin motions, but will unite all thoſe that are 
impreſſed on it, and reduce them into one; re- 
volving, as far as in it lies, always with a ſimple 
and uniform motion about one ſingle given axis, 
with an inclination perpetually invariable. And the 
inclination of the axis, or the velocity of the ro- 
tation will not be changed by centri force. 
For if the globe be ſuppoſed to be divided into 
two hemiſpheres, by any plane whatſoever — 
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through its own centre and the centre to which 
the force is directed; that force will always urge 
each hemiſphere equally; and therefore will not 
incline the globe any way as to its motion round 
its own axis. But let there be added any where 
between the pole and the æquator a heap of new 
matter like a mountain, and this by its perpetual 
endeavour to recede from the centre of its motion, 
will diſturb the motion of the globe, and cauſe its 
poles to wander about its ſuperficies, deſcribing cir- 
cles about themſelves and their oppoſite points. 
Neither can this enormous evagation of the poles 
be corrected, unleſs by placing that mountain ei- 
ther in one of the poles, in which caſe by cor. 
21. the nodes of the æquator will go forwards; or 
in the æquatorial regions, in which caſe by cor. 20. 
the nodes will go backward; or laſtly 2 adding 
on the other ſide of the axis a new quantity of 
matter, by which the mountain may be ballanced 
in its motion; and then the nodes will either go 
forwards or backwards, as the mountain and this 
newly added matter happen to be nearer to the 
pole or to the equator. 


ProrosITION LXVII. THEOREM XXVII. 


The ſame laws of attraftion being ſup- 
foſed, I ſay that the exterior body 
S does, by radij drawn to the point 
O, the common centre of gravity of 
the interior bodies P and IJ, deſcribe 
round that centre areas more fropor- 

tional 
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tional to the times, and an orbit 
more approaching to the form of an 
ellipſis having its focus in that cen- 
tre, than it can deſcribe round the 
innermoſt and greateſt body T by radij 


drawn to that body. 


For the attractions of the body S (Pl. 21. Fig. z.) 
towards T and P compoſe its abſolute attraction, 
which is more directed towards O the common 
centre of gravity of the bodies T and P, than ir 
is to the greateſt body 7, and which is more in 
a reciprocal proportion to the ſquare of the diſtance 
SO, than it is to the ſquare of the diſtance ST; as 
will eaſily appear by a little conſideration. 


ProrosITiON LXVIII. Tu gOREAXXVIII. 


The ſame laws of attraction ſuppoſed, 
I ſay that the exterior body S will, 
by radij drawn to O the common 
centre of gravity of the interior bo- 
dies P and T, deſcribe round that 
centre, area's more froportional to the 
times, and an orlit more approaching 
to the form of an ellipſis having its 
focus in that centre, if the innermoſt 
and greateſt body be agitated by theſe 
attractious as well as the reſt, than 
it would do if that body were either 
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at rei? as not atirafted, or were 
mreh more or much leſs attrafted or 
much more or much leſs agitated. 


This may be demonſtrated aſter the ſame man- 
ner as prop. 66. but by a more prolix reaſoning, 
which I therefore paſs over. It will be ſufficient 
to conſider it after this manner. From the de- 
monſtration of the laſt propoſition it is plain, that 
the centre, towards which the body & is urged by 
the two ſorces conjunctly, is very near to the com- 
mon centre of gravity of thoſe two other bodies. 
If this centre were to coincide with that common 
centre, and moreover the common centre of gra- 
vity of all the thrce bodies were at reſt; the bo- 
dy & on one ſide, and the common centre of gra- 
vity of the other two bodies on the other ſide, 
would deſcribe true ellipſes about that quieſcent 
common centre. This appears from cor. 2. prop. 
58. compared with what was demonſtrated in 
prop. 64 and 65. Now this accurate elliptical 
motion will be diſturbed a little by the diſtance? 
of the centre of the two bodies from the centre 
towards which the third body S is attracted. Let 
there be added moreover a motion to the common 
centre of the three, and the perturbation will be 
increaſed yet more. Therefore the perturbation is 
leaſt when the common centre of the three bo- 
dies is at reſt; that is, when the innermoſt and 
greateſt body 7 is artraftzd according to the fame 
law as the reſt are; and is always greateſt, when 
the common centre of the three, by the diminu- 
tion of the motion of the body 7, begins to be 
moyed, and is more and more agitated. 

Con, 
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Cor. And hence if more leſſer bodies revolve 
about the great one, it may eaſily be inferred 
that the orbirs deſcribed will approach nearer to 
ellipſes, and the deſcriptions of area's will be more 
nearly equable, if all the bodies mutually attract 
and agitate each other with accelerative forces that 
are as their abſolute forces directly, and the ſquares 
of the diſtances inverſely; and if the focus of 
each orbit be placed in the common centre of 
gravity of all the interior bodies; (that is, if the 
focus of the firſt and innermoſt orbit be placed in 
the centre of gravity of the greateſt and inner- 
moſt body; the focus of the ſecond orbit in the 
common centre of gravity of the two innermoſt 
bodies; the focus of the third orbir in the com- 
mon centre of gravity of the three innermoſt ; 
and ſo on) than if the innermoſt body were at 
reſt, and was made the common focus of all the 
orbits. 


PROrOSITION LXIX. THEOREM XXIX. 


In a ſyſiem of ſeveral bodies A, B, C, 
D, Oc. if any one of thoſe bodies as 
A, attract all the reſ/, B, C, D, Oe. 
with accelerative forces that are re- 
ciprocally as the ſquares of the di- 
ſtances from the attracting body; and 

another body as B attratts alſo the 
reſt, A, C, D, Oc. with forces that 
are reciprocally as the ſquares of the 
diſfances from the attracting body; the 
S 2 abſolute 
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abſclute forces of the attrafting bodies 
A a Þ will te ta each other, as 
theſe very l,, A and B to which 
thoſe forces lelare. 


For the accelcrative attractions of all the bodies 
2, C, D, towards A are by the ſuppoſicion equal 
to each other at cual diſtances ; and in like man- 
ner the acceltrative attractions of all the bodies to- 
wards Z are allo equal to each other at equal di- 
ſtances. But the abſolute attractive ſorce of the 
body A is to the abſolute attractive ſorce of the 
body B, as the accclerative attraction of all the bo- 
dies towards A to the accelerative attraction of all 
the bodies towards B at equal diſtances; and ſo is 
alſo the accclerative attraction of the body BZ to- 
wards A, to the accelerative attraction of the bo- 


dy A towards Z. But the accelcrative attraction 


of the body Z towards A is to the accelerative at- 
traction of the body A towards Z as the maſs of 
the body A to the maſs of the body B; becauſe 
the motive forces which (by the 2d, 7th, and 
8:h definition) are as the accelerative forces and the 
bogics attracted conjunctly, are here cqual to one 
- gnother by the third law. Therefore the abſolute 
attractive force of the body A is to the abſolute 
attractive force of the body i as the maſs of the 
body A to the maſs of the body B. Q. E. D. 
Cor. 1. Thercſore if each of the bodies of the 
ſyſtem A, B, C, D, &c. does ſingly attract all the 
reſt with accelerative ſorces that are reciprocally as 
the ſquares of the diſtances from the attracting 
body; the abſolute forces cf all thoſe bodies will 

be to cach other as the bodies themſelves. 
Cor. 


ö 2 ES 
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Cor. 2. By a like reaſoning if each of the bo- 
dies of the ſyſtem A, , (, D, &c. do ſing 
attract all the reſt with accelcrative forces, which 
are either reciprocally or directly in the ratio of 
any power whatever of the diſtances ſrom the at- 
tracting body; or which are defined by the diſtances 
from each of the attracting bodies according to any 
common law ; it is plain that the abſolute forces of 
thoſe bodies are as the bodies themſelves. 

Con. z. In a ſyſtem of bodies whoſe forces de- 
creale in the duplicate ratio of the diſtances, if the 
leſſer revolve about one very great one in ellipſes, 
having their common focus in the centre of that 
great body, and of a figure exceeding accurate; and 
moreover by radij drawn to that great body de- 
{cribe area's proportional to the times exactly; the 
abſolute forces of thoſe bodies to each other will 
be either accurately or very nearly in the ratio of 
the bodies. And fo on the contrary. This appears 
from cor. of prop. 68. compared with the firſt co- 


rollary of this prop. 
SCHOLIU MM, 


Theſe propoſitions naturally lead us to the analogy 
there is between centripetal forces, and the central 
bodies to which thoſe forces uſe to be directed. 
For it is reaſonable to ſuppoſe that forces which 
are directed to bodies ſhould depend upon the na- 
ture and quantity of thoſe bodies, as we ſee they 
do in magnetical experiments. And when ſuch 
caſes occur, we are to compute the attractions of 
the bodies by aſſigning to each of their particles 
its proper force, and then collecting the ſum of 

S 3 them 
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them all. I here uſe the word attraction in gene- 
ral for any endeavour, of what kind ſoever, made 
by bodies to approach to each other; whether that 
endeavour ariſe from the action of the bodies them- 
ſelves as tending mutually to, or agitating each o- 
ther by ſpirits emitted; or whether it ariſes from 
the action of the æther or of the air, or of any 
medium whatſoever, whether corporeal or incorpo- 
real, any how impelling bodies placed therein to- 
wards each other. In the fame general ſenſe I uſe 
the word impulſe, not defining in this treatiſe the 
ſpecies or phyſical qualities of forces, but inveſti- 
gating the quantities and mathematical proportions 
of them; as I obſerved before in the — 
In mathematics we are to inveſtigate the quan- 
tities of forces with tl¹eir proportions conſequent 
upon any conditions ſuppoſed; then when we en- 
ter upon — we compare thoſe proportions 
with the phænomena of Nature; that we may know 
what conditions of thoſe forces anſwer to the ſeveral 
kinds of attractive bodies. And this preparation be- 
ing made, we argue more fafcly concerning the 
phy ical ſpecics, cauſes, and proportions of the forces. 
Let us ſee then with what forces ſpherical bodies con- 
fiſting of particles endued with attractive powers in the 
manner above ſpoken of muſt act mutually upon one 
another; and what kind of motions will follow from 
thence, 


SECTs- 
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SECTION XII. 


Of the attractive forces of ſpherical 


bodies. 


— 


PROPOSITION LXX. THEOREM XXX. 


IF to every point of a ſpherical ſurface 
there ten: _m centripetal forces de- 
creaſing in the duplicate ratio of the 
diſtances from thoſe paints; I ſay that 
a corpuſcle placed within that ſuper- 
Ficies will not be attrafted by roſe 


forces any way, 


Let HIKL (Pl. 21. Fig. 4.) be that ſpherical 
ſuperficies, and P a corpuſcle placed within. Through 
P let there be drawn to this ſuperficies the two 
lines HK, IL, intercepting very ſmall arcs H. 
KL; and becauſe (by cor. 3. lem. 7.) the triangles 


HI. LPK we alike, thoſe arcs will be propor- 
S 4 tional 
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tional to the diſtances H, L; and any particles 
at HI] and KL of the ſpherical ſuperficies, termi- 
nated by right lines paſſing through P, will be in 
the duplicate ratio of thoſe diſtances. Therefore 
the forces of theſe particles exerted upon the body 
P are equal between themſelves. For the forces are 
as the particles diretly and the ſquares of the di- 
ſtances inverſely. And theſe twp ratio's compoſe 
the ratio of equality. The attractions therefore be- 
ing made equally towards contrary parts deſtroy 
each other. And by a like reaſoning all the attracti- 
ons through the whole ſphzrical ſuperficies are de- 
ſtroyed by contrary attractions. Therefore the bo- 
dy P will not be any way impelled by thoſe attracti- 


ons. Q. E. D. 


ProeosI TION LXXI. Trog EN XXXI. 


The ſame things ſuppoſed as above, I 
ſay that a corpuſcle tlaced without 
the ſpherical ſi perficies is attracted 
towards the centre of the ſphere with 
a force reciprocally proportional to 
the ſquare of its diſtance from that 
centre. 


Let AHKB, abkb (Pl. 21. Fig. 5.) be two 
equal ſphzrical ſuperficies deſcribed about the cen- 
tres S, 5s; their diameters AB, ab; and let P and 
p be two corpuſcles ſituate without the ſpheres in 
thoſe diameters produced. Let there. be drawn 
from the corpuſcles the lines P HK, PII, phk, pil, 

. cut- 
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cutting off from the great circles 4 HB, ahb, the 
equal arcs HK, hk, IL, 41; and to thoſe lines let 
fall the perpendiculars S D, 54, S, ze, IR, ir; 
of which let SP, d cut PL, pl in F and f. 
Let fall alſo to the diameters the perpendiculars 
IQ, iq. Let now the angles DPF, dpe vaniſh; 
and becauſe DS and ds, ES and es are equal, the 
lines PE, PF, and pe, pf, and the lineole DF, 
df may be taken for equal; becauſe their laſt ratio, 
when the angles DP E, dpe vaniſh together, is 
the ratio of equality. Theſe things then ſuppoſed, 
it will be, as F/ to PF fo is KI to DF, and as 
pf to pi ſo is df or DF to 14; and ex æquo, as 
PIxpf to PFxpi lo is RI to ri, that is (by cor. 
3. lem. 7.) ſo is the arc IA to the arc ih. Again 
PI is to FS as 12 to SE, and pg to pi as fe or 
SE to iq; and ex ,  Ixps to PSxpi as [Q 
to 19. And compounding the rativ's P/* xpfxps 
is to pi* xPFxPS, s [Hx[Y to ibx1q; that 
is, as the circular ſuperficies which is deſcribed by 
the arc IH as the ſemicircle AK revolves about 
the diameter AP, is to the circular ſuperficies 
deſcribed by the arch ih as the ſemicircle 4 re- 
volves about the diameter 46. And the forces 
with which theſe ſuperficies attract the corpuſcles 
P and p in the direction of lines tending to thoſe 
ſuperficies are by the hypotheſis as the ſuperficies 
themſelves directly, and the ſquares of the di- 
ſtances of the ſuperſicies from thoſe corpuſcles in- 
verſely ; that is, as pfxps to PFxPS. And theſe 
forces again are to the oblique parts of them 
which (by the reſolution of forces as in cor. 2. 
of the laws) tend to the centres in the di- 
rections of the lines FS, ps, as PI to PO, 
an 
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and pi to pq; that is (becauſe of the like triangles 
PIQ and PSF, pig and psf) as PS to FF and 
ps to pf. Thence ex aue, the attraction of 
the corpuſcle P towards S is to the attraction 
of the corpuſcle p towards 3, as — —.— 
is to 25. that is, as ps* to PS“. And 
by a like reaſoning the forces with which the 
ſuperficies deſcribed by the revolution of the arcs 
KL, k! attract thoſe corpuſcles, will be as p. 
to PS*. And in the fame ratio will be the 
forces of all the circular ſuperficies into which 
each of the ſpherical ſuperficies may be divided 
by taking sd always equal to SD, and ge equal 
to SE. And therefore by compoſition, the forces 
of the entire ſpherical ſuperficies exerted upon 
thoſe corpuſcles will be in the fame ratiq, 
Q. E. D. 


PRorosi ION LXXII. TrHeoOREM XXXIII. 


F to the ſeveral foints of a ſphere 
there * equal Lear — de- 


creaſing in a duplicate ratio of the 
diſtances from thoſe points; and there 
be given both the denſity of the ſphere 
and the ratio of the diameter of the 
ſphere to the diſtance of the corpuſcle 
Fw its centre; I ſay that the force 
with which the corpuſcle is attra- 
| | 5 fe 
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fred is proportional to the ſemi-di- 
ameter of the ſphere. 


For conceive two corpuſcles to be ſeverally at- 
trated by two ſpheres, one by one the other by 
the other, and their diſtances from the centres of 
the ſpheres to be proportional ro the diameters of 
the ſpheres reſpectively; and the ſpheres to be re- 
ſolved into like particles diſpoſed in a like ſituati- 
on to the corpuſcles. Then the attractions of one 
corpuſcle rowards the ſeveral particles of one ſphere, 
will be to the attractions of the other towards as 
many analogous particles of the other ſphere in a 
ratio compounded of the ratio of the particles di- 
rectly and the duplicate ratio of the diſtances in- 
verſely. But the particles are as the ſpheres, that 
is in a triplicate ratio of the diameters, and the di- 
ſtances are as the diameters; and the firſt ratio di- 
rectly with the laſt ratio taken twice inverſcly, be- 
comes the ratio of diameter to diameter. O. E. D. 

Con. 1. Hence if corpuſcles re volve in circles 
about ſpheres compoſed of matter equally attracting; 
and the diſtances from the centres of the ſpheres 
be proportional to their diameters; the periodic 
times will be equal. 

Cor. 2. And vice vertd, if the periodic times 
are equal, the diſtances will be proportional to the 
diameters. Theſe two corollaries appear from cor. 3. 
prop. 4. 

Cor. 3. If to the ſeveral points of any two 
ſolids whatever, of like figure and equal denſity, 
there tend equal centri forces decreaſing in a 
duplicate ratio of the diſtances from thoſe points; 
the forces with which corpuſcles placed in a like 
* n ſituation 
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ſituation to- thoſe two ſolids, will be attracted. by 
_ will be to each other as the diameters of the 
ids. 


ProrosITiON LXXIII. TugoREM XXXIII. 


F to the ſeveral prints of a given 
ſphere there tend equal centripetal 
forces decreaſing in a duflicate ratio 
of the diſtances from the points, I 
Jay that a corvuſcle placed within 
the ſphere is attrafted by a fore 
proportional to its diſtance from the 
centre. 


In the ſphere ABCD (Pl. 21. Fig. 6.) de- 
ſcribed about the centre S, let there be placed the 
corpuſcle P; and about the ſame centre S, with 
the interval SP, conceive deſcribed an interior 
ſphere PE OF. It is plain (by prop. 70.) that 

e concentric ſpherical ſuperficies of which the 
difference AEBF of the ſpheres is compoſed, 
have no effect at all upon the body P; their at- 
tractions being deſtroyed by contrary attractions. 
There remains thereſore only the attraction of the 
interior ſphere P EF. And (by prop. 72.) this 
is as the diſtance PS, ©. E. D. 


D.C-1H0-/L-1 UrM 
By the ſuperficies of which I here imagine the 


ſolids compoſed, I do not mean. ſuperficics PR 
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mathematical, but orbs ſo extreamly thin, that 
their thickneſs is as nothing; that is, the evaneſcent 
orbs, of which the ſphere will at laſt conſiſt, when 
the number of the orbs is increaſed, and their 
thickneſs diminiſhed without end. In like man- 
ner, by the points of which lines, ſurfaces and ſolids 
are ſaid to be compoſed, are to be underſtood equal 
particles whoſe magnitude is perfectly inconſide- 
rable. 


PRO POSITION LXXIV. THEOREM XXXIV. 


The ſame things ſuproſed, I ſay that a 
corpuſcle ſituate without the ſphere 
is attrafted with a force reciprocally 
troportional to the [ſquare of its di- 
ſtance from the centre. 


For ſuppoſe the ſphere to be divided into innu- 
merable concentric ſpherical ſuperficies, and the at- 
trations of the corpuſcle ariſing. from the ſeveral 
ſuperficies will be reciprocally proportional to the 
ſquare of the diſtance of the corpuſcle from the 
centre of the ſphere (by prop. 71.) And by com- 
poſition, the ſum of thoſe attractions, that is, the 
attraction of the corpuſcle towards the entire ſphere, 
will be in the ſame ratio. Q. E. D. 

Cor. 1. Hence the attractions of hom 
ſpheres at equal diſtances from the centres will be 
as the ſpheres themſelves. For (by prop. 72) if the 
diſtances be proportional to the diameters of the 
ſpheres, the forces will be as the diameters, 1 

| the 
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the greater diſtance be diminiſhed in that ratio; 
and the diſtances now being equal, the attraction 
will be increaſed in the duplicate of that ratio; 
and therefore will be to the other attraction in 
the triplicate of that ratio; that is, in the ratio of 
the ſpheres. 

Co. 2. At any diſtances whatever, the attracti- 
ons are as the ſpheres applied to the ſquares of the 
diſtances. 

Cok. 3+ If a corpuſcle placed without an ho- 
mogeneous ſphere is attracted by a force recipro- 
cally proportional fo the ſquare of its diſtance from 
the centre, and the ſphere conſiſts of attractive par- 
ticles; the force of every particle will decreaſe in 
a duplicate ratio of the diſtance from each par- 
ticle. 


PROrOSITION LXXV. THEOREM XXXV. 


F to the ſeveral points of a given ſphere 
there tend equal centripetal forces de- 
creaſing in a duplicate ratio of the 
diſtances from the points; I ſay that 
another ſimilar ſphere will be attra- 
fled Ly it with a force reciprocally 
proportional to the ſquare of the diſtance 
of the centres. 


For the attraction of every particle is reciprocal 
as the ſquare of its diſtance from the centre of the 
attracting ſphere (by prop. 74.) and is therefore 
the ſame as if that whole attraRing force iſſued from 

one 
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one ſingle corpuſcle placed in the centre of this 
ſphere. But this attraction is as great, as on the 
other hand the attraction of the ſame corpuſcle 
would be, if that were it ſelf attracted by the ſe- 
veral particles of the attracted ſphere with the ſame 
force with which they are attracted by it. But 
that attraction of the corpuſcle would be (by prop. 
74.) reciprocally proportional to the ſquare of its 
diſtance from the centre of the ſphere; therefore the 
attraction of the ſphere, equal thereto, is alſo in the 
ſame ratio. Q. E. D. 

Cox. 1. The attractions of ſpheres towards other 
homogeneous ſpheres, are as the attracting ſpheres 
applied to the ſquares of the diſtances of their 
centres from the centres of thoſe which they 
attract. 

Cor. 2. The caſe is the ſame when the at- 
tracted ſphere does alſo attract. For the ſeveral 
points of the one attract the ſeveral points of the 
other with the fame force with which whey them- 
ſelves are attracted by the others again; and there- 
fore ſince in all attractions (by law z.) the attra- 
Red and attracting point are both equally acted on, 
the force will be doubled by their mutual attractions, 
the proportions remaining. 

Cor. 3. Thoſe ſeveral truths demonſtrated above 
concerning the motion of bodies about the focus of 
the conic ſections, will take place when an attracting 
ſphere is placed in the focus, and the bodies move 
without the ſphere. 

Cor. 4. Thoſe things which were demonſtrated 
before of the motion of bodies abour the centre of the 
conic ſections take place when the motions are per- 
formed within the ſphere. 


P R3- 
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ProeOsI TION LXXVTI. THEOREM XXXVL 


IF ſpheres be hatgever diſſimilar (as to 
at uſity of matter and attractive force) 
in the jrogreſs right onward from 
te centre to the circumference; but 
every where ſimilar, at every given 
dil ancèe from the centre, on all ſides 
round about; and the attractive force 
of every foint decreaſes in the dupli- 
cete ratio of the diſtance of the bo- 
dy attracted; I ſay that the whole 
force with which one of theſe ſpheres 
attracis the other, will be reciprocal- 
ly pros ortional to the ſquare of the di- 
ſtance of the centres. 


Imagine ſeveral concentric ſimilar ſpheres; A Bs 
CD, EF, &c. (Pl. 22. Fig. 1.) the innermoſt of 
which added ro the outermoſt may compoſe a 
matter more denſe towards the centre, or ſubducted 
from them may leave the fame more lax and rare. 
Then by prop. 75. theſe ſpheres will attract other 
ſimilar concentric ſpheres GH, IK, LA. ec. each 
the other, with forces reciprocally proportional to 
the ſquare of the diſtance SP. And by compo- 
firion or diviſion, the ſum of all thoſe forces, or the 
exceſs of any of them above the others; that is, the 
entire force with which the whole ſphere 4B 
(compoſed of any concentric ſpheres or of —— 
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differences) will attract the whole ſphere G (com- 


poſed of any concentric ſpheres or their differences) 
in the Game ratio. Let the number of the con- 
centric ſpheres be increaſed in infinitum, ſo that 
the denſity of the matter together with the at- 
tractive force may, in the progreſs fiom the circum- 


ference to the centre, increaſe or decreaſe according 


to any given law; and by the addition of matter 
not attractive let the deficient denſity be ſupplied 
that ſo the ſpheres may acquire any form delt 
and the force with which one of theſe attracts 
the other, will be ſtill, by the former reaſoning, 
in the ſame ratio of the ſquare of the diſtance in- 
verſely. Q. E. D. | 

Co. 1. Hence if many ſpheres of this kind, 
ſimilar in all reſpects, attract each other mutually ; 
the accelerative attractions of each to each, at any 
equal diſtances of the centtes, will be as the at- 
tracting ſpheres. 

Cox. 2. And at any unequal diſtances, as the 


attracting ſpheres applied to the ſquares of the di- 


ſtances between the centres. 

Cor. 3. The motive attractions, or the weights 
of the ſpheres towards one another will be at e- 
qual diſtances of the centres as the attracting and 
attracted ſpheres conjunctly; that is, as the products 
ariſing from multiply ing the ſpheres into each 
other. 

Cor. 4. And at unequal diſtances, as thoſe pro- 
ducts direQly and the ſquares of the diſtances be- 
tween the centres inverſely. 

Cor. 5. Theſe proportions take place alſo, when 
tne attraction ariſes from the attractive virtue of 
both ſpheres mutually exerted upon each other. 
For the attraction is only — by the conjuncti- 

on 
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on of the forces, the proportions remaining as 
before. | | 

Co. 6. If ſpheres of this kind revolve about 
others at reſt, each about each; and the diſtances 
berween the centres of the quieſcent and revolving 
bodies are proportional to the diameters of the 
quieſcent bodies; the periodic times will be equal. 

Cot. 7. And again, if the periodic times are 
equal, the diſtances will be proportional to the 
diameters 


Cor. 8. All thoſe truths above demonſtrated, 
relating to the motions- of bodies about the foci of 
conic ſections, will take place, when an attracting 
ſphere, of any form and condition like that above de- 
ſcribed, is placed in-the focus. 

Cor. 9. And alſo when the revolving bodies are 
alſo attracting ſpheres of any condition like that above 
deſcribed. | 


ProPoSITION LXXVII. THEOREM XXXVII. 


If to the ſeveral points of ſpheres there 
tend centripetal forces proportional to 
the diſtances of the foints from the 
attrafted bodies; I ſay that the com- 
pounded force with which two ſpheres 
attract each other mutually is as the 
diſtance between the centres of the 


ſpheres. - 


CasE 1. Let AEBF (Pl. 22. Fig. 2.) be a 
ſphere; S its centre; P a corpuſcle attracted; 
PASB the axis of the ſphere paſſing through the 
centre of the corpuſcle; EF. ef two planes cut- 
ting the ſphere, and perpendicular to the axis, and 


equr- 
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equidiſtant, one on one fide, the other on the o- 
ther, from the centre of the ſphere; G and g the 
interſections of the planes and the axis; and Hany 
8 in the plane E F. The centripetal, force of 
E 4 upon the corpuſcle P, exerted in the 
direction of the line PH. is as the diſtance PH; 
and (by cor. 2. of the laws) the ſame exerted in the 
direction of the line P G, or towards the centre S, 
is at the length PG. Therefore the force of all 
the points in the plane EF (that is of that whole 
plane) by which the corpuſcle P is attracted to- 
wards the centre & is as the diſtance IG multi- 
— by the number of thoſe points, that is as the 
olid contained under that plane EF and the di- 
ſtance PG, And in like manner the force of the 
plane ef by which the corpuſcle P is attracted to- 
wards the centre S, is as that plane drawn into its 
diſtance Pg, or as the equal plane EF drawn into 
that diſtance Pg; and the ſum of the forces of 
both planes as the plane EF drawn into the ſum 
of the diſtances P G-|-Pg, that is as that plane 
drawn into twice the diſtance PS of the centre 
and the corpuſcle ; that is, as twice the plane E F 
drawn into the diſtance PS, or as the ſum of the 
equal planes E F-}-ef drawn into the ſame diſtance. 
And by a like reafoning the forces of all the 
planes in the whole ſphere, equi-diſtant on each fide 
from the centre of the ſphere, are as the ſum of 
thoſe planes drawn into the diſtance PS, that 
is, as the whole ſphere and the diſtance PS con- 
junctly. Q. E. D. 

CASE 2. Let now the corpuſcle P attract the ſphere 
AEB F. And by the fame reaſoning it will appear 
that the force with which the ſphere is attracted is as 
the diſtance PS. Q. E. D. 


2 Cap 
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CasE 2. Imagine another ſphere compoſed of 
innumerable corpuſcles P; and becauſe the force 
with which every corpuſcle is attracted is as the 
diſtance of the corpuſcle from the centre of the 


firſt ſphere, and as the ſame ſphere conjunctly, and 


is therefore the ſame as if it all proceeded from a 
ſingle corpuſcle ſituate in the centre of the ſphere; 
the entire force with which all the corpuſcles in the 
ſerond ſphere are attracted, that is, with which that 
whole ſphere is attracted, will be the ſame as if that 
ſphere were attracted by a force iſſuing from a 
ſingle corpuſcle in the centre of the firſt ſphere; and is 
therefore proportional to the diſtance between the cen- 
tres of the — ©. E. D. 

CasE 4. Let the ſpheres attract each other mu- 
tually, and the force ill be doubled, but the propor- 
tion will remain. Q. E. D. 

CasB 5. Let the corpuſcle p be placed within the 
ſphere AE BF; (H. 3.) and becauſe the force of the 
plane e f upon the corpuſcle is as the ſol.d contained 
under that plane and the diſtance pg; and the con- 
trary force of the plane E F as the ſolid contained 
under that plane and the diſtance pG; the force 
compounded of both will be as the difference of 
the ſolids, that is as the ſum of the equal planes 
drawn into half the difference of - the diſtances, 
that is, as that ſum drawn into pS, the diſtance 
of the corpuſcle from the centre of the ſphere. 
And by a like reaſoning, the attraction of all the 
planes E F, ef throughout the whole ſphere, that 
is, the attraction of the whole ſphere, is conjunctly 
as the ſum of all the planes, or as the whole ſphere, 
and as pS the diſtance of the corpuſcle from the 
centre of the ſphere, Q. F. D. 


Cass 
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Cas 6. And if there be compoſed a new | 
out of innumerable corpuſcles ſuch as 2, ſituate 
within the firſt ſphere AEB F, it may be proved 
as before that the attraction whether, ſingle of one 
ſphere towards the other, or mutual of both towards 
each other, will be as the diſtance 2 S of the centres. 
Q. E. D. 


PrRoPosITION LXXVIII. Trheoktem XXXVIII. 


If ſpheres in the progreſs from the cen- 
tre to the circumference le however 
diſſimilar and wnequalle, lut ſimilar 
on every fide round about at all given 
diſtances from the centre; and the at- 
trattive force of every foint be as 
the diſiance of the attracted bod); I 
ſay that the entire force with which 
two ſpheres of this kind attract each 
other mutually is proportional to the 
aa /ance between the centres of the 


ſpheres. . 


This is demonſtrated from the foregoing pro- 
poſition in the ſame manner as the 76th propoſi- 
tion was demonſtrated from the 75th. 

Cor. Thoſe things that were above demonſtra- 
ted in prop. 10. and 64. of the motion of bo- 
dies round the centres of conic ſections, take 
place when all the attractions are made by the 
force of ſpherical bodies of the condition above 

| T-3 de- 
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deſcribed, and the attracted bodies are ſpheres of 


SCHOLIU u. 


T have now explained the two principal caſes 
of attractions; to wit, when the centriperal forces 
decreaſe in a duplicate ratio of the diſtances, or 
increaſe in a ſimple ratio of the diſtances; cauſing 
the bodies in both caſes to revolve in conic ſe- 
Rions, and compoſing ſphærical bodies whoſe cen- 
tripetal forces obſerve the ſame law of increaſe or 
decreaſe in the receſs from the centre as the forces 
of the particles themſelves do; which is very re- 
markable. It would be tedious to run over the 
other caſes, whoſe concluſions are leſs elegant and im- 
portant, ſo particularly as I have done theſe. I 
chuſe rather to comprehend and determine them all 
by one general method as follows, | 


A . 


F abort the centre 8 (Pl. 22. Fig. 4.) 
there be deſcribed any circle as AEB, 
and al out the centre P tlere be alſo 
deſcribed two circles EF, ef, cutting 
the firſf in E and e, and the line 
PS in F and f; and there be let 
fall to PS the perpendiculars ED, 
ed; I ſay that if the diſiance of the 
arcs EP, ef be ſupjoſed to be inji- 
nitely diminiſhed, the laſt ratio of the 

evaneſcent 
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evaneſcent line Dd to the evaneſcent 
line Ff is the ſame as that of the 
line PE to the line PS. 


For if the line Fe cut the arc EF in q; and 
the right line Ee, which coincides with the 
evaneſcent arc Ee, be produced and meet rhe right 
line PS in T, and there be let fall from & to 
PE the perpendicular SG; then becauſe of the 
like triangles DTE, dTe, DES; it will be as 
Dad to Ee fo DT to TE, or DE to ES; and 
becauſe the triangles Ee q, ESG (by lem. 8. and 
cor. 3. lem. 7.) are ſimilar, it will be as Ee to 
eq or Ff ſo ES to S6; and ex equo, as 
Dd to Ff ſo DE to SG; that is (becauſe of 
the ſimilar triangles PDF, PGS) ſo is PE to 
PS. L. E. P. 


PRxOrOSHTIONLXXIX. Tu gORENM XXXIX. 


Seppaſe a ſuperficies as EFfe (Pl. 22, 
ig. 5.) to have its Lreadth infinite- 
ly diminiſhed, and to be juſt vaniſb- 
ing; aud that the ſame ſuperficies 
by its revolution round the axis PS de- 
ſeribes a ſpherical concavo-convex ſo- 
lid, ta the ſeveral equal particles of 
rebich there tend equal centritetal 
forces; I ſay that the force with 
which that ſolid attrails a corpuſcle 
ſtuate in P, is in a ratio comboun- 
ded of the ratio of the ſolid DE*xFt 
and the ratio af the force with 
T 4 which 


280 Mathematical Principles Book 1. 


which the given pm ticle in the place 
Ff would attract the ſame wpuſele. 


For if we conſider firſt the ſorce of the ſphæ- 
rical ſuperficies FE which is generated by the re- 
volution of the arc FF, and is cur any where, as 
in r, by the line de; the annular part of the ſu- 

rficies generated by the revolution of the arc r E 
will be as the lineola Dd, the radius of the ſphere 
PE remaining the ſame ; as Archimedes has demon- 
ſtrated in his book of the, ſphere and cylinder. 
And the force of this ſuperficies exerted in the 
direct ion of the lines PE or Pr ſitua e all round 
in the conical ſuperficies, will be as this annular 
ſuperficies it ſelf ; that is as the lineola Da, or 
which is the fame as the rectangle under the given 
radius PE of the ſphere and the lineola Dd; but 
that force, exerted in the direction of the line PS 
tending to the centre S, will be lefs in the, ratio 
of FD to FE, and therefore will be as F Dx Dd. 
Suppoſe now the line PF to be divided into in- 
numerable little equal particles, each of which call 
Da; and then the ſuperficies FE will be divided 
into ſo many equal annuli, whoſe forces will be as 
the ſum of all the rectangles P Dx Da, that is, as 
21 F —P]P?, and therefore as DE*. Let 
now the ſuperficies FE be drawn into the alti- 
tude Ff; and the force of the ſolid F Ffe exerted 
upon the corpuſcle ? will be as DE*x Ff; that 
is, if the force be given which any given particle 
as Ff exerts upon the corpuſcle I at the diſtance 
PF. Bur it that force be not given, the force of 
the ſolld I Ffe will be as the ſolid DEX Ff 
and that force not given, conjunctly. Q. E. D. 

P Ro- 
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ProrosITIoONn LXXX. Turortn XL. 


If to the ſeveral equal parts of a ſphere 
ABE, (PI. 22. Fig. 65 eule abort 
the centre 8, there tend equal centri- 
petal forces; and from the ſeveral 
points D in the axis of the ſphere 
AB in which a corpuſcle, as P, is 
Placed, there be erefled the perpendi- 
culars DE meeting the ſphere in 
E, and if in thoſe perpendiculars 
the lengths DN be taken as the 
quantity ELLE == and as the force 
which a particle of the ſphere ſituate 
in the axis exerts at the diſtance PE 
upon the corpuſcle P, conjunfly ; I 
75 that the whole force with which 
the corpuſcle P is attracted towards 
the ſphere is as the area ANB, 
comprehended under the axis of the 
ſphere AB, and the curve line ANB, 
the Iocas of the joint N. 


For ſuppoſing the conſtruction in the laſt lemma 


and theorem to ſtand, conceive the axis of the 


ſphere AB to be divided into innumerable equal 
particles Dd, and the whole ſphere to be divided 
into ſo many ſpherical concavo-conyex laminæ E Fe; 


and 
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and erect the perpendicular 4». By the laſt theo- 
rem the force with which the lamina E Ffe at- 
tracts the corpuſcle P, is as DE Ff and the force 
of one particle exerted at the diſtance PE or PF, 
conjunctiy. But (by the laſt lemma) Dd is to 
Ff as PE to PS, and therefore FF is equal to 

Sx Dd DEx?S, 


. 3 : *. 
— and D E*x Ff is equal to Dax _ 


and therefore the force of the lamina E Ffe is as 


p and the ſorce of a particle exerted 
at the diſtance P F conjunctly, that is, by the ſup- 
poſition, as DNxD4, or 3s the evaneſcent area 
DNnd. Therefore the forces of all the laminæ 
exerted upon the corpuſcle P, are as all the area's 
DV d, that is, the whole force of the ſphere will 
be as the whole area IVB. O. E. D. 

Con. 1. Hence if the centripetal force rending 
to the ſeveral particles remain always the ſame at 


all diſtances, and D Nbemadess <2; the whole 


force with which the corpuſcle is attracted by the 

ſphere is as the area ANB. EY 
Cor. 2. If the centripetal force of the parti- 
cles be reciprocally as the diſtance of the corpuſcle 

, * 2 
attraſted by it, and D be made as =; 
the force with which the corpuſcle E is attrac- 
ted by the whole ſphere will be as the area 
ANB. | 
Con. 3. If the centripetal force of the particles 
be reciprocally as the cube of the diſtance of the 
corpulcle attracted by it, and D be — 25 
n Fa 


Plate I. Jol. L.P:82. 
| Fon.p.272. | 
A 


C 
Sc. 6. 285 
P = 
BUFF 
S; 
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—— the force with which the corpuſcle js 
attrafted by the whole ſphere will be as the area 
ANB. 6 


Con. 4. And univerſally if the centripetal force 
tending to the ſeveral particles of the ſphere be 
ſuppoſed to be reciprocally as the quantity V; and 


DN be made as — the force with which 
a corpulcle is attracted by the whole ſphere will be as 
the area AVB. 


ProrosITION LXXXI. ProbLEM XII. 


The things remaining as above it is re- 
quired to meaſure the area ANB. (Pl. 
23. Fig. 1.) 


From the point P let there be drawn the right 
line PH touching the ſphere in I; and to the 
axis PAB letting fall the perpendicular #1, biſect 
PI in L; and (by prop. 12. book 2. elem.) 7 E 
is equal to PS*-SE*-| 2 PSD. But becauſe 
the triangles S pH, SHI are like, SE* or SH* 
js equal ro the rectangle PS. Therefore PE! 
is equal to the rectangle contained under PS and 
PSN SICH Sz that is under P Sand 2L S4-2SD; 
that is under PS and 2 L D. Moreover DE is e- 
qual toSE*—S D, or S E*-—L $*-þ2SL D—L TD, 
that is, 2SLD—LD*—ALB. For LS SE“ 
or L$*—S4* (by prop. 6. book 2. elem.) is e- 
qual to the rectangle ALB. Therefore if inſtead 
of DE* we write 2SLD—LI*—A1LB, the 

| | ; quan- 
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quantity — * * which (by cor. 4. of the 


foregoi p.) is as the length of the ordinate 
DN, 2 2 reſolve it Cir imo three 
2<LDxPS LD*xPS ALBxXPS 

PEXV LEXV PExXV * bene if 
inſtead of V we write the inverſe ratio of the 
centripetal force, and inſtead of PE the mean 

zonal between PS and 2 LD; thoſe three 

ts will become ordinates to ſo many curve 

ines, whoſe areas are diſcovered by the common 
methods. Q F. D. LE: 

ExAM. 1. If the centripetal force tending to the 
ſeveral particles of the ſphere be reciprocally as the 
diſtance; inſtead of V write PE the diſtance; 
then 2 PSX LD for PE*; and DN will be- 


come as AED. Suppoſe DN e- 


LD 
ALB 
qual to its double 2 5L—L D=— 7 and 2SL 


the given part of the ordinate drawn into the 
length AB will deſcribe the rectangular area 
2 SLX Ab; and the indefinite part LV, drawn 
perpendicularly into the ſame length with a 
continued motion, in ſuch fort as in its motion 
one way or another it my either by increaſin 
or decreaſing remain always equal to the — 


— 2 
LD, will deſcribe the area 2 — that is, 


the area SLxAB; which taken from the former 
area 2SLx AB leaves the area SLxX AB, Bur 


the third part 45 drawn aſter the ſame manner 


with 
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with a continued motion perpendicularly into the 
ſame length, will deſcribe the area of an hyper- 
bola, which ſubducted from the area S Lx AA will 
leave ANB the area ſought. Whence ariſes this 
conſtruction of the problem. At the points L, A. B 
(Fig. 2.) erect the perpendiculars LI Aa, Bb; 
making Aa equal to LB, and B& equal ro LA. 
Making LI and LB afymptores, deſcribe through 
the points a, b, the hyperbolic curve 46. And 
the chord ba being drawn will incloſe the area 464 
equal to the area fought ANB. 

Exam. 2. If the centripetal force tending to 
the ſeveral particles of the ſphe1e be reciprocally as 
the cube of the diſtance, or (which is the ſame 
thing) as that cube applied to any given plane; 

8 ö 


write _ for V. and 2 FSxLD for PE*; and 


: SL*x AS* A8* 
DN will become as FFF 277 
ALBxAS* 


— that is (becauſe PS, AS, S are 


z2PSxLD* { 
; LS „ ALDST 
continually proportional) as TD» 5 8 * 


If we draw then theſe three parts into the length 
AB, the firſt 7 will generate the area of an 
hyperbola ; the ſecond 351 the area LA BxS7; 


be bg LLBXSI e  ALBxST_ ALBxSI 
Fo 275 


that is, AB SI. From the fiſt ſubduct the 
ſum of the ſecond and third, and there will re- 
main AV the area ſought. Whence ariſes this 
conſtruction of the problem. At the _ 

bl 


285 Mathematical Principles Book I. 
L. A. S, B, (Fg. 3.) erect the perpendiculars L.. 
Aa, Ss, Bb, of which ſuppoſe Ss equal to Sh 
and through the point , to the aſymptotes Ll, 
LB, deſcribe the hyperbola 456 meeting the per- 
pendiculars Aa, Bb, in a and 6; and the rectangle 
2 AS}, ſubducted from the hyperbolic area A 456 
will leave AN the area ſought, 
Exam. 3. If the centripetal force tending to 
the ſeveral particles, of the ſpheres decreaſe in a 
quadruplicate ratio of 'the diſtance from the par- 
4 


N 1133 
ticles; write NN for V, then v2 +5- LD 
SPxSL I 


ſor PE, and e "ILD" 
2. 1 _SPXALB 1 


F a TTY 
Theſe three parts drawn into the length AB, produce 


ſo many areas, viz. joke I : 
7 I 1 J 


8 a SPxALB.. 
MES — ami LEE 
7ST into LH- LAs 57277 into 
—— And theſe after due reduction come 
LA VLB 

285PxSL n 1188 
forth — 7 SI, and 87 7 And 


theſe by ſubducting the laſt from the firſt, become 


3 
= Therefore the entire force with which 


the corpuſcle P is attracted towards the centre of 


# 45} BN : 
2 By 
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By the ſame method one may determine the 
attraction of a corpuſcle ſituate within the ſphere, 
but more expeditiouſly by the following theo- 
rem. f 


PROrOSTION LXXXII. TaroR EM XILI. 


In a ſphere deſcribed about the centre 
S (Pl. 23. Fig. 4.) with the inter- 
val SA, if there be. taken ST, SA, 
SP continually proportional; I ſa 
that the attract ion of a corpaſile with. 
in the ſphere in any place I, is to 
its attraction without the ſphere in 
the place P, in @ ratio compounded 
of the ſubduplicate ratio of IS, PS 
the diſtances from the centre, and the 
ſubduf licate ratio of the centripetal 
forces tending to the centre in thoſe 
places P and I. 


As if the centripetal forces of the particles of 
the ſphere be reciprocally as the diſtances of the 
corpuſcle attracted by them; the force with which 
the corpuſcle ſituate in I is attracted by the en - 
tire ſphere, will be to the force with which it is 
— 2 in P, in a ratio compounded of the ſub- 
duplicate ratio of the diſtance S to the diſtance 
SP, and the ſubduplicate ratio of the centriperal 
force in the place I ariſing from any particle in 
the centre, to the 2 force in the place P 


ariſing 
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arifing from the fame particle in the centre, that 
is. in the ſubduplicate ratio of the diſtances S7. SP 
to each other reciprocally. Theſe two ſubduplicate 
ratio's compoſe the ratio of equality, and there- 
fore the attractions in / and P produced by the 
whole ſphere are equal. By the like calculation if 
the forces of the particles of the ſphere are reci- 
procally in a duplicate ratio of the diſtance, it 
will be found that the attraction in J is to the 
attraction in P as the diſtance SP to the ſemi- di- 
ameter SA of the ſphere. If thoſe forces are re- 
ciprocally in a triplicate ratio of the diſtances, the - 
attractions in I and P will, be to each other as S* 
to SA*; if ina quadruplicate ratio, as SP ® to SA“. 
Therefore fince the attraction in P was found in 
this laſt caſe to be reciprocally as PSN PI, the 
attraction in I will be reciprocally as SA PI. 
that is, becauſe SA is given, reciprocally as J I. 
And the progreſſion is the fame in iufinitum. 
The demonſtration of this theorem is as follows. 

The things remaining as above conſtructed, and 
a corpuſcle being in any place P, the ordinate DN 
was found to be as ED. Therefore if IE 
be drawn, that ordinate for any other place of 
the corpuſcle as / will become (mitatis mutandis) 


as —— + Suppoſe the centriperal forces flow- 


ing from any point of the ſphere as E, to be 
— other at the diſtances IE and PE, as 
PE- to IE, (where the number „ denotes the 
index of the powers of PE and IE) and thoſe ordinates 

a DEW NYS DE*xXIS 
6. . 71 
0 tio 
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tio to each other is as PST IENJITE⸗ to 
ISxPEXPE*®, Becauſe SI, SE, SP are in 
continued proportion, the triangles S E, SE are 
alike; and thence TE is to PE as IS to SE or 
SA. For the ratio of TE to PE write the ratio 
of ISto SA; and the ratio of the ordinates be- 
comes that of PSx/E” to SAxPE»®, Burt 
the ratio of PS to SA is ſubduplicate of that of 
the diſtances PS, SI, and the ratio of [F® to PE / 
(becauſe TE is to PE as IS to SA) is ſubduplicate of 
that of the forces at the diſtances PS, IS. Therefore 
the ordinates, and conſequently the areas which the 
ordinates deſcribe, and the attractions proportional to 
them, are in a ratio compounded of thoſe ſubduplicate 
. ratio's. Q. E. D. | 


PacrosiTION LXXXIII. ProBLEM XLII. 


To find the force with which à cor- 
prſcle placed in the centre of a 
ſphere is attracted torwards any ſeg- 
ment of that ſphere - whatſoever. 


Let P (Fl. 23. Fig. 5.) be a body in the cen- 
tre of that ſphere, and RBSD a ſegment thereof 
contained under the plane x DS and the ſpherical 
ſuperficies RBS. Let DB be cut in F by a ſphæ- 
rical ſuperficies E FG deſcribed from the centre P, 
and let the ſegment be divided into the parts 
BREFGS, FE DG. Let us ſuppoſe that ſegment 
to be not a purely mathematical, but a phyſical 
ſuperficies, having ſome, but a perfectly inconſi - 


derable thickneſs. Let that thickneſs be called O 
U and 


ͤĩU D— —— — 


——Ü—U— — — 


| 
N 
. 
| 
: 
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and (by what Archimedes has demonſtrated) that ſu- 
perficies will be as PFxXDFxO. - Let us ſup- 
poſe beſides the attractive forces of the particles of 
the ſphere to be reciprocally as that power of the 
diſtances, of which » is index; and the force with 
which the ſuperficies E+G atrrafts the body 7, 


PF 
+ Let the perpendicular 


„ that is, as 


g | D 
will be (by prop. 79.) as 
2 DFxO DF* x O 
ex: 0 P F* 
FN drawn into O be proportional to this quan- 
tity; and the curvilinear arta B DI, which the or- 
dinate FN, drawn through the length D with a 
continued motion will deſcribe, will be as the whole 


force with which the whole ſegment RB SD attracts 
the body P. Q. E. J. 


ProrosiTION LXXXIV. Proton XLUIL 


To find the force wwith which a wrp+ſUl->, 
placed twithort the centre of a /p.cere 
in the axis of any ſegment, is attracied 


by that ſegment. 


Let the body P placed in the axis AD B of the ſeg- 
ment ERK (Pl. 23. Fig. 6.) be attracted by that 
ſegment. About the centre P with the interval PE 
let the ſphærical ſuperficies E FK be deſcribed; 
and let it divide the ſegment into two parts E BKFE 
and E FK DT. Find the force of the firſt of thoſe 
parts by prop. 81. and the force of the latter part by 

rop. $3. and the ſum of the forces will bc the force 
pf the whole ſegment EBXDE. C. E. I. 
Sc Ho- 


$ 
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The attractiòͤns of ſpherical bodies being now 
explained, it comes next in order to treat of the 
laws of attraction in other bodies conſiſting in like 
manner of attractive particles; but to treat of them 
particularly 45 not neceſſary to my deſign. It will be 
ſufficient to ſubjoin ſome general propoſitions relating 
to the forces of ſuch bodies, and the motions thence 
ariſing, becauſe the knowledge of theſe will be of ſome 
little uſe in philoſophical enquiries. a 


* 


U 2 210 ron 
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SECTION XIII. 


of the attractive l of bodies 
which are not of a ſpherical fi- 
gure. 


— 


ProrosITION LXXXV. TakOREM XLII. 


If a body be attracted by another, and 
its attraction be vaſily ſtronger when 
it is contiguous to the attracting bo- 
dy, than when they are ſeparated 
from one another by a very ſmall in- 
terval; the forces of the particles of 
the attracting Lody decreaſe, in the 
receſs of the Lody attrafted, in more 
than à duplicate ratio of the diſtance 
of the particles, 


For if the forces decreaſe in a duplicate ratio 
of the diſtances from the particles, the attraction 
towards a ſphærical body, being (by prop. 74.) re- 

ciprocally 
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ciprocally as the ſquare of the diſtance of the at- 
tracted body from the centre of the ſphere, will 
not be ſenſibly increaſed by the contact, and it 
will be ſtill lefs increaſed by it, if the attraction, 
in the receſs of the body attracted, decreaſes in a 
ſtill Teſs proportion. The propoſition therefore is 
evident concerning attractive ſpheres. And the caſe 
is the ſame of concave ſpherical orbs attracting 
external bodies. And much more does it appear 
in orbs that attract bodies placed within them, be- 
cauſe there the attractions diffuſed through the 
cavities of thoſe orbs are (by prop. 70.) de- 
ſtroyed by contrary attractions, and therefore have 
no effect even in the place of contact. Now if 
from theſe ſpheres and ſpherical orbs we take a- 
= any parts remote from the place of contact, 
and add new parts any where at pleaſure; we may 
change the figures of the attractive bodies at 
pleaſure, but the parts added or taken away, be- 
ing remote from the = of contact, will cauſe 
no remarkable exceſs of the attraction ariſing from 
the contact of the two bodies. Therefore the 
propoſition holds good in bodies of all figures. 
Q. E. D. 


Proeos[TLION LAXXNVI. THEOREM XNLIIKL, 


IF the forces of the particles of which 
an attractive body is compoſed, de- 
creaſe, in the receſs of the attrafted 
body, in a triplicate or more than a 
triplicate ratio of the diſtance from 
the particles; the attraftion will be 


U 3 vaſtly 
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vaſely ſtrouger in the foint of contact 


than when the aitracting and attra- 
fled bodies are ſeparated from each 
oth.s though by never ſo ſmall an 
interval. g 


For that the attraction is infinitely increaſed 
when the attracted corpuſcle comes to touch an 
attrating ſphere of this kind appears by the ſolu- 
tion of problem 41. exhibited in the ſecond and 
third examples. The fame will alſo appear (by 
comparing thoſe examples and theorem 41. toge- 
ther) of attractions of bodies made towards con- 
cavo- convex orbs, whether the attracted bodies be 
placed without the orbs, or in the cavities within 
them. And by adding to or taking from thoſe 
ſpheres and orbs, any attractive matter any where 
without the place of contact, fo that the attra- 
ctive bodies may receive any aſſigned figure, the 
propoſition will hold good of all bodies univer- 
fally. Q. E. D. 2 


PrRoPosITION LXXXVII. THnrorEm XLIV. 


If two bodies ſimilar to each other, 
and conſiſ ing of matter equally attra- 
& ive, attract ſeparately two corpuſcles 
proportional to thoſe bodies, and in a 
like ſituation to them; the accelera- 
tive attruftions of the corpuſcles to- 
wards the entire lodies will be * 

18 the 
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the actelerative attreci ians of the Core 
tuſcles towards parti les of the boties 
proportional to the wholes, and alike 
ſitrated in them. 


For if the bodies are divided into particles pro- 
portional to the wholes and alike ſituated in them, 
it will be, as the attraction towards any particle 
of one of the bodies to the attraction towards the 
correſpondent particle in the other body, fo are the 
attractions towards the ſeveral particles of the firſt 
body to the attractions towards the ſeveral corre- 
ſpondent particles of the other body; and by com- 
poſition, ſo is the attraction towards the firſt whole 
body to the attraction towards the ſecond whole 
body. Q. E. D. 

Cor. I. Therefore, if as the diſtances of the cor- 
puſcles attracted increaſe, the attractive forces of the 
particles decreaſe in the ratio of any power of the 
diſtances; the accelerative attractions towards the 
whole bodies will be as the bodies directly and 
thoſe powers of the diſtances inverſcly. As if the 
forces of the particles decreaſe in a duplicate ratio 
of the diſtances from the corpuſcles attracted, and 
the bodies are as A and B?, and therefore both 
the cubic ſides of the bodics, and the diſtance 
of the attracted corpuſcles from the bodies are as A 
and ; the accclerative attractions towards the 


F A? B3 : 
bodies will be as = and = that is, as A and B 


the cubic ſides of thoſe bodies. If the forces of 
the particles decreaſe in a triplicate ratio of the 
diſtances from the attracted corpuſcles; the accele- 

4 rative 
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rative attractions towards the whole bodies will be 
"EE © » 

And , that is, equal. If the forces de- 

creaſe in a quadruplicate ratio; the attractions to- 

3 


* * A? B * 
wards the bodies will be as — and — that is, 
A* B 


4 


reciprocally as the cubic ſides A and B. And 
ſo in other caſes. 

Cor. 2. Hence on the other hand, from the 
forces with which like bodies attract corpuſcles 
ſimilarly ſituated, may be collected the ratio of 
the decreaſe of the attractive forces of the parti- 
cles as the attracted corpuſcle recedes from them; 
if ſo be that decreaſe is directly or inverſely in 
any ratio of the diſtances. 


PrRoPoSITION LXXXVIII. TrmrorREM XLV. 


IF the attractive forces of the equal 
articles of any body be as the di- 
ſtance of the places from the parti- 
cles, the force of the whole body will 
tend to its centre of gravity; and will 
be the ſame with the force of a globe, 
conſiſting of ſimilar and equal matter, 
and having its centre in the centre of 
gravity. | 


Let the particles A, B, (Pl. 23. Fig. 7.) of 
the body RST, attract any corpuſcle Z with 
forces which, ſuppoſing the particles to I 

| between 
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between themſelves, are as the diſtances 4 Z, BZ; 
but if they are ſuppoſed unequal, are as thoſe par- 
ticles and their diſtances AZ, BZ conjunctly, or 

(if I may fo ſpeak) as thoſe particles drawn in- 
to their diſtances AZ, BZ reſpectively. And 
let thoſe forces be expreſſed by the contents un- 
der Ax AZ, and BxBZ. Join AB, and let it 
be cut in G, ſo that AG may be to BG as the 
particle B to the particle A; and G will be the 
common centre of gravity of the particles 4 and 
B. The force Ax AZ will (by cor. 2. of the 
laws) be reſolved into the forces Ax GZ and 
AxAG; and the force BxBZ into the forces 
BxGZ and BxBG. Now the forces Ax AG 
and BxBG, becauſe A is proportional to B, and 
BG to AG, are equal; and therefore having con- 
trary directions deſtroy one other. There remain 
then the forces Ax GZ and BxGZ. Theſetend 
from Z towards the centre G, and compoſe the 


force A-j-BxGZ; that is the ſame force as if 
the attractive particles A and B were placed in 
their common centre of gravity G, compoſing 
there a little globe. 

By the ſame reaſoning if there be added a third 
particle C, and the force of ic be compounded 


with the force AEG tending to the centre 
G; the force thence ariſing will tend to the com- 
mon centre of gravity of that globe in G and of 
the particle C; that is, to the common centre of 

vity of the three particles 4, B, C; and will 
2 the ſame as if that globe and the particle C 
were placed in that common centre compoſing a 

ter globe there. And ſo we may go on in 
1 Therefore the whole force of all the 


particles 
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particles of any body whatever RST'/, is the fame 

zs if that body, without removing its centre of 

gravity, were to put on the form of a globe. 
E. D 


Cor, Hence the motion of the attracted body 
Z will be the ſame, as if the attracting body 
RSTY were ſpherical; and therefore if that at- 
tracting body be either at reſt, or proceed uni- 
formly in a right line; the body attracted will 
move in an ellipſis having its centre in the centre 


of gravity of the attracting body. 


Pxov0S1 TION LXXXIX, THEOREM XLVI, 


If there be ſeveral bodies conſiſting of 

equal particles whoſe forces are as 
the diſlances of the . from each; 
the force compounded of all the forces 
by which any corpuſcle is attrafted, 
will tend to the common centre of 
gravity of the attrafiling bodies; and 
tell le the ſame as if thoſe attra- 
& ing bodies, preſerving their common 
centre of gravity, ſhould unite there, 
and be formed into a glole. 


This is demonſtrated after the fame manner as 
the foregojng propoſition, 

Cor. Theretore the motion of the attracted bo- 
dy will be the fame as if the attracting bodies, 


preſerving their common centre of gravity, ſhould 
unite 


2*X’ — r— a — —— khh —',W —ͤ—ũ6õ— — — —Ü—jä4ꝓä — — — CCI 
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unite there, and be formed. into a globe. And 
therefore it the common centre of gravity of the 
attracting bodies be either at reſt, 2 — uni- 


formly in a right line; the attracted body will 
move in an elliplis having its centre in the 


common centre of gravity of the attracting 
bodies. 


PRorosI TION XC. PROBLEM XLIV. 


IF to the ſeveral points of any circle 
there tend equal centripetal forces, in- 


creaſing or decreaſing in any ratio of 


the diſlances; it is required to find 
the force with which à corpuſcle is 
attracted, that is ſituate any where 
in a rieht line which ſands at right 
angles to the jlane of the circle at 
its centre. 


Suppoſe a circle to be deſcribed about the cen- 
tre A (Pl. 24. Fig. 1.) with any interval 4D 
in a plane to which the right line AP is perpen- 
dicular; and let it be required to find the force 
with which a corpuſcle P is attracted towards the 
ſame. From any point E of the circle, to the at- 
trated corpuſcle P, let there be drawn the right 
line PF. In the right line PA take PF equal to 
PF, and make a perpendicular FK, erected at F, 
to be as the force with which the point E attracts 
the corpuſcle P. And let the curve line /XL 

be 
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be the locus of the point &. Let that curve meet 
the plane of the circle in L. In PA take PH 
equal to PD, and erect the perpendicular HI 
meeting that curve in 7; and the attraction of the 
corpuſcle P towards the circle will be as the area 
AHIL drawn into the altitude AP. Q. E. J. 
For let there be taken in AE a very ſmall line 
Ee. Join Pe, and in PF, PA take PC, Pf equal 
to Pe. And becauſe the force with which any 
point E of the annulus deſcribed about the centre 
A with the interval AE in the aforeſaid plane, at- 
tracts to it ſelf the body P, is ſuppoſed to be as 
FX; and therefore the force with which that point 


attracts the body P towards A is as . and 


the force with which the whole annulus attracts 
the body P towards A, is as the annulus and 


— 2 conjunctly; and that annulus alſo is as 


the rectangle under the radius AE and the breadth 
Ee, and this rectangle (becauſe PE and AE, Ee 
and CE are proportional) is equal to the rectangle 
PEXCE or PExFf; the force with which that 
annulus attracts the body P towards 4 will be as 


APxF 
PE x Ff and FE 


content under Ffx FKx AP, or as the area FRA 
drawn into AP. And therefore the ſum of the 
forces with which all the annuli, in the circle de- 
ſcribed about the centre A with the interval AD, 
attract the body P towards A, is as the whole area 
AHIKL drawn into AP. Q. E. D. 


- conjunctly; that is as the 


Cor. 
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Cor. 1. Hence if the forces of the points de- 
creaſe in the duplicate ratio of the diſtances, that is, 


if FK be as 7 and therefore the area AHIXI. 


1 0 
r the attraction of the corpuſcle P 


. F PA F 
towards the circle pill be as =>" that is, as 


Cor, 2. And univerſally if the forces of the 
points at the diſtances D be reciprocally as any 
power D. of the diſtances; that is, if FX be as 


—» and therefore the area AHIKL as 


I 
2 
— if. the attraction of the corpuſcle P 


towards the circle will be as W 1 21 


r 
Cor. 3. And if the diameter of the circle 
be increaſed in a Ov and 3 # be 
greater than unity; the attraction of the corpuſcle 
P towards the whole infinite plane will be re- 
ciprocally as PA. becauſe the other term 


P xa« 
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PxoeosITiION XCl. Paostu ILY. 


To find the attraction of a corfiſcle 
ſituate in the axis of a round ſolid, 
to whoſe ſeveral foints there tend 
equal centritetal forces decreaſing in 
any ratio of the diſiances whatſo- 
ee. . | 


— 


Let the corpuſcle P (Il. 24. Hg. 2.) ſituate 
in the axis AB of the ſolid DE CG, be attracted 
towards that ſolid. Let the ſolid be cut by any 
circle as R FS, perpendicular to the axis; and in its 
ſemi- diameter FS, in any plane PAL K paſſing 
through the axis, let there be taken (by prop. 90.) 
the length FK proportional to the force with 
which the corpuſcle P is attracted towards that 
circle. Let the locus of the point K be the 
curve line LX, meeting the planes of the outer- 
moſt circles AL and BI in L and J; and the 
attraction of the corpuſcle P towards the ſolid will 
be as the area LAB I. N . 

Co. 1. Hence if the ſolid be a cylinder de- 
ſcribed by the parallelogram ADEB (Pl. 24. Hg. 
3.) revolved about the axis AB, and the centri- 
petal forces rending to the ſeveral points be reci- 
procally as the ſquares of the diſtances from the 
points; the attraction of the corpuſcle P towards 
this cylinder will be as AB -P E-|-P D. For the 
ordinate FX (by cor. 1. prop. 90.) will be as 

TJ — 
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1— „ The part 1 of this quantity, drawn in- 
to the length AB, deſcribes the area 1x. 4B; and 
the other part =, drawn into the length P, de- 


ſcribes the area 1 into PE—AD, (as may be eaſi- 
ly ſhewn from the quadrature of the curve LXIʒ;) 
and in like manner, che fame part drawn into the 


length PA deſcribes the area 1 into P D—-AD, 
and drawn into AB, the difference of PB and 


. PA, deſcribes 1 into D, the difference of the 
areas. From the fuſt content 1x AB take away 


the laſt content 1 into E B, and there will re- 


main the area ZA Z equal to 1 into AED. 
Therefore the ſorce being proportional to this 
area, is as AB—P E-, P D. 

Con. 2. Hence alſo is known the force by 
which a ſpheroid AGBC (71. 24. Fig. 4.) at- 
tracts any body ſituate externally in its axis 
AB. Let VX RM be a conic ſection whoſe or- 
dinate E R perpendicular to PE, may be always 
equal to the length of the line P P, continually 
drawn to the point D in which that ordinate cuts 
the ſpheroid. From the vertices A. B, of the 
ſpheriod, let there be erected to its axis AB the 

rpendiculars AK, B 44, reſpectively equal to AP, 
BP, and thereſore meeting the conic ſection. in X 
and 4; and join X cutting off from it the 
ſegment KMR K. Let S be the centre of the 
ſpheriod, and SC its greateſt ſemi-diameter ; and 
the force with which the ſpheroid attracts the. 
body P, will be to the force with which a ſphere 
deſcribed with the diameter AB attracts the ſame bo- 


dy. 
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ASX CS*—PSxXKMRK. As Fw 
ere Ops 
by a calculation founded on rhe ſame principles 
may be found the forces of the ſegments of the 
ſpheroid. | 
Cor. 3. If the corpuſcle be placed within the 
ſpheroid and in its axis, the attraction will be as 
its diſtance from the centre. This may be eaſily 
collected from the following reaſoning, whether 
the particle be in the axis or in any other given 
diameter. Let AGOF (Pl. 24. Fig. 5.) be a 
attracting ſpheroid, & its centre, ar P the body 
attracted, Through the body P let there be drawn 
the ſemi-diameter S PA., and two right lines DE, 
FG meeting the ſpheroid in D and F, F and G; 
and let CM., HL be the ſuperficies of two 
interior ſpheroids ſimilar and concentrical to the 
exterior, the firſt of which paſſes through the 
body P, and cuts the right lines DE, FG in B 
and C; and the latter cuts rhe ſame right lines in 
H and 7, K and L. Let the ſpheroids have all 
one common axis, and the parts of the right lines 
intercepted on both ſides DP and BE, FP and 
CG, DH and IF, FXK and LG will be mutual- 
equal; becauſe the right lines DE, PB, and 
HI are biſected in the fame point, as are alſo the 
right lines FG, PC and KI. Conceive now 
DPF, EPG to repreſent oppoſite cones deſcribed 
with the infinitely ſmall vertical angles DPF, E PG, 
and the lines DH. EI to be infinitely ſmall alſo. 
Then the particles of the cones DH KF, G LF FE, 
cut off by the ſpheroidical ſuperficies, by reaſon of 
the equality of the lines DH and E, will be 
to one another as the ſquares of the diſtances 
from 


dy, as 


1 
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from the body P, and will therefore attract that 
corpuſcle equally. And by a like reaſoning if the 
ces DPF, EGCB be divided into particles by 
the ſuperficies of innumerable ſimilar ſpheroids con- 
centric to the former and having one common 
axis, all theſe particles will equally attract on both 
ſides the body P towards contrary parts. There- 
fore the forces of the cone DPF, and of the co- 
nic ſegment EG CB are equal and by their con- 
trariety each other. And the caſe is the 
ſame of the forces of all the matter that lies with- 
out the interior ſpheroid P CB 44. Therefore the 
body P is — by the interior ſpheroid P C HA 
alone, and therefore (by cor. 3. prop. 72.) its at- 
traction is to the force with which the body 4 
is attracted by the whole ſpheroid 460 D, as the 
diſtance P S to the diſtance AS. Q. E. D. 


PROPOSITION XCII. PROBLEM XLVI. 


An attracting body being given, it is re- 
quired to find the ratio of the decreaſe 
of the centripetal forces tendirg to its 
ſeveral points. | 


The body given muſt be formed into a ſphere, 
a cylinder, or ſome regular figure whoſe, law of 
attraction anſwering to any ratio of decreaſe may 
be found by prop. 80. 8 f and 91. Then, by ex- 

iments, the force of the attractions muſt be 
found at ſeveral diſtances, and the law of attracti- 
on towards the whole, made known by that means, 
will give the ratio of the decreaſe of the forces of 
the ſeveral parts; which — - 
a R Os. 
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ProrosITION XCIII. THroRtM XLVII. 


If a ſolid be plane on one ſide, and infi- 
nitely extended on all other ſides, and 
conſiſt of equal particles equally attra- 

 &#ive, whoſe forces decreaſe, in the re- 

ceſs from the ſolid, in the ratio of any 
power greater than the ſquare of the 
diſtances; and a corpuſcle placed to- 
wards either part of the plane is at- 
tracted by the force of the whole ſo- 
lid; I ſay that the attractiue force of 
the whole ſolid, in the receſs from its 
plane ſuperficies, will decreaſe in the 
ratio of a ee zwhoſe fide is the di- 
ſtance of the corpuſcle from the _ 

and its index leſs by 3 than the in- 
dex of the power of the diſtances. 


Cass 1. Let LGI (Fl. 24. Fig. 6.) be the 
plane by which the ſolid is terminated. Let the 
ſolid lie on that hand of the plane that is towards 
J. and let it be reſolved into innumerable 
mm M. nIN, oKO, cc. parallel to GL. And 
firſt let the attracted body C be placed without 
the ſolid. Let there be drawn CG HI @ =p 
cular to thoſe innumerable planes, and let the at- 
tractive forces of the points of the ſolid decreafe 
in the ratio of a power of the diſtances whoſe in- 
dex is the number » not leſs than 3. Therefore 


(by 
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(by cor. 3. prop. 90.) the force with which any 
plane HA attracts the point C is reciprocall 
TS In the plane m HA take the bh 

AM reciprocally proportional to CH-, 
that force will be as HA. In like manner in the 
ſeveral planes 1G L, IN, oKO, &c. take the lengths 
GL, IN, KO, &c. reciprocally zonal to 
C6 - C., CK, vc. and the forces 
of thoſe will be as the lengths ſo taken, 
and therefore the ſum of the forces as the ſum of 
the lengths, that is, the force of the whole ſolid 
as the area G LO & produced infinitely towards O X. 
But that area (by the known methods of quadra- 
tures) is reciprocally as CG -, and therefore the 
force of the whole ſolid is reciprocally as CG -. 

E. D. 

w 2. Let the corpuſcle C{Fig. 5.) be now 

on that hand of the plane I L that is within the ſo- 
lid, and take the diſtance CX equal to the diſtance 
CG. And the part of the ſolid LG IXO ter- 
minated by the | planes 16 L, oK O, will at- 
tract the corpuſcle, ſituate in the middle, neither 
one way nor another, the contrary actions of the 
oppoſite points deſtroying one another by reaſon 
of their equality. Ther the corpuſcle C is at- 
tracted by the force only of the ſolid ſituate beyond 
the plane OX. But this force (by caſe 1.) is reci- 
pracally as CK, that is (becauſe CG, CK are 
equal) reciprocally as CG -. Q. E. D. 

Cor. 1. Hence if the ſolid LG I be termina- 
ted on each fide by two infinite parallel planes LG, 
IN; its attractive force is known, ſubducting from 
the attractive force of the whole infinite ſolid LG X O, 
the attractive force of the more diſtant part VIX O 
infinitely produced towards KO. : 

X 2 ConRs 
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Cok. 2. If the more diſtant part of this ſolid 
be rejected, becauſe its attraction compared with the 
attraction of the nearer part is inconſiderable; the 
attraction of that nearer part will, as the diſtance 
increaſes, decreaſe nearly in the ratio of the power 
C62, 

Cox. 3. And hence if any finite body, plane on 
one ſide, attract a corpuſcle fituate over-againſt 
1 
corpuſcle lane com with the dimen- 
ſions of the —— body be extremely ſmall; 
and the attracting body conſiſt of homogeneous 
particles, whoſe attractive forces decreaſe in the ra- 
tio of any power of the diſtances greater than the 
quadruplicate; the attractive ſorce of the whole 
body will decreaſe very nearly in the ratio of a 
power whoſe ſide is that very ſmall diſtance, 
and the index leſs by 3 than the index of the 
former power. This aſſertion does not hold 
however of a body conſiſting of particles whoſe at- 
tractive forces decreaſe in the ratio of the tripli- 
cate power of the diſtances; becauſe in that caſe, 
the attraction of the remoter part of the infinite 
body in the ſecond corollary is always infinitely 
greater than the attraction of the nearer part. 


ern VM 


If a body is attracted perpendicularly towards a 
given plane, and from the law of attraction given 
the motion of the body be required; the problem 
will be ſolved by ſeeking (by prop. 39.) the motion 
of the body deſcending in a right line towards 
that plane, and (by cor. 2. of the laws) compounding 
that motion with an uniform motion, performed = 

C 


&. 
Lol. I 230 
Plate XXW. 
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traction tending towards the plane in perpendicular 


be ordinately applied in any 
length be as power of 
ſought the force with 
ed towards the baſe or 


the direction of that ordinate, 
ve in the curve line which 


deſcribes with its ſyperi 
extremity z I fuppole the baſe to be increaſed by a 
very ſmall part O, and I reſolve the ordinate 

n m m Ss 
Abs into an infivite ſeries As += OA 
Doof &c. and I ſuppoſe the 
force ional to the term of this ſeries in which 
O is two dimenſions, that is, to the term 
OoO0A D. Therefore the force ſought 


mm —mn 


22 


is as ZE Ar or which is the fame thing, 
g. As if the ordinate deſcribe a 
5 being z, and #=1, the force will 
as the given * 2 B®, and therefore is gi- 

3 ven. 


SS +-- 
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ven. Therefore with a given force the will 
move in 2 as Galileo has demon >. If 
the ordinate deſcribe an hy wm being =0—1, 
and == 1; the force wi be as 2A - or 2B3; 
and therefore a force which is as the cube of the 
ordinate will cauſe the body to move in an hyper- 
bola. But leaving this kind of propoſitions, I 
ſhall go on ro ſome others relating to motion which [ 
have not yet touched upon. 


SECT» 
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EEE 


SECTION XIV. 


Of the motion of very ſmall bodies 
when agitated by centripetal forces 


tending to the ſeveral parts of any 
very great body. * 


— — 
e 


PRorosrriox XCIV. Tn ROREM XLVIII. 


F two ſimilar mediums be ſeparated from 
each other by a ſpace terminated on both 
ſides by parallel planes, and a body in 

it. 400 age —_ that ſpace be at- 
trafted or impelled perpendicularly to- 
wards either of thoſe mediums, and not 
agitated or hindered by any other force; 
and the attraction be every where the 
fame at equal diſtances from either 
lane, taken towards the,ſame hand 
of the plane; I ſay that the ſine of in- 
cidence upon either plane will he to the 
fine of emergence from the other plane, 
in a given ratio. 
Cas 1. Let Aa and Bb (Pl. 25. Fig. 1.) be 


two parallel planes, and let the body light upon 
X 4 the 
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the firſt plane 4 in the direction of the line G H 
and in its whole paſſage through the intermediat© 
ſpace let it be attracted or impelled towards the me” 
ium of incidence, and by that action let it be 
made to deſcribe a curve line HI, and let it emerge 
in the direction of the line IX. Let there be e- 
rected IM perpendicular to Bb the plane of emer- 
ce, and meeting the line of incidence G H pro- 
nged in A, and the plane of incidence 4 in 
Rz; and let the line of emergence XI be produced 
and meet H in L. About the centre L, with 
the interval LI, let a cirele be deſcribed cutting 
both HA in P and ©, and A produced in N; 
and firſt, if the attraction or impulſe be ſuppoſed 
uniform, the curve H (by what Galileo has de- 
monſtrated) be a parabola, whoſe property is, that a 
rectangle under its given latus reQtum and the line 
TM is equal to the ſquare of HA; and more- 
over the line HM will be biſected in L. Whence 
if to M17 there be let fall the icular LO, 
MO, OR will be equal; and adding the equal 
lines ON, O, the wholes AN, IR will be equal 
alſo. Therefore ſince IR is given MN is alſo 
given, and the rectangle VA is to the rectangle 
under the latus rectum and 1, tha; is, to H=, 
in a given ratio. But the rectangle VA is e- 
qual to the rectangle PN, that is, to the diffe- 
rence of the ſquares AL, and PL* or L1*; and 
Hl: hath a given ratio to its fourth part AL; 
therefore the ratio of I.. - LI! to ML* is 
given, and by converſion the fatio of LI to AL, 
and its ſubduplicate, the ratio of L to NL. But 
in every triangle as L 447, the fines of the angles 
are proportional to the oppoſite ſides. Therefore 
the ratio of the ſine of the angle of incidence LIAR 
to 
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to the fine of the angle of emergence L1R is given. 


* E. D. 
Cn 2. Let now the body — ſucceſſively 
through ſeveral ſpaces terminated with parallel planes, 


AabB, Bec, &c. (Pl. 25. Fig. 2.) and let it 
be acted on by a force which is uniform in each 
of them ſeparately, but different in the different 
ces; and by what was juſt demonſtrated, the 
dg er 
to the fine of emergence the ſecond plane 
Bb in a given ratio; and this ſine of —— 
upon the ſecond plane B& will be to the fine of 
emergence from the third plane Ce in a given ratio; 
and this ſine to the fine of emergence from the 
fourth plane Dd in a given ratio; and ſo on in 
infinitum; and by equality, the fine of incidence 
on the firſt plane to the ſine of emergence from 
the haſt plane in a given ratio. Let now the in- 
tervals of the planes be diminiſhed, and their num- 
ber be infinſtely increaſed, ſo that the action of at- 
traction or impulſe, exerted according to any aſ- 
ſigned law, may become continual, and the ratio of 
the fine of 9 2 wy 4 12 the ſine 
of emergence the la ing all 
given, will be given then ufo.” Q. E. D. * 
ProeosITioNn XCV. Ta REOREX XLIX. 
The ſame things being ſuppoſed, I ſay that 
the velocity of the body before its inci- 
dence is to its velocity after emergence 
as the ſine of emergence to the 2 of 
zncidence. 
Make AH and Id equal (TI. 25. Fg. 3.) and 


erect the perpendiculars A, 9 


. 
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GH, IK in G and & 
cular Tv, And (by cor. 2. of 
the laws of motion) let the motion of the body be 
reſolved into two, one icular to the planes A, 
Bb, Cc, &c. and another parallel to them. The 
ſorce of attraction or impulſe, acting in directions 
perpendicular to thoſe planes, does not at all alter 
hot — ab his 0 ff > 

ng wit motion will in equal times 
go Lamar thoſe equal parallel intervals that lie be- 
tween the line 4G and the point 7, and between 
the point I and the line 4X; that is, they will de- 
ſcribe the lines GH, IX in equal times. There- 
fore the velocity before incidence is to the velo- 
city after emergence as GH to IX or TH, that is 
as AH or Id to vH. that is (ſuppoſi 2 


PROPOSITION XCVI. THrEpxtm I. 
The ſame _ being ſuppoſed, and that 


the motion before incidence is ſwifter 
than afterwards; I ſay that if the line 
of incidence be inclined continually, the 
body will be at laſt reflected, and the 
angle of reflexion will be equal to the 
angle of incidence. 


For conceive the body paſſing between the pa- 
rallel planes Aa, Bb, Cc, &c. (Pl. 25. Fig. 4.) to 
deſcribe parabolic arcs as above; and let thoſe arcs 


be H, PQ, QF, &c. And ler the obliquity 


* 
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of the line of incidence GH to the firſt 
Aa be ſuch, that the fine of incidence may be to 


to the fine of emergence from the plane Dd into 
the ſpace DdeE; and becauſe the Lone of emer- 
gence is now become equal to radius, the angle of 
emergence will be a right one, and therefore the 
line of em —_— will coincide with the plane D d. 
Let the body come to this plane in the point R; 
and becauſe the line of emergence coincides with 
that plane it is manifeſt that the body can pro- 
om i pvc inte lc lane Ee. — — 
can 1122 line of emergence R u 
| attracted gr impelled towards the 
— of incidence. It will return therefore be- 
tween the planes Cc, D d, er 


parabola © Rq; whoſe cipal vertex (b 
Galileo bo eee 6 in R, cutt 13 


&c. it will cut the reſt of the planes in the ſame 
les at p, b, &c. as it did before in P, H. cr. 
al will at haſt with the fame obliquity 
at h, with which it firſt impinged on that plane 
at H. Conceive now the intervals of the planes 
Aa, Bb, Cc, Dd, Ee, &c. to be infinitely di- 
miniſhed, and the number infinitely increaſed, fo 
that the action 1 or impulſe, exerted 
. ro any aſſigned Wy may become COn- 
; and the 1 of emergence remaining all 
to the angle of incidence will be equal 

to the ſame alſo at laſt, Q. E. D. 


$ CH 


- 
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Theſe attractions bear a reſemblance to the 
reflexions and refractions of light, made in a given 
ratio of the ſecants, as was diſcovered by 1; 
and conſequently in a given ratio of the fines, as 
was Exhibited by Des Cartes. For it is now cer- 
tain from the phænomena of Jupiters Satellits con- 
firmed by the obſervations of different 
that light is propagated in ſucceſſion, and requires 
about ſeven or eight minutes to travel from the 
Sun to the Earth. Moreover the rays of light 
that are in our air (as lately was diſcovered b 
Grimaldus, by the admiſſion of light into a dark 
room through a ſmall hole, which I have alſo 
tried) in their paſſage hear the angles of bodies 
whether tranſparent or opake (ſuch as the circular 
and rectanp ular edges of gold, filver and braſs coins, 
or of knives or broken pieces of ſtone or glaſs) 
are bent or inflected round thoſe bodies as if they 
were attracted to them; and thoſe rays which in 
their paſſage come neareſt ro the bodies are the 
moſt infleted, as if they were moſt attracted ; 
which thing I my ſelf have alſo carefully obſerved. 
And thoſe which paſs at greater diſtances are leſs 
inflected; and thols ar ſill greater diſtances are a 
little inflected the contrary way and form three 
fringes of colours. Tn Pl. 25. Fig. 6. 5 repre- 
ſents the edge of a knife or any kind of wedge 
AB; and gowog, ome emtme, dlsld are rays 
infleted towards the knife in the arcs oe, »#n, 
mt m, lil; which inflection is greater or leſs . ac- 
cording to their diſtance from the knife, Now 
ſince this inflection of the rays is performed in 
the air without the knife, it follows that 3 

W 
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which fall upon the knife are firſt inflected in 
the air before they touch the knife. And the 
caſe is the ſame of the rays falling upon glaſs. 
The refraction therefore is made, not in the point 
of incidence, but gradually, by a continual infle- 
Rion of the rays; which is done partly in the air 
before they touch the glaſs, partly (if I miſtake 
not) within the glaſs, after — have entred it; 
as is repreſented (Pl. 25. Fig. 7.) in the rays c Kc, 
biyb, abxa falling upon r, 4, p, and infſected be- 
tween k and =, 5 » þ and x. Therefore be- 
cauſe of the there is berween the propaga- 
tion of the rays of light, and the motion of bodies, 
I thought it not amiſs to add the following propoſi- 
tions for optical uſes; not at all conſidering the na- 
ture of the rays of light, or enquiring whether they 
are bodies or not; but only 1 Aria 
Qories of bodies which are extremely like the tra- 
jectories of the rays. 

ProeosITION XCVII. PROBLEM XLVII. 


Sup poſing the ſine of incidence upon any ſu- 
perficies to be in a given ratio to the 
ſine of emergence ; and that the inflecti. 
on of the paths of thoſe bodies near that 
ſuperficies is performed in a very ſhort 
ſpace which may be conſidered as a 
Point; it is required to determine ſuch a 
ſuperficies as may cauſe all the corpuſcles 
iſuing from any one given place to con- 
verge to another given place. 
Let A (l. 25. Fig. 8.) be the place from 

whence the corpuſcles diverge; B the place to 
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which they ſhould converge; CDE the curve line 
which nh revolution round the axis AB de- 
ſcribes the ſuperficies ſought; D, E, any two 
„ m curve; and EF, EG perpendiculars 
let fall on the paths of the bodies AD, DB. Let 
the poine D to and coaleſce with the 
int E; and the ultimate ratio of the line DF 
y which AD is increaſed, to the line DG by 
which DB is diminiſhed, will be the fame as that 
of the fine of incidence to the fine of emergence. 
Therefore the ratio of the increment of the line 
AD to the decrement of the line DB is given; 
and therefore if in the axis AB there be taken any 
where the point C through which the curve CDE 
muſt paſs, and CAM the increment of AC be ta- 
ken in that given ratio to CN the decrement of 
BC, and from the centres A, B, with the intervals 
AM, BN, there be deſcribed two circles cutting 
each other in D; that point D will touch the 
curve ſought CD E, and by touching it any where 
at pleaſure, will determine that curve. Q. E. J. 
Cor. 1. By cauſing the point 4 or B to go 
off ſometimes in infinitum, and ſometimes to move 
towards other parts of the point C, will be obtain- 
ed all thoſe figures which Carteſius has exhibited 
in his Optics and Geometry relating to refrations. 
The invention of which Carteſius having thought fit 
to conceal, is here laid open in this propoſition. 
Cor. 2. If a body lighting on any ſuperficies 
CD (Pl. 25. Fig. 9.) in the direction of a right 
line AD, drawn according to any law, ſhould 
emerge in the direction of another right line DX; 
and from the point C there be drawn curve lines 
CP. CQ always perpendicular to AD, DX; the 
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the lines themſelves PD, Q, generated by thoſe 
increments, will be as the fines of incidence and 
emergence to each other, and è contra. 


ProeosiTION XCVIII. POT EM XLVIII. 


The ſame _ ſuppoſed 3 if round the 
axis AB (Pl. 25. Fig. 10.) any attra- 
Ave ſuperficies be deſcribed as CD, re- 
gular or irregular, through which the 

odies i wing from the given place A 
muſt paſs ; it is required to find a ſecond 
attractive ſuperficies EF, which may 
make thoſe bodies converge to a given 
place B. 


Let a line joining AB cut the firſt ſuperficies 
in C and the ſecond in Z, the point D being 
taken any how at pleaſure. And ſuppoſing the 
fine of incidence on the firſt ſuperficies to the ſine 
of emergence from the ſame, and the fine of emer- 

I wg ies to the ſine of 
incidence on t to be as any given quantity 
M to another given quantity N; then produce 
AB to G, fo F. - BG may 4 to CE 8s MN 
to N; and AD to H, fo that AH may be e- 
qual ro AG; and DF to XK fo that DK may be 
to DH as N to M. Join XB. and about the 
centre D with the interval DH deſcribe a circle 
meeting X produced in L, and draw BF pa- 
rallel to DL; and the point F will touch the line 
EF, which being turned round the axis 4B will 
deſcribe the ſuperficies ſought. Q. E. F. 

For conceive the lines CP, C C to be every where 
perpendicular to AD, PF, and the lines ER, ES 
| = 
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to 'FB, FD reſpectively, and therefore QF to be 
always equal to CE; and (by cor. 2. = 97.) 
PD will be to D as M to N. and therefore as 
DL to DK, or FB to FX, and by diviſion as 
DL—FB or P H—P D—FBto Dor FQ—0 D; 
and by compoſition as P HF to F, that is, 
(becauſe 7 H and CG, QS and CE are equal) as 
CE+BG—FR to CE—FS. But (becauſe BG 
is to CE, as M—N to N) it comes to pals 
alſo that CE- -BO is to CE as M to N; and 
joan Ac era FR arte rd to N; 

ore (by cor. 2. 97.) the ſuperficies 
E F compels Hooch. ling e u de eden 
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In the ſame manner one may go on to. three or 
more ſuperficies. But of all figures the ſphærical is 
the moſt proper for optical uſes. If the object 

laſſes of teleſcopes were made of two glaſſes of a 
herical figure, containing water between them; it 
is not unlikely that the errors of the reſractions made 
in the extreme parts of the ſuperficies of the glaſſes, 
may be accurately enough corrected by the refra- 
ctions of the water. Such wen erde | — to be 
preferred beſore elliptic and hyperbolic glaſſes, not 
ho: ͤ˖· they may be 2 
accuracy, but becauſe the pencils of rays ſituate 
without the axis of the glaſs would be more accu- 
rately refracted by them. But the different refrangi- 
bility of different rays is the real obſtacle that hinders 
optics from being made perſect by ſpherical or any 
other figures. Unleſs the errors thence ariſing can 
be correRed, all the labour ſpent in correcting the 
others is quite thrown away. 


The End of thou Us 17 
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